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ÖNEMLİ, DİKKATLE OKUYUNUZ LÜTFEN / IMPORTANT, PLEASE READ CAREFULLY 
 

Önemli, Dikkatle Okuyunuz Lütfen 
 Kongremizde Yazım Kurallarına uygun gönderilmiş ve bilim kurulundan geçen bildiriler için online (video konferans sistemi 

üzerinden) sunum imkanı sağlanmıştır. 
 Online sunum yapabilmek için https://zoom.us/join sitesi üzerinden giriş yaparak “Meeting ID or Personal Link Name” yerine 

ID numarasını girerek oturuma katılabilirsiniz. 
 Zoom uygulaması ücretsizdir ve hesap oluşturmaya gerek yoktur. 
 Zoom uygulaması kaydolmadan kullanılabilir. 
 Uygulama tablet, telefon ve PC’lerde çalışıyor. 
 Her oturumdaki sunucular, sunum saatinden 15 dk öncesinde oturuma bağlanmış olmaları gerekmektedir. 
 Tüm kongre katılımcıları canlı bağlanarak tüm oturumları dinleyebilir. 
 Moderatör – oturumdaki sunum ve bilimsel tartışma (soru-cevap) kısmından sorumludur. 

Dikkat Edilmesi Gerekenler- TEKNİK BİLGİLER 
 Bilgisayarınızda mikrofon olduğuna ve çalıştığına emin olun. 
 Zoom'da ekran paylaşma özelliğine kullanabilmelisiniz. 
 Kabul edilen bildiri sahiplerinin mail adreslerine Zoom uygulamasında oluşturduğumuz oturuma ait ID numarası 

gönderilecektir. 
 Katılım belgeleri kongre sonunda tarafınıza pdf olarak gönderilecektir 

 Kongre programında yer ve saat değişikliği gibi talepler dikkate alınmayacaktır 

IMPORTANT, PLEASE READ CAREFULLY 
 To be able to attend a meeting online, login via https://zoom.us/join site, enter ID “Meeting ID or Personal Link Name” and 

solidify the session. 
 The Zoom application is free and no need to create an account. 
 The Zoom application can be used without registration. 
 The application works on tablets, phones and PCs. 
 The participant must be connected to the session 15 minutes before the presentation time. 
 All congress participants can connect live and listen to all sessions. 
 Moderator is responsible for the presentation and scientific discussion (question-answer) section of the session. 

 
Points to Take into Consideration - TECHNICAL INFORMATION 
 Make sure your computer has a microphone and is working. 
 You should be able to use screen sharing feature in Zoom. 
 Attendance certificates will be sent to you as pdf at the end of the congress. 

 Requests such as change of place and time will not be taken into consideration in the congress program. 

 

Before you login to Zoom please indicate your name_surname and HALL number,  

exp. Hall-1, Awais Khan 

 
Meeting ID: 894 8746 4311 

Passcode: 474180 
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Session-1, Hall-1 

17.08.2021 
Moderator: Assoc. Prof. Dr. Yusuf ZALAOGLU 
Meeting ID: 894 8746 4311 / Passcode: 474180 

Ankara Local Time: 14:00 – 16:00  
 

Title Author(s) Affiliation 
STRUCTURE AND 

ELECTROPHYSICAL PROPERTIES 
OF PP+PBS/CDS 

NANOCOMPOSITES 

A. A. Novruzova 
Baku State University, AZ1148, Zahid 
Khalilov str 23, Azerbaijan Republic 

DETERMINATION OF POSSIBLE 
HIGHEST OFFSET/ONSET 

TRANSITION TEMPERATURES OF 
Bi2.1Sr2.0Ca1.1Cu2.0OyMnx 

SUPERCONDUCTING SYSTEM 
WITH EMPIRICAL MODEL BASED 

ON STRUCTURAL DISORDERS-
DEFECTS 

PhD. Umit ERDEM 
Scientific and Technological Research 

Application Center, Kırıkkale 
University, Kırıkkale–Turkey, 71450 

Assoc. Prof. Dr. Yusuf 
ZALAOGLU 

Osmaniye Korkut Ata University, 
Department of Physics, Osmaniye–

Turkey 

Assoc. Prof. Dr. Mustafa Burak 
TURKOZ 

Karabuk University, Faculty of 
Engineering, Electric and Electronics 

Engineering, Karabuk-Turkey 

Assoc. Prof. Dr. Gurcan 
YILDIRIM 

Abant Izzet Baysal University, 
Department of Mechanical 
Engineering, Bolu–Turkey 

EVALUATION OF 
SUPERCONDUCTING 

CHARACTERISTICS OF BULK 
Bi2.1Sr2.0Ca1.1Cu2.0Oy CERAMIC 

COMPOUNDS WITH 
MANGANESE ADDITION 

Assoc. Prof. Dr. Yusuf 
ZALAOGLU 

Osmaniye Korkut Ata University, 
Department of Physics, Osmaniye–

Turkey 

Assoc. Prof. Dr. Asaf Tolga 
ULGEN 

Sirnak University, Department of 
Electric-Electronic Engineering, 

Şırnak–Turkey 

Prof. Dr. Tahsin TURGAY 
Sakarya University, Department of 

Architecture, Sakarya–Turkey 

Assoc. Prof. Dr. Gurcan 
YILDIRIM 

Abant Izzet Baysal University, 
Department of Mechanical 
Engineering, Bolu–Turkey 

INVESTIGATION ON 
ELECTRONIC AND OPTICAL 

PROPERTIES OF THE VACANCY 
PENTA-GRAPHENE 

NANORIBBONS 

Nguyen Thanh Tien 
College of Natural Science, Can Thơ 

University 

Pham Thi Bich Thao 
College of Natural Science, Can Thơ 

University 

Tran Yen Mi 
College of Natural Science, Can Thơ 

University 

Tran Thi Ngoc Thao 
College of Natural Science, Can Thơ 

University 

Le Vo Phuong Thuan 
College of Natural Science, Can Thơ 

University 

Le Nhat Thanh 
College of Natural Science, Can Thơ 

University 

APPLICATION OF BIOMARKERS 
IN DETECTING 

CONTAMINATION OF 
GROUNDWATER RESOURCES 

WITH TRACE ELEMENTS 

Susan Hayeri Yazdi 

Gas turbine power plant division, 
Monenco Iran Company, Tehran, Iran. 
And Ph.D Student in Environmental 

Science, Science and Research Branch, 
Islamic Azad University 
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Lobat Taghavi 
Associate Professor in Environmental 
Science, Science and Research Branch, 

Islamic Azad University 

CFD ANALYSIS OF FIXED FIRE-
FIGHTING SYSTEMS INSIDE 

TUNNEL 

Pourya Bazyar 

Department of Agricultural Machinery 
Engineering, Faculty of Agricultural 

Engineering and Technology, 
University of Tehran, Karaj 

3158777871, Iran 

Farzad sharifat 
Department of DIME, Faculty of 

Mechanical engineering, University of 
Genova, Genova, Italy 

OPTIMIZATION MODELS FOR 
INVERSE PROBLEMS IN IMAGE 

PROCESSING 
Alireza Hosseini 

School of Mathematics, Statistics and 
Computer Science, College of Science, 
University of Tehran, P.O. Box 14115-

175, Tehran, Iran 

SOLVING NONSMOOTH 
OPTIMIZATION PROBLEMS VIA 

CIRCUIT MODELS BASED ON 
RECURRENT NEURAL 

NETWORKS 

Alireza Hosseini 

School of Mathematics, Statistics and 
Computer Science, College of Science, 
University of Tehran, P.O. Box 14115-

175, Tehran, Iran 

All participants must join the conference 15 minutes before the session time. 
Every presentation should last not longer than 10-12 minutes. 

Kindly keep your cameras on till the end of the session. 
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Session-1, Hall-2 

17.08.2021 
Moderator: Dr. Preeti Singh Bahadur 

Meeting ID: 894 8746 4311 / Passcode: 474180 
Ankara Local Time: 14:00 – 16:00 

 
Title Author(s) Affiliation 

QUANTUM COHERENCE IN 
THERMAL STATES CONSTRUCTED 

BY YANG-BAXTER MATRIX 
Durgun DURAN 

Department of Physics, Faculty of 
Science and Arts, Yozgat Bozok 

University, 66100, TURKEY 

HIGHER ORDER ELASTIC 
CONSTANTS OF ALKALI CYANIDE 

Dr. Preeti Singh Bahadur 
Department of Physics, Amity 

University, Greater Noida, India 

ANALYTICAL CALCULATION OF 
SPECIFIC HEAT CAPACITIES OF 

TRANSITION METALS IN TUNGSTEN 

Dr. Elif SOMUNCU 

Department of Medical Services 
and Techniques, Ulubey 
Vocational School, Usak 
University, Usak, Turkey  

Dr. Melek GÖKBULUT 

Department of Medical Services 
and Techniques, Erbaa Vocational 

School, Tokat Gaziosmanpasa 
University, Tokat, Turkey 

NUMERICAL CALCULATION OF 
MOMENTS OF COLLISION-INDUCED 

SCATTERING WITH MORSE 
POTENTIAL 

Dr. Melek GÖKBULUT 

Department of Medical Services 
and Techniques, Erbaa Vocational 

School, Tokat Gaziosmanpasa 
University, Tokat, Turkey 

Dr. Elif SOMUNCU 

Department of Medical Services 
and Techniques, Ulubey 
Vocational School, Usak 
University, Usak, Turkey  

LOW-LEVEL LASER THERAPY FOR 
BRAIN DISEASES: REVIEW  

Alaa Sabeeh 

Science Medical Center, Saratov 
State University, Saratov 410012, 

Russia 
Institute of Laser for Postgraduate 

Studies, University of Baghdad, 
Baghdad, Iraq 

Valery V. Tuchin 

Interdisciplinary Laboratory of 
Biophotonics, National Research 
Tomsk State University, Tomsk 

634050, Russia 
Laboratory of Laser Diagnostics of 

Technical and Living Systems, 
Institute of Precision Mechanics 

and Control of the Russian 
Academy of Sciences, Saratov 

MODAL ANALYSIS FOR SOLID AND 
HOLLOW POWER ULTRASONIC 

HORN USING FEM 

Ziad Shakeeb Al Sarraf 

Department of Mechanical 
Engineering, Faculty of 

Engineering, University of Mosul, 
Mosul, IRAQ 

Majied Medhat Saeed 

Department of Mechanical 
Engineering, Faculty of 

Engineering, University of Mosul, 
Mosul, IRAQ 

All participants must join the conference 15 minutes before the session time. 
Every presentation should last not longer than 10-12 minutes. 

Kindly keep your cameras on till the end of the session. 
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Session-1, Hall-3 

17.08.2021 
Moderator: Farzaneh Geramiraz 

Meeting ID: 894 8746 4311 / Passcode: 474180 
Ankara Local Time: 14:00 – 16:00 

 
Title Author(s) Affiliation 

STRUCTURAL AND MAGNETIC 
PROPERTIES  OF LANTANIUM 
SUBSTITUTED ZnS THIN FILMS 

Assos. Prof. Dr. Abdullah 
GÖKTAŞ 

Department of Physics, Faculty of 
Art and Science, Harran 

University, 63300, Sanliurfa, 
Turkey 

EXECUTION OF ALGORITHMS ON 
CALCULATION OF THERMODYNAMIC 

PROPERTIES OF MOIST AIR 
Mehmet Ali DAYIOĞLU 

Ankara University, Faculty of 
Agriculture  

Department of Agricultural 
Machinery & Technologies 

Engineering, Ankara 

INVESTIGATION OF THE TAUTOMER 
STRUCTURE OF A SINGLE CRYSTAL 

COMPOUND CONTAINING A 
THIAZOLE RING 

Tuncay Karakurt 
Kırşehir Ahi Evran Üniversitesi, 
Mühendislik-Mimarlık Fakültesi, 

Kimya Mühendisliği Bölümü 

MIXED CONVECTIVE NANOFLUID 
FLOW OVER A NON LINEARLY 

STRETCHED RIGA PLATE: 
APPLICATIONS OF VISCOUS 

DISSIPATION AND CHEMICAL 
REACTION 

K.V. Prasad 

Department of Mathematics, 
Vijayanagara Sri Krishnadevaraya 

University, Ballari, Karnataka, 
583105, India. 

D.L. Mahendra 

Department of Mathematics, 
Vijayanagara Sri Krishnadevaraya 

University, Ballari, Karnataka, 
583105, India. 

DOUBLE DIFFUSIVE CONVECTION OF 
THE MHD PERISTALTIC FLOW OF 

PHAN-THIEN-TANNER FLUID WITH 
GOLD NANOPARTICLES IN THE 

PRESENCE OF HALL EFFECT: 
APPLICATION TO CANCER THERAPY 

Hanumesh Vaidya 

Department of Mathematics, 
Vijayanagara Sri Krishnadevaraya 

University, 
Vinayaka Nagar, Ballari-583 105, 

Karnataka, India 

J. U. Viharika 

Department of Mathematics, 
Vijayanagara Sri Krishnadevaraya 

University, 
Vinayaka Nagar, Ballari-583 105, 

Karnataka, India 

Shivaleela 

Department of Mathematics, 
Vijayanagara Sri Krishnadevaraya 

University, 
Vinayaka Nagar, Ballari-583 105, 

Karnataka, India 

DEFECT CREATION IN AMORPHOUS 
SILICON DIOXIDE 

Nour Elhouda Cheridi 
LRPCSI, Faculté des Sciences, 

Université 20 août 1955-Skikda, 
Algérie. 

Ali Meftah 
LRPCSI, Faculté des Sciences, 

Université 20 août 1955-Skikda, 
Algérie. 

WATER & WASTEWATER 
MANAGEMENT IN COGENERATION 

POWER & WATER PLANT (CASE 
STUDY) 

Farzaneh Geramiraz Process Coordinator 

METROLOGICAL ANALYSIS OF THIN 
WALLED HOLLOW CYLINDRICAL 

INVESTMENT CASTINGS FOR 
DIFFERENT GATING SYSTEM  

Soumyajit Roy 

PhD Scholar, Dept. of Metallurgical 
and Material Engineering, 

Jadavpur University, Kolkata-
700032, INDIA  
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Akshay Kumar Pramanick 

Professor, Dept. of Metallurgical 
and Material Engineering, 

Jadavpur University, Kolkata-
700032, INDIA 

Prasanta Kumar Datta 

Professor, Dept. of Metallurgical 
and Material Engineering, 

Jadavpur University, Kolkata-
700032, INDIA 

All participants must join the conference 15 minutes before the session time. 
Every presentation should last not longer than 10-12 minutes. 

Kindly keep your cameras on till the end of the session. 
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Session-1, Hall-4 

17.08.2021 
Moderator: Assoc. Prof. Dr. Alaaddin Vural 

Meeting ID: 894 8746 4311 / Passcode: 474180 
Ankara Local Time: 14:00 – 16:00  

 
Title Author(s) Affiliation 

INVESTIGATION OF STRUCTURAL 
CHARACTERIZATION OF DY 
DOPED LuBO3 AND LaGdPO4 

MATERIALS 

İsrafil ŞABİKOĞLU 

Manisa Celal Bayar University, Faculty 
of Science and Letter, Department of 

Physics, Prof.Dr. İlhan VARANK 
Campus, Manisa, TURKEY 

EFFECT OF ZnO ANNEALING 
TEMPERATURE ON EFFICIENCY IN 

ORGANIC SOLAR CELLS 

Semih Yurtdaş 
Karamanoğlu Mehmetbey Üniversitesi, 

Mühendislik Fakültesi, Karaman, 
Türkiye 

Mustafa Karaman 
Konya Teknik Üniversitesi, Mühendislik 

ve Doğa Bilimleri Fakültesi, Konya, 
Türkiye 

Cem Tozlu 
İzmir Katip Çelebi Üniversitesi, 

Mühendislik ve Mimarlık Fakültesi, 
İzmir, Türkiye 

MULTIVARIABLE POLYNOMIALS 
AND THEIR APPLICATIONS 

Yüşra ALTUN TALA  
Gazi Üniversitesi,Fen Bilimleri 

Enstitüsü,Fizik Bölümü,Teknikokullar 
TR06500,Ankara 

Hakan ÇİFTÇİ 
Gazi Üniversitesi,Fen Fakültesi,Fizik 

Bölümü,Teknikokullar 
TR06500,Ankara,Türkiye 

APPLICATION AND 
CHARACTERIZATION OF PT/C 
SUPPORTED MEA IN PEM FUEL 

CELL 

Arzu Ekinci 
Siirt Üniversitesi Sağlık Yüksekokulu, 

Siirt 

Sabit Horoz 
Siirt Üniversitesi, Mühendislik-Mimarlık 

Fakültesi, Elektrik ve. Elektronik 
Mühendisliği Bölümü, Siirt 

Ömer Şahin 
Siirt Üniversitesi Mühendislik-Mimarlık 
Fakültesi, Kimya Mühendisliği Bölümü, 

Siirt 

FIRST PHOTOMETRIC STUDY OF 
ECLIPSING BINARY STAR SYSTEM 

V525 AND 
Dr. Oğuz ÖZTÜRK 

Çanakkale Onsekiz Mart Üniversitesi, 
Fen Edebiyat Fakültesi, Fizik Bölümü 
Çanakkale Onsekiz Mart Üniversitesi, 

Astrofizik Araştırma Merkezi ve 
Ulupınar Gözlemevi  

INVESTIGATION OF NATURAL 
(226Ra, 232Th AND 40K) AND 

ARTIFICIAL (137Cs) 
RADIOACTIVITY OF ARZULAR-
YİTİRMEZ SITES (GÜMÜŞHANE) 

Alaaddin Vural 
Gümüşhane Üniversitesi, Mühendislik 

ve Doğa Bilimleri Fakültesi, Jeoloji 
Mühendisliği, Gümüşhane, Türkiye 

Ali Kaya 

Gümüşhane Üniversitesi, Mühendislik 
ve Doğa Bilimleri Fakültesi, Fizik 

Mühendisliği 
Gümüşhane, Türkiye 

CHARACTERIZATION OF 
THERMOPHYSICAL PROPERTIES 

OF BIOMASS REINFORCED 
POLYESTER COMPOSITE 

Ercan AYDOĞMUŞ 
Fırat University, Faculty of Engineering, 
Department of Chemical Engineering, 

Elazığ, Turkey 
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Mustafa DAĞ 
Karatekin University, Faculty of 

Engineering, Department of Chemical 
Engineering, Çankırı, Turkey 

All participants must join the conference 15 minutes before the session time. 
Every presentation should last not longer than 10-12 minutes. 

Kindly keep your cameras on till the end of the session. 
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Session-2, Hall-1 

17.08.2021 
Moderator: Assoc. Prof. Dr. Shalini Jaiswal  

Meeting ID: 894 8746 4311 / Passcode: 474180 
Ankara Local Time: 16:30 – 18:30  

 
Title Author(s) Affiliation 

ELECTRONIC PROPERTIES OF 
TWO-DIMENSIONAL BAs/CrP 

HETEROSTRUCTURE 

Dogukan Leloglu 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
University, 06100, Ankara, Turkey 

Aybey Mogulkoc 
Department of Physics, Faculty of 
Science, Ankara University, 06100, 

Ankara, Turkey 

Yesim Mogulkoc 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
University, 06100, Ankara, Turkey 

Bora Alkan 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
University, 06100, Ankara, Turkey 

INVESTIGATION OF COATING 
EFFICIENCY IN FRICTION 

SURFACING PROCESS 
Dr. Mehmet Erbil ÖZCAN 

Fırat University, Dept. of Mechanical 
Engineering 23119 Elazığ, TURKEY 

APPLICATIONS OF THE 
GENERALIZED EXTENDED 
MATHEMATICAL PHYSICS 

FUNCTIONS TO THE MODIFIED 
RIEMANN-LIOUVILLE 

FRACTIONAL DERIVATIVE 
OPERATOR 

UMAR MUHAMMAD 
ABUBAKAR 

Department of Mathematics 
Faculty of Computing and Mathematical 

Sciences 
Kano University of Science and 

Technology, Wudil P.M.B.: 3244 Kano 
 Kano State-Nigeria 

  
SUSTAINABLE WAY OF 

ELECTRICITY GENERATION 
THROUGH SOLAR POWER IN 

INDIA 

Dr. Shalini Jaiswal 
Associate Professor, Amity University 

Greater Noida, India 

METHANE ADSORPTION ON MN-
N-C MONOLAYER MATERIALS IN 

THE PRESENCE OF O_2  
MOLECULES WITH DFT THEORY 

INCLUDING VAN DER WAALS 
INTERACTION 

H. Küçük 
Gazi University, Department of Physics, 

Emniyet Mahallesi, 06500, 
Teknikokullar/Ankara 

A.Akça 
Aksaray University, Department of 
Physics, Merkez, Aksaray, Turkey 

A STUDY ON THE PROPERTIES OF  
Co-ALLOYED ZnS QUANTUM DOTS 

Dr. Arzu EKİNCİ 
Siirt University, School of Health, 

Department of Nursing, 56100, Siirt, 
Turkey 

Prof. Dr. Ömer ŞAHİN 

Siirt University, Faculty of Engineering 
and Architecture, Department of 

Chemical Engineering, 56100, Siirt, 
Turkey 

Dr. Sabit HOROZ 

Siirt University, Faculty of Engineering 
and Architecture, Department of 

Electrical and Electronic Engineering, 
56100, Siirt, TURKEY 
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EFFECT OF MICROWAVE POWER 
TO RETROSPECTIVE ESR 

DOSIMETRY STUDIES  
Özgül KARATAŞ 

Konya Technical University, Vocational 
School of Technical Sciences, 

Department of Electric and Energy, 
Konya, TURKEY 

THERMAL AND ELECTRIC 
PROPERTIES OF COPPER MATRIX 

COMPOSITE WITH CARBON 
NANOTUBES 

Vadim KOVTUN 
University of Civil Protection of the 

Ministry for Emergency Situations of the 
Republic of Belarus, Minsk, Belarus 

Vladimir PASOVETS 

State research and production powder 
metallurgy association National 

Academy of Sciences of Belarus, Minsk, 
Belarus 

All participants must join the conference 15 minutes before the session time. 
Every presentation should last not longer than 10-12 minutes. 

Kindly keep your cameras on till the end of the session. 
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Session-2, Hall-2 

17.08.2021 
Moderator: Prof. Dr. Mahmoud Nadim Nahas 

Meeting ID: 894 8746 4311 / Passcode: 474180 
Ankara Local Time: 16:30 – 18:30  

 
Title Author(s) Affiliation 

ELECTRONIC STRUCTURE 
PROPERTIES OF BSb/Ga2SSe 

HETEROSTRUCTURE UNDER 
ELECTRIC FIELD EFFECT 

H. Eslem Guler 
Department of Physics, Faculty of 
Science, Ankara University, 06100, 

Ankara, Turkey 

Rabia Caglayan 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
University, 06100, Ankara, Turkey 

Mehmet Kabak 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
University, 06100, Ankara, Turkey 

Yesim Mogulkoc 
Department of Physics Engineering, 

Faculty of Engineering, Ankara 
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STRUCTURE AND ELECTROPHYSICAL PROPERTIES OF PP+PBS/CDS 

NANOCOMPOSITES 

A. A. Novruzova 

Baku State University, AZ1148, Zahid Khalilov str 23, Azerbaijan Republic 

 

ABSTRACT 

In the present work, structure and electrophysical properties of PP+PbS/CdS  nanocomposites 

was investigated. Distribution and the size of PbS and CdS nanoparticles in the polymer matrix 

has been studied by scanning electron microscopy (JEOL JSM-7600 F). The structure of the 

nanocomposite samples was investigated by the X-ray diffraction spectroscopy. The 

dependence of dielectric permittivity at  frequency and temperature was investigated. It was 

shown that the dielectric permittivity of PP+PbS/CdS  nanocomposite samples was increase 

in small nanoparticles  content.  Further increase in the  concentration of the filler leads to  

decrease in the dielectric  permittivity. The subsequent  decrease in dielectric permittivity at 

higher nanoparticles content can be explained by the  increase in defects in the structure of the 

nanocomposite. 

Keywords: electrophysical properties , polypropylene , polymer nanocomposite, PbS ,CdS  

 

1. INTRODUCTION 

Polymer nanocomposites are novel materials for advanced engineering applications. Surface 

modification of nanomaterials as well as polymers adds flavor to the dielectric properties of the 

resulting nanocomposites. Nowadays, three-phase nanocomposites with either combination of 

fillers or polymer matrix help in further improving the dielectric properties as compared to two-

phase nanocomposites. Recent research has been focused on altering the dielectric properties 

of different materials while also maintaining their superior flexibility. Flexible polymer 

nanocomposites are the best candidates for application in various fields. However, certain 

challenges still present, which can be solved only by extensive research in this field(1).  The 

interface between the polymer and the particle has a critical role in altering the properties of a 

composite dielectric(2). The study of dielectric constant and dielectric loss, as a function of 

temperature and frequency, is one of the most convenient and sensitive methods of studying the 

relationships between structure and properties of the polymer-based nanocomposites (3). 

The aim of this work is investigated structure and electrophysical properties of PP+PbS/CdS  

nanocomposites determine dielectric constant and dielectric loss, as a function of temperature 

and frequency. 

 

2.EXPERIMENTAL PART 

2.1 MATERIALS 

For the polimeric matrix of the nanocomposites isotactic polypropylene (PP brand Sigma 

Aldrich P code 1001326963) was used. It has a density of 0.9 g/mL at 25 0C, refractive index- 

n20/D 1.49, transition temperature, Tg, equal to  -26 ° C, mol.wt–average Mw ~ 250000 by 

GPC, autoignition temp  674 ° F, melting point equal to 189 0С. Toluene , lead acetate 

Pb(CH₃COO)₂, cadmium chloride (CdCl2x2,5H2O), Na2Sx9H2O,(1-

1



hexadecyl)trimethylammonium bromide (C19H42BrN ,98%)  have been purchased from Sigma 

Aldrich. 

 

2.2 CHARACTERIZATION  

Distribution and the size of PbS and CdS nanoparticles in the polymer matrix has been studied 

by scanning electron microscopy (SEM,JEOL JSM-7600 F).  

X-ray diffraction analysis was performed with Rigaku Mini Flex 600 XRD diffractometer at 

ambient temperature. In all the experiments, Cu K α radiation operating at 15 mA and 30 kV 

was used. The samples were scanned in the 20–70°range of Bragg angle 2θ. 

The frequency dependences of the dielectric permittivity and dielectric losses tangent were 

measured at a temperature T= 298-433 K in the frequency range f= 102–106 Hz using the 

dielectric spectroscopy (MNIPIE7-20). 

 

2.3 SYNTHESIS OF NANOCOMPOSITES 

Firstly PbS and CdS nanoparticles were synthesized coprecipitation technique in colloidal 

system(4).Polymer composite materials were prepared as follow: Isotactic polypropylene was 

solved in toluene at a temperature of 1200 C, then nanoparticles of PbS and CdS were added to 

the polymer solution and stirred for two hours to obtain a homogeneous mixture. The mixture 

was dried, during 24 hours. Thin films of nanocomposite were obtained from these samples by 

hot pressing method. The films after hot pressing were cooled in water at a cooling rate of 200 

°C/min.  

Results and discussion 

Figure 1(a), (b) and (c) shows   the SEM images of  PP+PbS/CdS nanocomposites with 3wt% 

,10wt% and 15wt% of PbS/CdS nanoparticles  respectively. As seen in the figures, the size of 

nanoparticles in the polymer matrix is 5–10 nm, 12–18nm, 18–34 nm for 3%, 5%, and 15%  

respectively . It is clear that with increasing content of nanoparticles in the polymer matrix, the 

size of  nanoparticles  also  increases. Figure  2.  reports  the  EDS  analysis for the 

nanocomposites . From the EDS spectrum, it can be seen that the PbS and CdS are clearly 

shown.  
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Figure 1. SEM images of PP + 3% PbS/CdS (a), PP +5% PbS/CdS (b), and PP +15% PbS/CdS 

(c) nanocomposites 
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Figure 2. EDS spectra of PP+PbS/CdS nanocomposite 

Figure 3 shows X-ray diffractograms of pure PP and PP+PbS/CdS  nanocomposite. As can be 

seen, the diffractogram of PP+PbS/CdS nanocomposite exhibits at 2θ the peaks 25.2 (100), and 

43.65 (220) charceteristics of CdS and those ones 30.01 (200) and 53.70° (222) characteristics 

of PbS. Other peaks in the diffractogram belongs to the surfactant CTAB, which coats and 

stabilizes the surface of nanoparticles(4) 

 

 

 

 

 

 

 

 

 

 

Figure 3. X-Ray diffraction patterns: 1 pure Polypropylene, 2- PP+PbS/CdS 

nanocomposites 

Figure 4 shows the frequency dependences of the dielectric permittivity (a) and dielectric 

loss tangent (b) of the pure PP and PP+PbS/CdS nanocomposites. It can be seen in Figure 

4 (a) that the incorporation of  nanoparticles in the polymer matrix leads to the rise of the 

dielectric permittivity of the nanocomposite in low consentration content. The decrease in 

the dielectric permittivity at higher PbS/CdS contents is associated with an increase in 

defects of the composite structure and decreasing of polarization. As can be seen from the 

figure 4 (b), with the increasing frequency, the  value of tan (d) of the PP+PbS/CdS 

nanocomposite increases. The sharp decrease in the dielectric loss with increasing of 

frequency  can be explain  due to high frequency energy losses. 
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a)                                                            

b) 

 

 

 

 

 

Figure 4. a)Addiction of dielectric constant of pure PP and composites PP+PbS/CdS on 

frequency: (1)pure PP, (2)PP+1%PbS/CdS (3)PP+3%PbS/CdS, (4)PP+5%PbS/CdS (5) 

PP+10%PbS/CdS and (6) PP+15%PbS/CdS b)Frequency dependence of the dielectric 

loss tangent of pure PP and  PP+PbS/CdS nanocomposites: (1)pure PP, 

(2)PP+1%PbS/CdS (3)PP+3%PbS/CdS, (4)PP+5%PbS/CdS (5)PP+10%PbS/CdS and 

(6)PP+15%PbS/CdS 

Figure 5 shows the temperature dependence of the dielectric permittivity of the   

PP+PbS/CdS nanocomposites measured at a frequency of 1 kHz. It is shown that the value 

of the dielectric permittivity varies slightly with increasing temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Dependence of dielectric permittivity of composites PP+PbS/CdS on 

temperature. 

 

 

CONCLUSION 

In the present work, structural and dielectric properties of  PP+PbS/CdS nanocomposite  has 

been investigated. The SEM  analysis demonstrated the size of nanoparticles in the polymer 

matrix is 5–10 nm, 12–18nm, 18–34 nm for 3%, 5%, and 15%  respectively . The structure 

of the nanocomposite has   been investigated by XRD spectroscopy. The dielectric 

permittivity decrease with increasing consentration of nanoparticles.  It is can be explain by 

the increasing defects in the structure of the    nanocomposite. Dependence of dielectric 

permittivity of composites on temperature also was investigated. It is shown that the value of 

the dielectric permittivity varies slightly with increasing temperature. 
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ABSTRACT 

The present work is a continuation of systematic characterization examinations on the role of 

manganese (Mn) addition within the different molar ratios (0.0 ≤x≤ 0.10) on the fundamental 

aspects of electrical quantities of bulk polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx 

superconducting ceramic compounds. All the experimental results show that the existence of 

manganese ions in the Bi2.1Sr2.0Ca1.1Cu2.0Oy crystal system damages seriously the 

fundamental electrical quantities. However, we determine the possible highest offset ( offset

cT ) 

and onset ( onset

cT ) critical transition temperatures under the presence of optimum preparation 

conditions for the samples by establishing a strong model between the structural disorders-

defects such as the room temperature resistivities (ρ300K), electrical resistivity at 90 K (ρ90K), 

residual resistivity ratios (RRR), residual resistivities (ρres), resistivity variation between ρ300K  

and ρ90K (ρ) and resistivity ratio ρ90/ρ of (ρnorm) for the first time. It is found from the 

empirical models grounded on the impurity scattering and lattice strain in the crystal lattices 

that we can produce the manganese added Bi2.1Sr2.0Ca1.1Cu2.0Oy sample possessing the 

highest onset

cT  of 84.72793 K and offset

cT of 83.70735 K for the ideal crystallinity. 

Keywords: Bi2.1Sr2.0Ca1.1Cu2.0OyMnx; Structural disorders-defects; Possible highest offset

cT  

and onset onset

cT . 
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1. INTRODUCTION  

The use of superconducting materials in the daily life technology and industry has an 

importance for the energy management planning and operation based on the energy 

production/protection/consumption/distribution/storage/supply-demand balance. Thus, the 

energy management methodology consists of three main objectives: resource conservation, 

climate protection grounded on environmental awareness and cost savings. In this respect, the 

energy management discipline is directly related to the fact that the activities in daily life are 

performed without any compromise but in low energy consuming. Especially, with the rapid 

improvement in the technology, willingness of people to keep up with technology and 

considerable increment in the growth of population day by day in the worldwide energy 

consumption requirements much more increase and hence much more nature sources are 

destroyed. On this basis, the excess energy usage (overuse) should be prevented as much as 

possible in all application areas. For example, energy dissipation forms the basis of energy 

consumption problems in the industrial power systems. That is exactly why humanity needs to 

use superconducting materials (without resistance and loss of energy) for leaving a cleaner 

world to next generation. In other words, the preference of superconducting material provides 

a strong motivation for the efficient use of energy. Accordingly, the superconductivity 

suppling reliable, clean, efficient, economic, cheap and power quality to human beings is one 

of the only solutions for overcoming the energy conservation and related ecological energy 

problems so that the world for the next generation can be secured. 

“Why to use the superconducting materials in daily life technology” seems to be a question to 

be answered. It is well known that the superconducting compounds exhibit no resistance 

under the applied current and applied magnetic fields. Superconducting parents are divided 

into two main groups named as type-I and type-II materials. The latter type compounds with 

their appealing characteristic features (high current density and magnetic field carrying 

ability, low power consumption and energy dissipations, large critical transition temperature 

[1–3].) have attracted a great deal of interest of research community worldwide in many 

complex application fields such as the electro-optic, power transmission cable, power 

transmission, sensitive process control, spintronics, medical diagnosis, levitated trains, future 

hydrogen society, particle accelerators, engineering, application-oriented material science, 

heavy-industrial technology, energy-related sectors, refrigeration and renewable energy 

sectors, motors and related devices [4–12]. In the current study, we explore the effect of 

different magnesium addition amounts within the molar ratios range of 0.00 ≤x≤ 0.10 on the 

fundamental electrical features of bulk Bi-2212 superconducting materials with the aid of the 

temperature-dependent electrical resistivities and semi-empirical approaches based on the 

structural disorders-defects. It is observed that the magnesium addition in the polycrystalline 

Bi-2212 crystal system damages the fundamental electrical quantities. Besides, the empirical 

approach between the crystallinity quality (ρres) and basic superconducting critical transition 

temperatures of offset

cT  and onset

cT  shows that the bulk Bi-2212 superconducting ceramic 
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temperature with highest crystal quality possess the possible maximum offset

cT  of 90 K and 

onset

cT of 91 K. 

 

2. EXPERIMENTAL DETAILS FOR BULK BI2.1SR2.0CA1.1CU2.0OYMNX CERAMIC 

SAMPLES 

The present work is a continuation of systematic characterization explorer founded on the 

influence of manganese addition level within the different mole-to-mole ratios (0.0 ≤x≤ 0.10) 

in the multi-layered perovskite based bulk Bi-2212 superconducting ceramic compounds on 

the fundamental engineering quantities as regards the flux pinning mechanism, electrical 

conductivity/resistivity, bulk density, degree of granularity, microstructural, crystal structure 

quality, mechanical strength, stiffness, durability, ductility, hardness, fracture toughness, 

flexural strength, crack initiation sites, strength quality of intra and inter-grain boundary 

couplings and superconducting properties. One can see all the material preparation procedures 

including the experimental procedures (calcination and annealing temperature, time and 

environment ambient conditions, load pressure values, heating and cooling rates), chemical 

powders within the high-purity, experimental test tools and characterization instruments in the 

other full-texts published in Ref. [13, 14]. 

Variation in electrical resistivity against the temperature is experimentally measured by using 

the conventional four-probe method under 5 mA applied dc current in a He closed-cycle 

cryostat system in the temperature range from 30 K to 105 K. All the experimental values 

observed enable us to focus sensitively on the establishment of strong links between the 

structural disorders-defects and critical transition temperatures for the determination of 

possible maximum offset and onset critical transition temperatures belonging to the 

manganese added bulk Bi-2212 superconducting compound with the aid of temperature-

dependent electrical resistivity curves taken in the temperature range of 30 K-105 K. Besides, 

the role of manganese addition on the scattering mechanism of thermodynamically activated 

super-electrons in the homogeneous superconducting cluster percentages in the paths is 

examined by the change in the gap coefficient parameters depending on the amount of 

manganese addition. Hereafter, the bulk Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting ceramic 

compounds are produced by the varied molar amounts of manganese addition as regards x=0, 

0.01, 0.03, 0.05, 0.07 and 0.10 will be abbreviated as the pure, Bi/Mn-1, Bi/Mn-2, Bi/Mn-3, 

Bi/Mn-4 and Bi/Mn-5, respectively. 

 

3. RESULTS AND DISCUSSION  

In the previous studies published in Ref. [14] and another full-text entitled “Evaluation of 

superconducting characteristics of bulk Bi2.1Sr2.0Ca1.1Cu2.0Oy ceramic compounds with 

manganese addition” we study comprehensively the influence of manganese addition on the 

fundamental electrical resistivity quantities such as room temperature resistivity (ρ300K), 

residual resistivity (ρres), residual resistivity ratios (RRR), ρnorm, ρ90K, ρ and superconducting 
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features including offset ( offset

cT ), onset ( onset

cT ) critical transition temperatures and degree of 

broadening ( cT = onset

cT - offset

cT ).  

 

48 54 60 66 72 78

20

40

60

80

100

120

140

160

R
e
s
is

ti
v
it
y
 Q

u
a
n
ti
ti
e
s

Toffset
c  (K)

 ρ300K (mΩcm)

 ρres (mΩcm)

 ρ (ρ300K-ρ90K)(mΩcm)

 ρnorm (ρ90K/ρ)

 ρ90K (mΩcm)

Pure

Bi/Mn-2 sample

Bi/Mn-1 sample
Bi/Mn-3 sample

Bi/Mn-5 sample

Bi/Mn-4 sample

 

Figure 1. Variation of different electrical resistivity quantity parameters versus critical 
offset

cT temperatures of Bi2.1Sr2.0Ca1.1Cu2.0MnxOy superconducting materials 
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Figure 2. Change in varied electrical resistivity features against onset

cT  parameters for every 

superconducting material prepared in this work 
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It is obvious from the figures that with the increase in the manganese addition amount all the 

main characteristic properties provided above are noted to degrade dramatically depending on 

the crystallinity qualities, strength quality of intra and inter-grain boundary couplings in the 

Bi-2212superconducting crystal system (Figure 1 and Figure 2). By taking all the numerical 

resistivity and superconducting values from the reference papers, we try to determine the 

possible maximum offset

cT  and onset

cT parameters in case of the production of Bi-2212 crystal 

structure with the most ideal crystal structure prepared in the optimum production conditions. 

 

3.1. Determination of possible maximum offset

cT parameters for Bi-2212 ceramic compound 

We develop the semi-empirical models based on the structural disorders-defects (ρ300K, ρres, 

RRR, ρnorm, ρ90K, ρ) and offset critical transition temperature to define the possible highest 
offset

cT value for the oxygen deficit multi-layered perovskite based polycrystalline 

Bi2.1Sr2.0Ca1.1Cu2.0Oy superconducting material with the most ideal crystal structure as given 

in Figure 3(a-e). On this basis, the fitting equations are examined that whether we can catch a 

good relation between the formation of permanent structural problems and offset critical 

transition temperature to determine the maximum offset

cT parameter for the bulk 

Bi2.1Sr2.0Ca1.1Cu2.0Oy material. It is obvious from the figure that the relationships of RRR, ρ 

and ρ90K includes insignificant information. Among the others, the highest correlation is 

observed between the offset

cT and ρres (crystallinity quality and intra and inter-grain boundary 

couplings) is obtained to be about 0.98228 and for the ideal crystal structure the maximum 
offset

cT is about 83.70735 K. In other words, the semi-empirical models performed show that it 

is impossible to produce bulk Bi2.1Sr2.0Ca1.1Cu2.0Oy material whose offset

cT value is higher than 

the value of 83.70735 K. 
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Figure 3. Changes of onset

cT  values versus electrical resistivities: (a) ρ, (b) ρ300K, (c) ρnorm, 

(d) ρ90K and (e) ρres for all the Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting materials. Inset: 

Fitting equations related to correlation graphics. 

 

3.2. Definition of possible maximum onset

cT parameters for Bi-2212 ceramic compound 

In this part of paper, we analyze the relationship between structural disorders-defects and 

onset critical transition temperature for the Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting 

material possessing the maximum onset

cT  parameter. One can see the graphics in Figure 4(a-e). 

It is apparent from the figure that similar to the results of fitting equations related to 
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correlation graphics for the RRR, ρ and ρ90K, there seem no logical results. As for the other 

results, the correlations are found to be about 0.97709, 0.98377 and 0.98474 for the ρ300K, ρnorm 

and ρres, respectively. In this respect, the highest value of 0.98474 ascribes to the relationship 

between the onset

cT and ρres data while the minimum value of 0.97709 is observed for the 

relationship between the onset

cT and ρ300K, results. In this context, the most reliable correlation 

displays that the possible highest onset

cT  parameter is calculated to be about 84.72793 K for 

the polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0Oy superconducting ceramic material within the ideal 

crystal structure produced in the optimum production conditions. The combination of 3.1. and 

3.2. sections shows that a bulk polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting 

compound prepared in these conditions has the maximum offset

cT  value of 83.70735 K and 

onset

cT  value of 84.72793 K. Moreover, it is natural to mention that the discussion depending 

on the ρres parameter is exactly reliable result.  
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4. CONCLUSION 

In the present study, we determine the influence of different manganese addition amount on the 

basic electrical quantities of bulk polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting 

ceramic compounds by means of the temperature-dependent electrical resistivities for the first 

time. It is found that the present of manganese addition in the crystal system damages 

seriously the fundamental electrical resistivity features. At the same time, we examine the 

relationship between structural disorders-defects and offset and onset critical transition 

temperature for the Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting material. The fitting equations 

related to correlation graphics indicate that the highest correlations are observed for the 

models founded on the crystallinity quality and intra and inter-grain boundary couplings (ρres). 

On this basis, a bulk polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting ceramic sample 

prepared in these conditions possesses the maximum offset

cT  value of 83.70735 K and onset

cT  

value of 84.72793 K. To sum up, the manganese addition is a good idea in the bulk Bi-2212 

superconducting matrix to define the optimum conditions for the production of ideal crystal 

structure and possible highest offset/onset critical temperature values. 
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ABSTRACT 

Role of manganese addition within the different molar ratios (0.0 ≤x≤ 0.10) on the 

fundamental superconducting features including offset ( offset

cT ), onset ( onset

cT ) critical 

transition temperatures and degree of broadening ( cT = onset

cT - offset

cT ) of bulk 

Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting ceramic compounds is examined with the aid of 

temperature-dependent electrical resistivity measurements exerted in the temperature range 

between 30 K and 105 K. In the present work, the samples studied are prepared at the 

constant annealing temperature of 850 °C for 24 h by the standard solid-state reaction method. 

The experimental results show that the whole superconducting features are found to harshly 

depend on the manganese addition level. In this respect, the superconducting features are 

observed to degrade considerably due to not only the gradual increment in the basic 

crystallinity problems, interaction between the superconducting grains, amplitude of pair 

wave function, hole trap energy and overlapping of Cu-3d and O-2p wave functions but also 

the decrement in the effective cooper-pair coupling probabilities (formation of super-

electrons) in the homogeneous superconducting cluster percentages in the paths, densities of 

active electronic state (DOS) at Fermi energy level and homogeneities in the oxidation states. 

Numerically, the highest offset

cT and onset

cT  values of 83.97 K and 81.44 K for the pure sample 

while the parameters fall in the deepest values of 81.44 K and 46.86 K for the bulk 

Bi2.1Sr2.0Ca1.1Cu2.0OyMnx sample exposed to the maximum manganese addition level. On this 

basis the degree of broadening parameter is noted to change from 2.53 K to 22.80 K. We also 

determine the divergence from the optimum mobile hole carrier concentration (P) per Cu ions 

in the valance band with the manganese addition level and find that the pure sample obtains 
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the maximum P value of 0.1375 whereas the minimum one (0.0863) is obtained for the 

maximum Mn added sample. 

Keywords: Bi2.1Sr2.0Ca1.1Cu2.0Oy system; Mn addition; offset

cT , onset

cT and cT . 

 

1. INTRODUCTION 

In the year of 1911, the superconductivity phenomenon for the solid mercury metal appeared 

immediately when the material was cooled down to the temperature of 4.2 K [1]. After that 

period, the superconducting materials have attracted widespread interest of researchers 

studied on the heavy-industrial technology, cooling technology, medical diagnosis and 

hydrogen society applications [2–5]. In the materials science history it is possible to see 

different kinds of materials such as pure elements (metals or semi-metals), organic-

compounds, alloys, carbon-based compounds, carbonaceous sulfur hydride,   heavy fermion-

containing materials, chalcogens, rare-earth borocarbide, chevrel phase-samples, nickelates, 

inorganic-based compounds, pyrochlore oxides, lanthanum decahydride, silicon-containing 

samples, magnesium diboride, iron-based materials, A-15 compounds, rutheno-cuprates and 

oxygen deficit multi-layered perovskite based ceramic cuprates including Tl-, Bi- and Hg-

based compounds driving the superconducting nature [6, 7]. Thus, the researchers have 

widely tried to discover new superconducting parents and improve their problematic features. 

Especially the Bi-containing parents with 3 valuable members has attracted a great deal of 

interest in several application fields due to their appealing characteristics: namely, extremely 

greater critical transition temperature, thermodynamic stability, magnetic field and current 

carrying capability, enormously lower energy consumption and losses [8–10]. As for the 

preparation conditions, the family of Bi-based materials exhibits the promising features as 

regards the cheap and harmless chemical powders, easy production process, relatively cheap 

cooling system, resistant towards to humid environment and stability to compositional content 

and oxygen [8–13]. On the other hand it is, of course, that the Bi-containing compound 

parents possess the problematic features (low mobile hole carrier densities, randomly oriented 

microcrystals, brittleness behavior, sensitivity to applied magnetic fields and current, multiple 

phase compositions, large penetration depth, short coherence length, grain alignment 

distributions/orientations, intra and inter-grain boundary couplings) due to the intrinsic 

weakly coupled Cu-O2 layers in the Bi-based material crystal structure [14, 15]. The 

problematic features play an important role of critical transition temperature parameters of Bi-

based superconductors. In the present work, the influence of manganese addition in the 

polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0Oy superconducting crystal system on the basic 

superconducting parameters of onset ( onset

cT ) and offset ( offset

cT ) critical transition 

temperatures and related broadening degree ( cT = onset

cT - offset

cT ) values is examined by 

means of temperature-dependent resistivity measurements performed temperature intervals 30 

K-105 K. According to the experimental results obtained, it is found that the manganese 

addition is ploughed to improve the fundamental superconducting parameters of 

Bi2.1Sr2.0Ca1.1Cu2.0Oy materials. 
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2. EXPERIMENTAL DETAILS FOR BULK BI2.1SR2.0CA1.1CU2.0OYMNX CERAMIC 

SAMPLES 

In the current study, we explore the effect of different amount of manganese addition in the 

oxygen deficit multi-layered perovskite based polycrystalline Bi-2212 superconductors on the 

basic important characteristic behaviors such as dc electrical resistivity, bulk density, 

microstructural, flux pinning mechanism, degree of granularity, crystallinity qualities, 

strength quality of intra and inter-grain boundary couplings and superconducting properties. 

All the materials are prepared by the conventional solid-state reaction method at the main 

heating temperature of 850 °C for the duration of 24 h. The detail experimental processes 

including the chemical powders within the high-purity, heat-treatment conditions, 

heating/cooling rates and characterization instruments (microhardness digital tester and He 

closed-cycle cryostat system) can be encountered in the other full-texts published in Ref. [6, 

7]. The present works are interested in the differentiation in the basic superconducting 

parameters of onset ( onset

cT ) and offset ( offset

cT ) critical transition temperatures and related 

broadening degree ( cT = onset

cT - offset

cT ) values with the manganese addition level. As the 

abbreviations for the bulk Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting ceramic compounds 

produced by the varied molar amounts of manganese addition as regards x=0, 0.01, 0.03, 0.05, 

0.07 and 0.10, we will hereafter use pure, Bi/Mn-1, Bi/Mn-2, Bi/Mn-3, Bi/Mn-4 and Bi/Mn-5, 

respectively. 

Change of dc electrical resistivity as a function of environment temperature is experimentally 

examined by means of the standard four-probe technique in a He closed-cycle cryostat system 

working in the temperature intervals 30 K-105 K. The experimental temperature-dependent 

resistivity signals are gathered within the accuracy of about ± 0.01 from the specimen surfaces 

under 5 mA applied dc current using the combination of a programmable nano-voltmeter and 

current source. 

 

3. RESULTS AND DISCUSSION 

3.1. Superconducting nature of Bi-2212 ceramics 

In the current work, we search the important effect of manganese addition in the oxygen 

deficit multi-layered perovskite based polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0Oy superconducting 

crystal system on the basic superconducting parameters of onset ( onset

cT ) and offset ( offset

cT ) 

critical transition temperatures and related broadening degree ( cT = onset

cT - offset

cT ) values by 

means of temperature-dependent resistivity measurements performed temperature intervals 30 

K-105 K. The onset critical transition temperature abbreviated as onset

cT  is used to determine 

the material thermodynamical and quantum mechanical properties being in association with 

the pair wave function (Ψ= Ψ0e-iφ) amplitude and phase coherence, hybridization mechanism, 

thermodynamic stability, pair binding energy, gap coefficient, dirty or clean limit nature, 

formation of bipolarons in the polarizable lattices, overlapping mechanism of Cu-3d and O-2p 
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wave functions, beginning of electron-phonon couplings, localization of DOS at Fermi energy 

state, distribution of non-superconducting barrier regions, hole trap energy for the charge 

carrier concentrations and thermodynamically activated super-electrons in the homogeneous 

superconducting cluster percentages in the paths [16–18]. 
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Figure 1. Variation of superconducting findings over temperature of 

Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting materials 

 

 On this basis, it can be concluded that the material begins to behave as the superconducting 

compound at the temperature lower than the onset

cT  parameter. The other critical transition 

temperature is the offset value, offset

cT  that is known to a temperature for the transition from 

superconducting phase of inter-granular component to the normal state. Thus, the offset

cT  value 

is directly affected by the phase volume fractions in the crystal system [19]. At a temperature 

lower than offset

cT  value the entire sample becomes superconducting state due to the formation 

of much more cooper-pairs, super-electrons, polarons or bipolarons in the superconducting 

clusters [20]. Furthermore, we examine in detail the degree of broadening parameters deduced 

from the dc electrical resistivity curves to discuss the suitability of materials in the heavy-

industrial technology, cooling technology, medical diagnosis and hydrogen society 

applications. We provide the variation of dc electrical resistivities over the environmental 

temperature for the pure and Mn added Bi-2212 superconducting ceramic system in Figure 1 

taken from Ref. [7]. One can see the related numerical characteristic onset

cT , offset

cT  and cT  
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quantities inferred from Figure 1 for the oxygen deficit multi-layered perovskite based 

polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting samples in Table 1. 

Table 1. Fundamental superconducting findings for pure and Mn added Bi-2212 materials 

 

It is obvious form the table that the increase in the manganese ions in the bulk Bi-2212 

superconductor damages seriously the basic superconducting parameters (especially offset

cT  

quantities) as given in Figure 2. This may be a clue for the successful manganese addition in 

the Bi-2212 crystal system. In this context, the pure sample has the maximum offset

cT  value of 

80.84 K and onset

cT  value of 84.15 K whereas the minimum values of 45.70 K ( offset

cT ) and 

71.25 K ( onset

cT ) are observed for the bulk Bi/Mn-5 superconductor. The other compounds 

exhibit the moderate values. The experimental findings show that the manganese addition in 

the Bi-2212 crystal lattice results in the serious degradation in the offset

cT  parameters. Thus, it 

is normally to confirm that the manganese damages considerably the formation of bipolarons 

in the homogeneous clusters in the superconducting paths, homogeneities in the oxidation 

state of superconducting grains and transition from superconducting phase of inter-granular 

component to the normal state states [21]. Similarly, the differentiation of offset

cT  and onset

cT  

values with the Mn concentration level may stem from new induced permanent systematic 

structural problems in the bulk Bi-2212 superconducting ceramic compounds, having already 

verified in Ref. [6, 7]. Similarly, the manganese addition leads to diverge from the 

optimization of mobile hole carrier concentration per Cu ions in the valance bands [22].  

We also determine the role of manganese addition level on the degree of broadening 

parameters and list in Table 1. According to the table results, with the increment in the 

manganese addition level there seems a remarkable enhancement in the cT  parameters of 

polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting materials. On this basis, the cT  

parameter is obtained to be about 3.31 K for the pure sample and the parameters get larger 

and larger depending on the addition level. Hence, the Bi/Mn-5 sample possesses the global 

Samples Tc
offset (K) Tc

onset  (K) ΔTc (K) Phole 

Pure 80.84 84.15 3.31 0.135659 

Bi/Mn-1 78.22 82.63 4.41 0.128925 

Bi/Mn-2 72.04 79.92 7.88 0.117036 

Bi/Mn-3 63.52 77.71 14.19 0.104688 

Bi/Mn-4 56.28 74.65 18.37 0.096042 

Bi/Mn-5 45.70 71.25 25.55 0.085184 
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highest cT  value of 25.55 K. This means that the augmentation in the manganese addition 

level harms dramatically the material quality for the future application areas of Bi-2212 

superconducting ceramics. Besides, it can be added that the remarkable ascending in the 

cT parameter is caused by the presence of pseudo-transitions based on the coexistence of 

other characteristic superconducting phases. 
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Figure 2. Differentiation of offset

cT  and onset

cT  parameters belonging to 

Bi2.1Sr2.0Ca1.1Cu2.0OyMnx superconducting ceramic compounds with different Mn addition 

concentration level 

 

At the same time, the dc electrical resistivity curves enable us to discuss the effect of 

manganese concentration on the itinerant charge carrier concentrations (P) per Cu ions in the 

valance bands of bulk Bi-2212 superconducting ceramic matrix. On this basis, one can see the 

close relationship between the P and offset

cT  parameters in the following relation below [23]:  

 

   

2/1

max
6.82/116.0 


















c

offset

c

T

T
P            (1) 

 

in the formula, the max

cT  value is received to be 85 K for the characteristic Bi-2212 

superconducting phase while the offset

cT  parameters are called from Table 1 to determine the 

values of P. We depict the numerical values in Table 1 in detail. It is obvious from the table 

that the P value tends to decrease regularly with the increase of manganese addition level. In 
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this regard, the pure sample has the highest P value of about 0.1357 whereas the Bi/Mn-5 

sample presents the deepest value of 0.0852. The other samples prepared in the current work 

exhibit the moderate P values between 0.1289 (for the Bi/Mn-1) and 0.0960 (for the Bi/Mn-

4). All in all, the manganese addition in the crystal structure is not a good preference to 

improve the basic superconducting parameters for the polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0Oy 

ceramic compounds. 

 

4. CONCLUSION 

In the current work, we determine the role of manganese addition within the varied mole-to-

mole ratios (0.0 ≤x≤ 0.10) on the basic superconducting parameters for the oxygen 

deficit multi-layered perovskite based polycrystalline Bi2.1Sr2.0Ca1.1Cu2.0OyMnx 

superconducting crystal structure with the aid of temperature-dependent electrical resistivity 

measurements performed in range of 30 K-105 K. The experimental curves show that the 

presence of manganese ions in the Bi-2212 crystal system damages seriously the 

characteristic onset

cT , offset

cT  and cT  quantities due to the degradation in the formation of 

bipolarons in the homogeneous clusters in the superconducting paths, mobile hole carrier 

concentrations, material quality founded on the permanent systematic structural problems, 

homogeneities in the oxidation state of superconducting grains and transition from the normal 

state of inter-granular component to superconducting phase. In this respect, the maximum 
onset

cT and offset

cT  values are recoded to be about 84.15 K and 80.84 K for the pure sample, 

respectively. The related minimum cT  parameter is calculated to be about 3.31 K. Similarly, 

the pure sample possesses the maximum mobile hole carrier concentration value of about 

0.1357. Accordingly, it is obvious that the manganese addition is not a good idea for the 

polycrystalline Bi-2212 superconductors to be used in the heavy-industrial technology, 

cooling technology, medical diagnosis and hydrogen society application fields. 
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ABSTRACT 

In general, although quantum correlations monotonically decrease under quantum operations, 

we observe that relative increments are possible to enhance the quantum correlations with an 

appropriate choice of parameters and the help of YBEs for the thermal states. By adjusting the 

parameters and choosing the different Hamiltonian constructed by Yang-Baxterization, it is 

possible to obtain the relative increments in quantum correlations and thus, the coherence can 

be kept high values to achieve the applications of the quantum information and computation 

tasks. 
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1. INTRODUCTION  

Quantum correlations are the milestone resources for performing various quantum information 

and computation tasks, such as key distribution, cryptography, superdense coding and 

teleportation that are not classically plausible [1]. In carrying out such a task, preservation and 

maintaining of correlations for a long duration have vital importance [2]. However, it is well-

known that they decrease under any quantum operation such as quantum channels in a noisy 

environment [3]. Loss of correlations called decoherence is the main snag in real-world 

applications of new technologies based on quantum information and computational sciences 

[4]. Therefore, searching for new ways of controlling the decrease of correlations and making 

them available in information technologies have a great deal of interest [5,6]. 

The well-known measure of the quantum correlations the quantum coherence that originates 

from the description of the wave function of quantum systems and the classical physics laws 

cannot describe it. It can be said that there are quantum states that have no classical analog 

because of quantum coherence and this can only be expressed in character by the laws of 

quantum mechanics [7,8]. These states play an essential role in the achievement of quantum 

supremacy [9]. In fact, quantum consistency is widely accepted as a key resource in the context 

of quantum information processing [10-12], and thus it is very important to quantify the amount 

of coherence present in a quantum state. Coherence is very fragile and inevitably tends to 

environmental effects due to realistic systems that interact with their external environment. This 

clearly means that quantum coherence is usually very difficult to be created, sustained and 

manipulated in quantum systems [13-15]. Therefore, it is very crucial and remarkable to create, 

maintain and preserve the quantum coherence in quantum computation and quantum 

information processing. 
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Recently, the Yang-Baxter equations (YBEs) have been investigated in the field of quantum 

information and quantum computation. It has been shown that YBE has a notable connection 

with entanglement swapping and topological quantum computation [16-24]. The universal 

quantum gates usually identify the unitary solution of the braided Yang-Baxter (the braid group 

relation) and unitary solutions of the quantum YBE [25-26]. This provides a novel and 

significant way to examine the quantum entanglement via quantum YBEs. Generally, a 

Hamiltonian can be constructed from the unitary 𝑅(𝜃, 𝜑) matrix by the Yang-Baxterization 

approach. In recent years, for the unitary evolution of entangled states, this approach has been 

exploited to derive a Hamiltonian [27-28]. It has been shown that YBE can also be tested for 

various quantum optics applications. [29]. In another study, it is found that any pure two-qudit 

entangled state can be achieved by a universal Yang-Baxter matrix (YBM) which satisfies the 

(universal) quantum Yang-Baxter equation assisted by local unitary transformations [24]. In 

recent work, the sudden death of entanglement has been investigated in constructed Yang-

Baxter systems (YBSs) [30] which are the various extensions of the YBEs for several matrices 

[31-33]. 

In this study, we shall interest in the behavior of quantum correlations of the thermal states 

obtained from three different Hamiltonians constructed by YBE. We use the 𝑙1-norm of 

coherence as a measure of correlations.  

 

2. QUANTUM COHERENCE AND YANG-BAXTER MATRICES  

In this section, we give a brief introduction about quantum coherence and Yang-Baxter 

matrices, separately.  

2.1. Quantum Coherence 

Before moving on to the definition of coherence, we will give a few useful mathematical 

definitions for this topic. 

 

Definition: Let ℋ be a 𝑑 −dimensional Hilbert space. Let us fix a basis {|𝑖⟩} 𝑖=1
𝑑  of vectors in 

ℋ. A quantum state 𝜋 is called incoherent if it can be represented as follows 

                                                              𝜋 = ∑ 𝜋𝑖

𝑖

|𝑖⟩⟨𝑖|.                                                                        (1) 

For a fixed basis {|𝑖⟩} 𝑖=1
𝑑 , the set of incoherent states is denoted as ℐ = {𝜋 = ∑ 𝑝𝑖𝑖 |𝑖⟩⟨𝑖|}. 

 

Recently, a recipe for the qualification of the coherence has been supplied by taking into 

consideration coherence as a quantum resource [34]. In this study, the following set of criteria 

(so-called Baumgratz et al. criteria) has been proposed that each potential coherence quantifier 

(C) should satisfy: 

 

 (1) Coherence has the non-negativity behavior: 𝐶(𝜌) ≥ 0 and 𝜌 is an incoherent state if 

and only if the equality holds. 

 (2a) Monotonicity: 𝐶 has the non-increasing behavior under the actions of CP and trace-
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preserving (TP) incoherent operations, i.e., 𝐶(Φ(𝜌)) ≤ 𝐶(𝜌), where Φ is any CPTP 

incoherent operation. 

 (2b) Strong monotonicity: ∑ 𝑞𝑖𝑖 𝐶(𝜌𝑖) ≤ 𝐶(𝜌), where 𝜌𝑖 = (𝐾𝑖𝜌𝐾𝑖
†)/𝑞𝑖 are post-

measurement states. The probabilities are given by 𝑞𝑖 = 𝑇𝑟(𝐾𝑖𝜌𝐾𝑖
†), and 𝐾𝑖’s are 

incoherent Kraus operators. 

 (3) Convexity: 𝐶 has the non-increasing behavior under any convex mixture, i.e.  

                                                   ∑ 𝑝𝑖

𝑖

𝐶(𝜌𝑖) ≤ 𝐶 (∑ 𝑝𝑖

𝑖

𝜌𝑖).                                                            (2) 

Now, we can introduce the two types of quantum coherence, separately.  

 

As a measure of quantum correlations, we firstly give the relative entropy of coherence living 

in a quantum state symbolized by a bipartite matrix 𝜌𝐴𝐵 or shortly 𝜌. It is defined as [34] 

                                                            𝐶𝑟(𝜌) = 𝑆(𝜌𝑑𝑖𝑎𝑔) − 𝑆(𝜌),                                                        (3) 

where 𝑆(𝜌) = −𝑇𝑟𝜌 log 𝜌 is the von Neumann entropy of 𝜌 and if 𝜆𝑖 are the eigenvalues of 𝜌 

then it can be expressed as 𝑆(𝜌) = − ∑ 𝜆𝑖𝑖 log 𝜆𝑖. 𝜌𝑑𝑖𝑎𝑔 denotes the diagonalized form of 𝜌. It 

is noted that 𝐶𝑟 is a basis-dependent quantity. 𝐶𝑟 has a physical importance because of its 

similarity to the relative entropy of entanglement in form. It physically states the best rate of 

the distilled maximally coherent states that may be made by incoherent operations within the 

asymptotic limit of the many copies of 𝜌 [35]. The experimental measurement of 𝐶𝑟(𝜌) may 

interestingly be achieved without using full quantum state tomography [36]. 

 

Secondly, the 𝑙1-norm of coherence in which we focus on in this paper is given by [34] 

                                                                 𝐶𝑙1
(𝜌) = ∑|𝜌𝑖𝑗|

𝑖≠𝑗

,                                                                 (4) 

where 𝜌𝑖𝑗 denotes the matrix elements of 𝜌. 𝑙1-norm of coherence, which like 𝐶𝑟 is basis 

dependent, is currently not known to have any analog in the entanglement resource theory [13].  

 

Interestingly, for any 𝑑 −dimensional mixed state, it has been proved that 𝐶𝑙1
(𝜌) ≥

𝐶𝑟(𝜌)/ log2 𝑑 and conjectured that 𝐶𝑙1
(𝜌) ≥ 𝐶𝑟(𝜌) for all states [14]. 

2.2. Yang-Baxter Matrices 

The representations of the Artin braid group and more specifically by using solutions to the 

YBE [37-38] that first discovered concerning 1+1-dimensional quantum field theory and two-

dimensional models in statistical mechanics could construct a class of invariants of knots and 

links called quantum invariants. Braiding operators play a crucial role in constructing 

representations of the Artin braid group, and in the construction of invariants of links and knots. 

The association of a Yang-Baxter operator 𝑅 to each elementary crossing in a link diagram is 

an important concept in the construction of quantum link invariants. 

The unitary R-matrix satisfies one of the following YBE 
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                           𝑅𝑖(𝜇)𝑅𝑖+1(𝜇 + 𝜈)𝑅𝑖(𝜈) =  𝑅𝑖+1(𝜈)𝑅𝑖(𝜇 +  𝜈)𝑅𝑖,𝑖+1(𝜇),                                  (5) 

                  𝑅𝑖(𝜇)𝑅𝑖+1 (
𝜇 + 𝜈

1 + 𝛽2𝜇𝜈
) 𝑅𝑖(𝜈) =  𝑅𝑖+1(𝜈)𝑅𝑖 (

𝜇 + 𝜈

1 + 𝛽2𝜇𝜈
) 𝑅𝑖+1(𝜇),                            (6) 

where β−1 ic (c is the light velocity) [39]. The asymptotic behavior of 𝑅(𝜇) is 𝜇-independent, 

that is lim
 𝜇→∞ 

𝑅𝑖,𝑖+1(𝜇) = 𝑏𝑖 with 𝑏𝑖 being a braiding operator. It is interesting that the four-

dimensional YBE (5) and (6) admit the Temperly-Lieb algebra (TLA) [40-41]. Actually, the 

rational solution of the YBE, 𝑅(𝜇), can be written in terms of a transformation U in the 

following way: 𝑅(𝜇) = a(𝜇)𝕀 + b(𝜇)U, with U satisfying the TLA 

                                   𝑈𝑖𝑈𝑖+1𝑈𝑖 = 𝑈𝑖 , 𝑈𝑖
2  =  𝑑𝑈𝑖 , 𝑈𝑖𝑈𝑗 = 𝑈𝑗𝑈𝑖.                                      (3) 

for |𝑖 − 𝑗| ≥ 2. The coefficients a(𝜇) and b(𝜇) are to be determined by the YBE (5) or (6), and 

𝑑 is the single loop in the knot theory which does not depend on the sites of the lattices. For the 

case that 𝑑 = 2, the Hermitian matrix 𝑈 takes the representation 

                        𝑈1 = (

1 0    0 𝑒𝑖𝜑

0 0 0 0
0

𝑒−𝑖𝜑
0
0

0
0

0
1

) , 𝑈2 = (

0 0 0     0
0 1 𝑒𝑖𝜑 0
0
0

𝑒−𝑖𝜑

0

1
0

    0
    0

).                       (7) 

When 𝑑 = √2, the Hermitian matrix 𝑈 is of the form 

                                                      𝑈3 =
1

√2
(

1 0    0 𝑒𝑖𝜑

0 1 𝑖휀 0
0

𝑒−𝑖𝜑
−𝑖휀

0
1
0

0
1

),                                             (8) 

where 𝜑 ∈ ℝ and 휀 = ±1. By the Yang-Baxterization approach [27-28], we find the unitary 

matrices 𝑅𝑖,𝑖+1(𝜃, 𝜑) based on the three 𝑈-matrices as follows 

                   𝑅𝑖,𝑖+1
(1) (𝜃, 𝜑) = (cos

𝜃

2
+

𝑖

2
sin

𝜃

2
) 𝕀𝑖𝕀𝑖+1 + 2𝑖 sin

𝜃

2
𝑆𝑖

𝑧𝑆𝑖+1
𝑧                                                  

                                                −𝑖 sin
𝜃

2
(𝑒𝑖𝜑𝑆𝑖

+𝑆𝑖+1
− + 𝑒−𝑖𝜑𝑆𝑖

−𝑆𝑖+1
+ ),                                               (9𝑎) 

                   𝑅𝑖,𝑖+1
(2) (𝜃, 𝜑) = (cos

𝜃

2
+

𝑖

2
sin

𝜃

2
) 𝕀𝑖𝕀𝑖+1 − 2𝑖 sin

𝜃

2
𝑆𝑖

𝑧𝑆𝑖+1
𝑧                                                  

                                                −𝑖 sin
𝜃

2
(𝑒𝑖𝜑𝑆𝑖

+𝑆𝑖+1
+ + 𝑒−𝑖𝜑𝑆𝑖

−𝑆𝑖+1
− ),                                               (9𝑏) 

   𝑅𝑖,𝑖+1
(3) (𝜃, 𝜑) = cos

𝜃

2
𝕀𝑖𝕀𝑖+1 + 2𝑖 sin

𝜃

2
𝑆𝑖

𝑧𝑆𝑖+1
𝑧 + 휀 sin

𝜃

2
(𝑆𝑖

+𝑆𝑖+1
− + 𝑆𝑖

−𝑆𝑖+1
+ ) 

                                               −𝑖 sin
𝜃

2
(𝑒𝑖𝜑𝑆𝑖

+𝑆𝑖+1
+ + 𝑒−𝑖𝜑𝑆𝑖

−𝑆𝑖+1
− ),                                                 (9𝑐) 

where 𝑆𝑖
𝑧 is the spin operators for the ith particle and 𝑆𝑖

± = 𝑆𝑖
𝑥 ± 𝑖𝑆𝑖

𝑦
 are raising and lowering 

operators respectively for the ith particle. The parameter 𝜃 appearing in Eqs. (9a) and (9b) is 

related to 𝜇 as cos 𝜃 = (1 − 𝜇2)/(1 + 𝜇2). In Eq. (9c), the relation of 𝜃 and 𝜇 can be written 

as cos 𝜃 = 1/ cosh 𝜇. Note that solutions of the YBE for 𝑑 = 2 are given by meromorphic 

functions of 𝜇 whereas for 𝑑 ≠ 2 by trigonometric functions. The difference of two 𝜃 and 𝜇 

relations come from this property of YBE. 
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3. MODEL 

Consider a system of Hamiltonian describing nearest spin-spin interaction [30,42]  

                                                                 𝐻0 = ∑ 𝜇𝑖𝑆𝑖
𝑧

𝑖

+ 𝑔𝑆𝑖
𝑧𝑆𝑖+1

𝑧                                                   (10) 

where 𝜇𝑖 represents external magnetic field and g is the interaction of z-component of two 

neighboring spins. We introduce two parameters 𝐵 = (𝜇𝑖 + 𝜇𝑖+1)/2 and 𝐽 = (𝜇𝑖 − 𝜇𝑖+1)/2 for 

the sake of simplicity. Taking into account the Schrödinger equation 

                                                        𝑖ℏ|𝛹(𝜃, 𝜑)⟩  =  𝐻(𝜃, 𝜑)|𝛹(𝜃, 𝜑)⟩                                            (11) 

and |𝛹(𝜃, 𝜑)⟩ = 𝑅(𝜃, 𝜑)|𝛹0⟩ one obtains 

                                               𝑖ℏ
𝑑

𝑑𝑡
𝑅(𝜃, 𝜑)|𝛹0⟩ = 𝐻(𝜃, 𝜑)𝑅(𝜃, 𝜑)|𝛹0⟩                                       (12) 

where |𝛹0⟩ is the eigenstate of 𝐻0. Let real parameters 𝜃 and 𝜑 be timeindependent, one can 

get a Hamiltonian through the unitary transformation 

𝑅(𝜃, 𝜑) as 𝐻(𝜃, 𝜑) = 𝑅𝑖,𝑖+1(𝜃, 𝜑)𝐻0𝑅𝑖,𝑖+1
−1 (𝜃, 𝜑). Now, three Hamiltonians are obtained from 

Eqs. (9) as follows [30] 

 

𝐻1(𝜃, 𝜑) = ∑(𝐵 + 𝐽 cos 𝜃)𝑆𝑖
𝑧

𝑁

𝑖=1

+ (𝐵 − 𝐽 cos 𝜃)𝑆𝑖+1
𝑧 + 𝑔𝑆𝑖

𝑧𝑆𝑖+1
𝑧

+ 𝑖𝐽 sin 𝜃 (𝑒𝑖𝜑𝑆𝑖
+𝑆𝑖+1

− − 𝑒−𝑖𝜑𝑆𝑖
−𝑆𝑖+1

+ )                                                                (13𝑎) 

𝐻2(𝜃, 𝜑) = ∑(𝐵 cos 𝜃 + 𝐽)𝑆𝑖
𝑧

𝑁

𝑖=1

+ (𝐵 cos 𝜃 − 𝐽)𝑆𝑖+1
𝑧 + 𝑔𝑆𝑖

𝑧𝑆𝑖+1
𝑧

+ 𝑖𝐵 sin 𝜃 (𝑒𝑖𝜑𝑆𝑖
+𝑆𝑖+1

+ − 𝑒−𝑖𝜑𝑆𝑖
−𝑆𝑖+1

− )                                                              (13𝑏) 

𝐻3(𝜃, 𝜑) = ∑(𝐵 cos 𝜃 + 𝐽 cos 𝜃)𝑆𝑖
𝑧

𝑁

𝑖=1

+ (𝐵 cos 𝜃 − 𝐽 cos 𝜃)𝑆𝑖+1
𝑧 + 𝑔𝑆𝑖

𝑧𝑆𝑖+1
𝑧

+ 𝑖𝐵 sin 𝜃 (𝑒𝑖𝜑𝑆𝑖
+𝑆𝑖+1

+ − 𝑒−𝑖𝜑𝑆𝑖
−𝑆𝑖+1

− ) − 휀𝐽(𝑆𝑖
+𝑆𝑖+1

− + 𝑆𝑖
−𝑆𝑖+1

+ )                  (13𝑐) 

 

Specifically, we find that when 𝜑 = −𝜋/2, the first model is the 𝑁 −qubit anisotropic 

Heisenberg XXZ model under an inhomogeneous magnetic field, and the third model is the 

𝑁 −qubit anisotropic Heisenberg XY Z model in an inhomogeneous magnetic field. 

 

4. RESEARCH AND RESULTS 

When spin chains are subjected to environmental disturbance, they inevitably become thermal 

equilibrium states. The thermal state at finite temperature 𝑇 is 

                                                               𝜌(𝑇) =
1

𝑍
exp(−𝐻/𝑘𝑇)                                                       (14) 

where 𝑍 =  𝑇𝑟[exp(−𝐻/𝑘𝑇)] is the partition function and 𝑘 is the Boltzmann constant. 

Without loss of generality, the Boltzmann constant is chosen to be unity here for convenience. 

At high temperature, the thermal state becomes maximally mixed and do not entangle any more. 
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It is therefore important to consider the critical temperature at which the thermal entanglement 

vanishes. 

4.1. Quantum Coherence for the Thermal State Constructed by 𝑯𝟏  

We first consider the Hamiltonian for a two-qubit anisotropic Heisenberg XXZ model, that is 

𝑁 = 2, in an external magnetic field B. In this case, the eigenstates of the Hamiltonian 𝐻1 can 

be found to be 

                        |𝛹1⟩ = |00⟩, |𝛹2⟩ = cos
𝜃

2
|01⟩ − 𝑖 sin

𝜃

2
𝑒−𝑖𝜑|10⟩                                    (15𝑎) 

                        |𝛹4⟩ =  |11⟩, |𝛹3⟩ = −𝑖 sin
𝜃

2
𝑒𝑖𝜑|01⟩ + cos

𝜃

2
|10⟩                                  (15𝑏) 

in the standard basis of {|00⟩, |01⟩, |10⟩, |11⟩} where |0⟩ and |1⟩ denote the spin up and spin 

down, respectively. The corresponding eigenvalues are the same for all three Hamiltonians and 

explicitly written as 

                  𝐸1 = 𝐵 +
𝑔

4
, 𝐸2 = 𝐽 −

𝑔

4
, 𝐸3 = −𝐽 −

𝑔

4
,

𝐸4 = −𝐵 +
𝑔

4
.                   (16) 

From here on, we denote the thermal state constructed by Hamiltonian 𝐻𝑖 as 𝜎𝑇
(𝑖)

 where 𝑖 =

1,2,3. Thus, from Eqs. (13a) and (14), the nonzero elements of the density matrix 𝜎𝑇
(1)

 are 

explicitly found to be for the abbreviation {1 = |00⟩, 2 = |01⟩, 3 = |10⟩, 4 = |11⟩} 

 [𝜎𝑇
(1)

]
11

= 𝑒−𝐵 𝑇⁄ ,           [𝜎𝑇
(1)

]
22

= 𝑒
𝑔𝑇
2 (𝑒−𝐽 𝑇⁄ cos2

𝜃

2
+ 𝑒𝐽 𝑇⁄ sin2

𝜃

2
) 

     [𝜎𝑇
(1)

]
44

= 𝑒𝐵 𝑇⁄ ,             [𝜎𝑇
(1)

]
33

= 𝑒
𝑔𝑇
2 (𝑒𝐽 𝑇⁄ cos2

𝜃

2
+ 𝑒 −𝐽 𝑇⁄ sin2

𝜃

2
), 

 [𝜎𝑇
(1)

]
33

= 𝑒
𝑔𝑇
2 (𝑒𝐽 𝑇⁄ cos2

𝜃

2
+ 𝑒 −𝐽 𝑇⁄ sin2

𝜃

2
),                                         

  [𝜎𝑇
(1)

]
23

= −𝑖𝑒
𝑔𝑇
2 +𝑖𝜙 sin 𝜃 sinh

𝐽

𝑇
= [𝜎𝑇

(1)
]

32

∗
,                                           

and partition function 𝑍 = 2𝑒−𝑔𝑇/4[cosh(𝐵/𝑇) + 𝑒𝑔𝑇/2 cosh(𝐽/𝑇)]. Now, the quantum 

coherence can be calculated by help of Eq. (4) as 

                             𝐶𝑙1
(𝜎𝑇

(1)
) =

|sin 𝜃|

|coth(J/T) + 𝑒−
𝑔𝑇
2 cosh(𝐵/𝑇) csch(J/T)|

                                (17) 

Quantum coherence for a two-qubit anisotropic Heisenberg XXZ model in an external magnetic 

field B is depicted with respect to the parameters 𝑇, 𝐵 and 𝜃 in Fig. 1. For both plots, the 

coupling constant 𝑔 and the parameter 𝐽 are fixed as 𝑔 = 1 2⁄  and 𝐽 = 1. In Fig. 1(a), the 

coherence attains its maximum values for the values of the parameter 𝜃 = (𝑛 + 1/2)π with all 

integer 𝑛 and small values of the temperature 𝑇. As the temperature 𝑇 increases, the coherence 

monotonically decreases for these values of  𝜃 and it vanishes for the large values of 𝑇. 

Furthermore, it tends to zero for the values of 𝜃 = 𝑛π in which 𝐻1 is reduced to 

(−𝑆1
𝑧 + 3𝑆2

𝑧 + 𝑆1
𝑧𝑆2

𝑧) 2⁄  irrespective of 𝑇. Additionally, the thermal state 𝜎𝑇
(1)

 has the diagonal 

30



 

form. On the other hand, the coherence depending on the temperature 𝑇 shows similar behavior 

to that of (a) for small values of the parameter 𝐵 ≤ 1 in Fig. 2(b). Evidently, it can be said that 

for the large values of temperature, the quantum correlations are dramatically decohered. 

Therefore, in achieving the quantum information and computation tasks, the temperature must 

be kept as low as possible to maximize the quantum correlations. 

 

 

Fig. 1. Plots of the quantum coherence given by Eq. (17) for the thermal state 𝜎𝑇
(1)

 constructed by 

Hamiltonian 𝐻1 versus the parameters 𝑇, 𝐵 and 𝜃. For (a), we take  𝐽 = 1, 𝑔 = 1 2⁄ , 𝐵 = 1 2⁄  and 𝐽 =

1, 𝑔 = 1 2⁄ , 𝜃 = π 2⁄  in (b). 

 

4.2. Quantum Coherence for the Thermal State Constructed by 𝑯𝟐  

For the second Hamiltonian 𝐻2 for a two-qubit chain, the eigenstates are calculated as follows,  

                         |Φ1⟩ = cos
𝜃

2
|00⟩ − 𝑖 sin

𝜃

2
𝑒−𝑖𝜑|11⟩, |Φ2⟩ = |01⟩,                                 (18𝑎) 

                         |Φ4⟩ = −𝑖 sin
𝜃

2
𝑒𝑖𝜑|00⟩ + cos

𝜃

2
|11⟩, |Φ3⟩ =  |10⟩.                               (18𝑏) 

Similar to the previous case, the thermal state 𝜎𝑇
(2)

 for this Hamiltonian can be constructed by 

Eqs. (14), (16) and (18), and we do not report here. Thus, the quantum coherence can be 

obtained from Eq. (4)  

                              𝐶𝑙1
(𝜎𝑇

(2)
) =

|sin 𝜃|

|coth(B/T) + 𝑒
𝑔𝑇
2 cosh(𝐽/𝑇) csch(B/T)|

.                               (19) 

It is noted that Hamiltonian 𝐻2 shows some similar variations to that of 𝐻1. For example, when 

one interchanges the parameters 𝐵 with 𝐽 and substitutes the parameter 𝑔 → −𝑔 of 𝐻2 system, 

Eq. (17) is exactly same as Eq. (19). Two systems can be connected by local unitary 

transformations (𝕀 ⊗ 𝜎𝑥)𝜎𝑇
(2)

(𝕀 ⊗ 𝜎𝑥) = 𝜎𝑇
(1)

 with 𝜎𝑥 being the Pauli matrix. 
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Fig. 2. Dynamics of the quantum coherence for the second thermal state constructed by Hamiltonian 𝐻2 

versus the parameters 𝑇, 𝜃 and 𝐽. For both plots, we take 𝑔 = 1 2⁄ . In (a), 𝐽 = 1, 𝐵 = 1 2⁄  and 𝐵 =

1, 𝜃 = π 2⁄  in (b). 

 

The behavior of the quantum coherence is plotted in Fig. 2 versus the parameters 𝑇, 𝜃 and 𝐽 for 

some fixed values of the other parameters. Both plots show similar behavior as the previous 

one. However, under the similar constrains, the coherence decreases with the smaller values of 

temperature 𝑇 more rapidly in Fig. 2(a) compared to Fig. 1(a). Furthermore, regions where 

coherence is maximum are wider in Fig. 2(a) than in Fig. 1(a). On the other hand, similar 

behavior can be observed for Figs. 1(b) and 2(b).  

4.3. Quantum Coherence for the Thermal State Constructed by 𝑯𝟑  

For the last system, we study the Hamiltonian for an anisotropic two-qubit Heisenberg XYZ 

chain. In Eq. (13c), for 휀 = −1 and 𝐵 = 𝛾𝐽 where 𝛾 is the anisotropic parameter the coherence 

can be found as  

                              𝐶𝑙1
(𝜎𝑇

(3)
) =

|sin 𝜃| [𝑒
𝑔𝑇
2 |sinh(𝐽/𝑇)| + |sinh(𝛾𝐽/𝑇)|]

|𝑒
𝑔𝑇
2 cosh(J/T) + cosh(𝛾𝐽/𝑇)|

.                                 (20) 

 

 

Fig. 3. Plots of the quantum coherence for the third thermal state 𝜎𝑇
(3)

 with respect to the parameters 𝑇, 

𝜃, 𝐽 and 𝛾. We take 𝑔 = 1 2⁄  for all plots and  𝐽 = 1 2⁄ , 𝛾 = 1 in (a), 𝜃 = π 2⁄ , 𝛾 = 1 in (b) and finally 
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𝐽 = 1, 𝜃 = π 2⁄  in (c).  

 

In Fig. 3, we give the plots of the quantum coherence of the thermal state 𝜎𝑇
(3)

 obtained by the 

Hamiltonian for an anisotropic two-qubit Heisenberg XY Z chain. For all plots, we choose as 

𝑔 = 1 2⁄ . Fig. 3(a) exhibits similar behavior to the previous ones for fixed 𝐽 = 1 2⁄  and  𝛾 = 1. 

However, in the region of 𝑇 ≥ 5, the coherence vanishes for all values of 𝜃 and there is no 

entanglement between subsystems of the thermal state. In Fig. 3(b), coherence increases with 

the increasing values of the parameter 𝐽 for the values of 𝜃 = π 2⁄  and 𝛾 = 1. On the other 

hand, as the anisotropic parameter increases the coherence also increases for fixed 𝐽 = 1 and 

𝜃 = π 2⁄  in Fig. 3(c).  

 

CONCLUSION 

We have investigated the dynamics of the quantum coherence for the bipartite thermal states 

constructed by the Yang-Baxterization approach. It is concluded that the coherence of the 

thermal states obtained by different Hamiltonian models shows different behaviors according 

to the temperature. By adjusting the parameters and choosing the different Hamiltonian 

constructed by Yang-Baxterization, it is possible to obtain the relative increments in quantum 

correlations and thus, the coherence can be kept high values to achieve the applications of the 

quantum information and computation tasks. 
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ABSTRACT                     

We have applied an Extended Three-Body Force Shell Model (ETSM) to investigate the 

FOEC’s elastic constants of pure cesium cyanide at different temperature. This model 

includes the effect of coupling between the translational and rotational motion of cyanide 

molecules. The TOECs are responsible for finite elasticity, where the elastic stress is non-

linear with elastic strain. The elastic shear behavior is asymmetric with respect to shear 

displacements in certain crystallographic planes. The fourth order elastic constants pertain the 

knowledge about ion-core repulsive interactions, which varies with the interatomic separation. 

Key words: Elastic Constants, Translational-rotational coupling. 

 

I. INTRODUCTION  

The alkali-cyanides are the molecular crystals which undergo various structural phase 

transitions depending on temperature and pressure. At room temperature the molecules CN- 

are orientationally disordered due to their dumb-bell shape but lower temperature leads to a 

partial full ordering of the [CN-] molecule. A crystal that contains molecules or molecular 

ions is more complex than one that contains atoms or atomic ions only because the individual 

species have orientation as well as position. This allows the existence of new types of phases, 

liquid crystals and orientationally disordered crystals. In a normal crystal both the positions 

and orientations of the molecules from which, crystal is made, are ordered. In a liquid there is 

neither translational nor orientational order. Between the crystal and liquid phases it is 

possible to find partially ordered phases, either liquid crystals in which most or all the 

translation order is destroyed but orientational order remains, or orientationally disordered 

crystals in which there is translational order without orientational disorder.  

The TR coupling has turned out to be responsible for important effects in these orientationally 

disordered crystals. It influences the elastic as well as the phonon properties at finite wave 

vector, which may lead to an orientational glass state or even to lattice instability [1, 2]. In 

particular, CN- orientational modes are strongly coupled with transverse acoustic (TA) lattice 

translational modes [3].Elastic constants of crystals and their temperature dependence are of 

interest in themselves as well as they provide much insight into the inter-atomic forces of 

solids [4].  

We have developed an Extended Three-Body Force Shell Model (ETSM) by including the 

effect of coupling between the translational and rotational modes of CN- molecules [5, 6]. 

This model has successfully been applied to study the static, dynamic, dielectric, optical and 

anharmonic properties of pure ionic crystals. In the present work, we extend the application of 

36



 
 

the ETSM to calculate the fourth order elastic constant (FOECs) for CsCN at different 

temperature.  

II. ESSENTAIL FORMALISM 

The interaction potential used to derive the framework of the present ETSM can be expressed 

as [7-9]  
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  where the first two terms represent the long range Coloumb and Three Body Interaction 

[10]; the third and fourth terms are the van der Waals(vdW) interaction due to dipole-

dipole(d-d) and dipole-quadrapole(d-q) attractions, the fifth term represents the Hafemeister 

Flygare [7] type short- range overlap repulsion extended up to second neighbour ions, kk’ are 

the Pauling coefficient [8, 9]; and b are the range and hardness model parameters, 

respectively as defined earlier [11-13] 
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 TR is the contribution due to TR coupling effects Where r is the nearest neighbour (nn) 

sepration and ro is the equilibrium nn separation. K as the crystal structure constant. The TR 

coupling effect has been taken through elastic constant. 

The temperature dependent Fourth Order Elastic Constants (FOECs) are determined with the 

help of following equations: 
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and A1, A2, B1 , B2  are the short range force parameters: f(r) and rf’(r) are the TBI parameters. 

The parameter f(r) and its derivatives are calculated from the knowledge of elastic constants 

and the relation f = f0 exp (-r / ). The FOECs are obtained from equation (4 to 14) 

incorporated by TR coupling.  

 

III. COMPUTATION OF MODEL PARAMETERS 

We have applied ETSM for studying the various properties of cesium cyanide. The values of 

input data at room temperature are given in Table 1. Here r0 is the equilibrium interionic 

distance; c11, c12, c44 are the elastic constants; ,  are the electronic polarizabilities; 

 and   are the dielectric constants. The values of TR coupling coefficients and 

Anharmonicity coefficients for CsCN at room temperature are given in Table 2. Here AR, BR, 

AQ, BQ, χ44, χ44 are TR coupling coefficients and and are anharmonicity 

coefficients. The values of van der Waal coefficients for CsCN are directly taken from the ref 

[6] and listed in Table I 
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Table I  Input data for CsCN at room temperature 

 

 

 

 

 

 

 

 

a-[14], b-[15], c-[16], d-[17], e-[obtained from Lorentz-Lorentz relation] 

Table II TR coupling coefficients and Anharmonicity coefficients for CsCN at room 

temperature 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

f-[extrapolated values obtained from r0 versus 0 for alkali cyanides][18] 

Table III van der Waal coefficients for CsCN (ckk’ and dkk’ are in the units of 10-60 erg.cm6 

and 10-76 erg.cm8 respectively) 

 

 

 

 

 

 

 

 

 

Properties Values 

r0 ( Å ) 3.68a                  

c11 (1011dyn cm-2) 2.11b                   

c12 (1011dyn cm-2) 1.18b 

c44 (1011dyn cm-2) 0.40b 

α+( Å3) 3.34c 

α- ( Å3) 1.80d 

 2.36e 

TR coupling coefficient Values 

AR (10-4 dyn) -0.098 

BR (10-4 dyn) 0.403 

AQ (10-4 dyn) 0.578 

BQ (10-4 dyn) -0.472 

 χ44 (1012dyn. cm-1) 0.122f 

  χ11 (1012 dyn. cm-1) -3.68f 

Anharmonicity 

coefficient 

Values 

dyn.cm2

K) 

0.120 

dyn.cm2

K) 

0.048 

dyn.cm2

K) 

0.106 

Compound CsCN 

C 2780.21 

D 1235.67 

ckk’ 211.09 

ckk 426.14 

ck’k’ 105.25 

dkk’ 114.63 

dkk 211.96 

dk’k’ 615.60 

39



 
 

IV. HIGHER ORDER ELASTIC CONSTANTS 

Higher order elastic constants are of fundamental interest in the study of non-linear properties 

of solids, which arise from the anharmonicity of the interatomic potential31, 32.[19, 20] The 

elastic constants of all orders can be easily obtained as algebric functions of the potential. The 

higher-order elastic constants will depend on higher order co-ordinate derivatives of the 

potentials. This implies that the contribution of the short-range repulsive potential becomes 

more and more dominant [21]. There are many crystal properties, which cannot be explained 

without including the anharmonic contributions arising in the potential energy expression. 

Amongst the higher order elastic constants, FOECs are of special interest because they are 

related to all the anharmonic properties of solids. 

The FOECs are also responsible for finite elasticity [22] where the elastic stress is non-linear 

with elastic strain. The elastic shear behaviour is asymmetric with respect to shear 

displacements in certain crystallographic planes. The higher order elastic constants pertain the 

knowledge about ion-core repulsive interactions, which varies with the interatomic separation. 

The expressions for the higher order elastic constants can be derived from the crystal potential 

energy incorporated by TR coupling effect involving anharmonic terms and following method 

adopted by us [23-27]. The FOECs for the cesium cyanide are given by the equations (4 to 

14). CsCN are directly taken from the ref [6] and listed in Table III. 
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Table IV FOECs (in the units 1012dynes/cm2) for CsCN at 50K  T  300K 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

V. RESULT AND DISCUSSION 

Using the expressions given by equation 4.16-4.26, we have calculated the fourth order elastic 

constants for pure CsCN in the temperature range range 50K  T  300K. The FOECs are all 

positive i.e FOECs0, the FOECs increase with the increase in temperature except c1111 which 

decreases with increase in temperature are shown in table IV. The FOECs for the CsCN have 

been reported by us probably for the first time, as no experimental evidences are available for 

these higher order elastic constants. Presently, these values are of only academic interest but 

they will serve as guide to the experimental workers in future. The purpose of the present work 

has been to incorporate explicitly the effect of temperature on FOECs.  

 

 

T(K) c1111 c1112 c1166 c1122 c1266 c4444 c1123 c1144 c1244 c1456 c4466 

50 167.

2 

7.10

9 

5.22

9 

7.404 6.38

7 

5.22

0 

10.2

1 

5.195 6.232 3.72

3 

3.26

6 60 167.

2 

7.11

1 

5.23

0 

7.406 6.38

8 

5.22

0 

10.2

2 

5.196 6.233 3.72

4 

3.26

6 70 167.

1 

7.11

3 

5.23

1 

7.407 6.38

9 

5.22

1 

10.2

2 

5.197 6.234 3.72

5 

3.26

7 80 167.

0 

7.11

4 

5.23

3 

7.408 6.39

0 

5.22

2 

10.2

2 

5.198 6.235 3.72

5 

3.26

7 90 167.

0 

7.11

6 

5.23

4 

7.410 6.39

1 

5.22

3 

10.2

2 

5.200   

6.237 

3.72

6 

3.26

7 100 166.

9 

7.11

8 

5.23

5 

7.411 6.39

2 

5.22

4 

10.2

2 

5.201 6.238 3.72

7 

3.26

8 110 166.

9 

7.11

9 

5.23

6 

7.413 6.39

3 

5.22

4 

10.2

3 

5.202 6.239 3.72

7 

3.26

8 120 166.

8 

7.12

1 

5.23

8 

7.414 6.39

5 

5.22

5 

10.2

3 

5.203 6.240 3.72

8 

3.26

8 130 166.

7 

7.12

3 

5.23

9 

7.416 6.39

6 

5.22

6 

10.2

3 

  

5.204 

6.241 3.72

9 

3.26

9 140 166.

6 

7.12

5 

5.24

0 

7.417 6.39

7 

5.22

7 

10.2

3 

5.205 6.242 3.73

0 

3.26

9 150 166.

6 

7.12

6 

5.24

1 

7.419 6.39

8 

5.22

8 

10.2

3 

5.206 6.244 3.73

0 

3.26

9 160 166.

5 

7.12

8 

5.24

3 

7.420 6.39

9 

5.22

9 

10.2

4 

5.207 6.245 3.73

1 

3.27

0 170 166.

4 

7.13

0 

5.24

4 

7.421 6.40

0 

5.22

9 

10.2

4 

5.208 6.246 3.73

2 

3.27

0 180 166.

4 

7.13

1 

5.24

5 

7.423 6.40

1 

5.23

0 

10.2

4 

5.209 6.247 3.73

2 

3.27

0 190 166.

3 

7.13

3 

5.24

6 

7.424 6.40

3 

5.23

1 

10.2

4 

5.210 6.248 3.73

3 

3.27

1 200 166.

2 

7.13

5 

5.24

7 

7.426 6.40

4 

5.23

2 

10.2

4 

5.211 6.250 3.73

4 

3.27

1 210 166.

2 

7.13

6 

5.24

9 

7.427 6.40

5 

5.23

3 

10.2

5 

5.212 6.251 3.73

5 

3.27

1 220 166.

1 

7.13

8 

5.25

0 

7.429 6.40

6 

5.23

3 

10.2

5 

5.213 6.252 3.73

5 

3.27

2 230 166.

0 

7.14

0 

5.25

1 

7.430 6.40

7 

5.23

4 

10.2

5 

5.214 6.253 3.73

6 

3.27

2 240 166.

0 

7.14

1 

5.25

2 

7.432 6.40

8 

5.23

5 

10.2

5 

5.215 6.254 3.73

7 

3.27

2 250 166.

0 

7.14

3 

5.25

4 

7.433 6.40

9 

5.23

6 

10.2

5 

5.216 6.255 3.73

7 

3.27

3 260 166.

0 

7.14

5 

5.25

5 

7.443

5 

6.41

0 

5.23

7 

10.2

6 

5.217 6.257 3.73

8 

3.27

3 270 165.

9 

7.14

6 

5.25

6 

7.436 6.41

2 

5.23

8 

10.2

6 

5.218 6.258 3.73

9 

3.27

3 280 165.

8 

7.14

8 

5.25

7 

7.437 6.41

3 

5.23

8 

10.2

6 

  

5.219 

6.259 3.74

0 

3.27

4 290 165.

8 

7.15

0 

5.25

8 

7.439 6.41

4 

5.23

9 

10.2

6 

5.220 6.260 3.74

0 

3.27

4 300 165.

7 

7.15

1 

5.26

0 

7.440 6.41

5 

5.24

0 

10.2

6 

5.221 6.261 3.74

1 

3.27

4 
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ÖZET 

Lütesyum ortoborat (LuBO3) ve lantan-gadolinyum fosfat (LaGdPO4) malzemeleri, borat ve 

fosfat bileşiklerindendir. Bazı parıldama özelliklerinden ötürü araştırmacılar tarafından ilgi 

odağı olmuştur. Bu tarz potansiyel malzemeler optoelektronik cihazlarda kullanılabilecek yeni 

nesil host (ev sahibi) malzemeler olarak değerlendirilmektedir. Nano boyutta meydana gelen 

malzemelerde fiziksel ve kimyasal farklılıklar, mikro yapılı malzemelere göre farklılıklar 

gösterir. Bundan dolayı da çeşitli nano malzeme üretim yöntemleri kullanılarak, bu fiziksel 

veya kimyasal yapılar değiştirilebilir. Nadir toprak elementi ile katkılanan malzemeler ise, 

yapılarında +3 değerlikli nadir toprak elementini ihtiva ederek farklı fiziksel yapılar ortaya 

koyabilir. Böylece yapısal özellikleri değiştirilmiş olur. Geleneksel hidrotermal sentezleme 

yöntemi ile nano boyutlu malzemeler sentezlenebilmektedir. Bu çalışmada, hidrotermal sentez 

yöntemi ile disprosyum (Dy) katkılandırılmış LuBO3 ve La,GdPO4 malzemeleri 

sentezlenmiştir. Malzemelerin kristal yapı özellikleri X-ışını kırınımı tekniği (XRD) 

kullanılarak belirlenmiş, nano boyutlu tanecik özellikleri ise taramalı elektron mikroskop 

(SEM) kullanılarak elde edilmiştir. Ayrıca çeşitli yapısal özellikleri (kristal boyutu, tanecik 

boyutu, yığın yoğunluğu, gözeneklilik-porosity) hesaplanmıştır. 

Anahtar Kelimeler: Borat fosfat, hidrotermal sentez, yapısal özellik, xrd, sem. 

 

ABSTRACT 

Lutetium orthoborate (LuBO3) and lanthanum-gadolinium phosphate (LaGdPO4) materials are 

borate and phosphate compounds. It has been the focus of attention by researchers due to some 

of its luminous properties. Such potential materials are considered as new generation host 

materials that can be used in optoelectronic devices. Physical and chemical observations in 

nanoscale materials show differences compared to micro-structured materials. Therefore, these 

physical or chemical structures can be changed by using various nanomaterial production 

methods. On the other hand, the materials doped with rare earth element can reveal different 

physical structures by containing +3 valence rare earth element in their crystal structures. Thus, 

its structural properties are changed. Nano-sized materials can be synthesized with the 

traditional hydrothermal synthesis method. In this study, dysprosium (Dy) doped LuBO3 and 

La,GdPO4 materials were synthesized by hydrothermal synthesis method. The crystal structure 

properties of the materials were determined using the X-ray diffraction technique (XRD), and 
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the nano-sized particle properties were obtained using the scanning electron microscope (SEM). 

In addition, various structural properties (crystal size, particle size, bulk density, porosity) were 

calculated. 

Keywords: Borate phosphate, hydrothermal synthesis, structure properties, xrd, sem. 

 

GİRİŞ 

Hidrotermal sentez yöntemi ile elde edilen malzemeler günümüzde farklı işlerde 

kullanılmaktadır. Nano bpyutlu parçacıklar, yüzey alanlarının geniş olmasından ötürü, mikro 

boyutlu malzemelere göre daha ütün fiziksel özellikler sergileyebilmektedir. Bu sayede 

özellikle optoelektronik ve fotonik malzemeler yapımında nano boyutta malzeme üretimi önem 

arz etmektedir [1,2]. Ayrıca nano boyutlu malzemelerin fiziksel özellikleri kuantum mekaniksel 

olarak da değişme göstermektedir. Yarıiletken olan bir malzeme, nano boyutta iletken gibi 

davranabilmekte ya da parıldama pikleri, ışıldama spektrumunda daha mavi bölgeye 

kaymaktadır [3,4].  

Borat fosfat bileşikleri çeşitli fiziksel ve optiksel özelliklerinden ötürü son yıllarda 

araştırmacıların sıkça çalıştıkları malzemeler arasında yer almıştır. Borat fosfatlar düşük sentez 

sıcaklığı, yüksek morötesi ve optik hasar eşiği,  lüminesans ve optik özellikleri, karakterizasyon 

sürekliliği özellikleri sergilemektedir. [5]. Nadir toprak elementleri ile katkılandırıldığında, ev 

sahibi materyalde yer edinen +3 değerlikli nadir toprak sayesinde, yapısal ve optiksel özellikler 

değişiklik göstermektedir. Son zamanlarda civasız parıldama ürünü üretiminde kullanılabilen 

bir materyal türüdür [6-8]. Yine benzer olarak lütesyum ortoborat bileşiği ise çeşitli fosforlarda, 

lazerlerde, hot (ev sahibi) matris elemanı olarak kullanılabilmektedir. [9-12]. 

Bu çalışmada Dy katkılandırılmış LuBO3 ve LaPO4 malzemeleri hidrotermal sentez yöntemi 

ile sentezlenmiştir. Malzemelerin yapısal karakteristikleri XRD ve SEM ile elde edilmiştir. 

Ayrıca bulk yoğunluk, kristal ve tanecik boyutu, gözeneklilik-porosity gibi çeşitli özellikleri 

belirlenmiştir.  

 

ARAŞTIRMA ve BULGULAR 

Borat fosfatlar (LuBO3 ve LaGdPO4 ), geleneksel hidrotermal sentez yöntemi ile 

sentezlenmiştir. Host malzeme için yüksek saflıkta Lu2O3 ,Gd2O3,  La2O3 oksitleri ile 

(NH4)2HPO4 bileşikleri kullanılmıştır (Sigma Aldrich). Ayrıca Dy katkısı için de Dy2O3 

kimyasalı sentez aşamasında kullanılmıştır. İlk olarak çözelti halindeki karışımının 

hazırlanması için, oksitler belli oranda HCl veya HNO3 içinde çözdürülmüştür. Ardında H3BO3 

ve deiyonize su katılarak çözelti asitliği dengelenmiştir. Daha sonra NH3_H2O eklenerek pH 

seviyesinin bazik ortamda kontrolü sağlanmıştır. Çözelti, manyetik karıştırıcıda jel kıvamını 

alana dek karıştırılmış ve ardından 50ml’lik otoklav içine konmuştur. Jel otoklav içinde 

yaklaşık 250C de 32 saat sentezlenmiştir. Sentezleme işleminden sonra malzemeler etanol ve 

deiyonize su ile birkaç kez yıkanmıştır. Ardından 100C de kurutularak malzemeler elde 

edilmiştir. Malzemelerin XRD grafikleri ve SEM fotoğrafları İzmir Yüksek Teknoloji Enstitüsü 

malzeme araştırma merkezinden alınmıştır.  
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Şekil 1’de sentezleme aşamaları kısmen gösterilmiştir.  

 

Şekil 1. LuBO3:Dy ve LaGdPO4:Dy malzeme sentez aşamaları, (a) jelleşen malzeme, (b) 

hidrotermal sentez sistemi, (c) elde edilen malzemeler.  

 

Şekil 2 ve 3’te sırasıyla, LuBO3:Dy ve LaGdPO4:Dy malzemelerin XRD sonuçları verilmiştir. 

 

Şekil 2. LuBO3:Dy malzemesinin XRD grafiği. 

 

Lutesyum fosfat içinde Dy katkısı, özellikle lütesyum ile yerdeğiştirmekte veya aynı atomik 

noktayı paylaşabilmektedir. Şekil 3’e bakıldığında malzemenin kristal bir yapıya sahip olduğu 

söylenebilir. LuBO3 malzemesinin tipik pikleri 30o civarında gözlenmiştir. Karmaşık bir kristal 

yapıya sahip olduğu bilinen bu malzemenin farklı derecelerde farklı pikler verdiği gözlenmiştir.  
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Şekil 3. LaGdPO4:Dy malzemesinin XRD grafiği. 

 

LaGdPO4:Dy malzemesi hem Gadolinyum hem de disprosyum katkısından ötürü aslında 

karmaşık bir kristal yapıya sahip olduğu düşünülmektedir. Ancak bu yapı XRD sonuçlarında 

tam olarak gözlenmemiştir (Şekil 3). Malzemenin hidrotermal sentez aşamasında karışımların 

bir araya yüksek basınç altında sentezlenmesi işlemi karmaşık fiziksel yapılarla meydana 

gelmektedir. Bu aşamada basınç ve sıcaklığın anlık değişimleri kristal yapıda farklılıklara 

neden olabilmektedir. Yine de bu malzeme için de kristal yapının elde edildiği sonucuna 

varılabilir. Özellikle 20-30o arasındaki pikler lantan fosfat gurubu malzemeler ile uyum 

içindedir.   

Şekil 4 ve 5’te LuBO3:Dy ve LaGdPO4:Dy malzemelerinin morfolojik olarak karşılaştırılması 

için SEM fotoğrafları verilmiştir. 
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Şekil 4. LuBO3:Dy malzemesinin SEM görüntüsü. 

 

Lutesyum borat malzemesinin SEM görüntüsüne bakıldığında uzun çubuklar şeklinde 

malzemenin sentezlendiği gözlenmiştir (Şekil 4). Ara ara topaklanmaların olduğu ve bu 

topaklarında malzemede kalan artıkların olduğu düşünülmektedir. Çubuklar farklı kalınlık ve 

boydadırlar. Yaklaşık 100nm ile 460nm arasında kalınlıkları olduğu gözlenmektedir.  
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Şekil 5. LaGdPO4:Dy malzemesinin SEM görüntüsü. 

 

Bir tür fosfat bileşiği olan LaGdPO4:Dy malzemesinin SEM görüntüsü şekil 5’te verilmiştir. 

Şekilden görüleceği gibi küçük çubuklar halinde materyal sentezlenmiştir. Yaklaşık 25nm ile 

55nm arasında değişen kalınlıklara sahiptir. Ancak hemen hemen hepsi benzer boydadırlar. 

Genel bir yığınlığa sahip oldukları görülmektedir.  

Her iki malzemenin morfolojik olarak birbirinden farklı yapılarda olması beklenmektedir, 

ancak burada kısmen de olsa bir benzerlik mevcuttur. Ancak, LaGdPO4:Dy malzemesinin 

çubuk görüntüleri, diğer malzemeye göre daha farklı bir yapıda olduğu görülmektedir. Farklı 

bir kübik yapıda olduğu söylenebilir. Ancak LuBO3:Dy malzemesinin yapısı daha düz silindirik 

çubuklara benzemektedir.   

Sentezlenen malzemelerin ayrıca, bulk (yığın) yoğunlukları, gözeneklilik-porosity, 

kristal/kristalit boyutları da hesaplanmıştır.  

Malzemelerin kristal boyutları Debye Scherrer formülü ile hesaplanmıştır [13] 

𝐷ℎ𝑘𝑙 =
𝑘𝜆

𝐵1/2𝑐𝑜𝑠𝜃ℎ𝑘𝑙
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Burada, k bir sabit (0,9), ; x ışını dalgaboyu, B1/2 ; elde edilen pikte FWMH değerleri ve hkl 

ise kırınım açısıdır. Debye-Scherrer formülü ile hkl düzleminin dikey boyutları tek kristallerde 

pik genişliği ile hesaplanabilmektedir.  

Ayrıca, malzemelerin bulk (yığın) yoğunlukları, her malzeme disk şeklinde preslenerek elde 

edilmiştir. Malzemelerin teorik yoğunlukları ise ölçüm esnasında elde edilebilmektedir, bu 

durumda teorik yoğunluklar; LuBO3:Dy için 1,73 g/cm3 ve LaGdPO4:Dy için 7,65 g/cm3 olarak 

verilmiştir. Bulk yoğunluk hesabı için aşağıdaki denklem kullanılmıştır; 

𝜌𝐵 =
𝑚

𝜋𝑟2𝑡
 

Burada, m preslenen malzemenin kütlesi, payda kesimi ise disk şeklin hacmidir.  Yine 

malzemelerin teorik ve bulk yoğunlukları kullanılarak porosity (gözeneklilik) değerleri elde 

edilmiştir.  

𝜌% =
𝜌𝑡 − 𝜌𝐵
𝜌𝑡

. 100 

Burada t, malzemelerin teorik yoğunluğudur. 

Elde edilen veriler Tablo 1’de verilmiştir.   

 

Tablo 1. Malzemelerin çeşitli hesaplamaları. 

Malzeme Adı D(Å) Kristalit 

Boyu 

Teorik 

yoğunluk 

(g/cm3) 

Bulk yoğunluk 

(g/cm3) 

Porosity (%) 

LaGdPO4:Dy 
155 7,65 7,89 3,1 

LuBO3:Dy 
295 1,73 2,18 26 

Elde edilen verilere göre LaGdPO4:Dy kristalit boyu diğerine göre daha küçüktür, aynı 

zamanda gözeneklilik oranı da daha azdır, bu sayede daha fazla malzeme bir arada 

bulunabilmektedir. Teorik ve bulk yoğunluklar arasında farklar mevcuttur. Bu fark sayesinde 

taneciklerin biraraya geldiğinde bir yığın olarak ne kadar birleşim sağladıkları 

gözlenebilmektedir.  

 

SONUÇ 

Bu çalışmada, borat fosfat bileşiklerinden lütesyum borat ve lantan gadolinyum bileşikleri Dy 

ile katkılandırılarak hidrotermal sentez yöntemi ile sentezlenmiştir. Malzemelerin xrd 

sonuçlarına göre kristal yapıya sahip oldukları belirlenmiş ve ortalama kristalit boyutlarının 

sırasıyla LaGdPO4:Dy için 155 Å ve LuBO3:Dy için 295 Å olduğu bulunmuştur. Ayrıca her iki 

malzeme de çubuk şeklinde bir materyal olarak sentezlenmiştir. LaGdPO4:Dy malzemesinin 

ortalama çubuk kalınlık boyutu 35nm,  LuBO3:Dy için ise ortalama 180nm çubuk kalınlığı 

olarak gözlenmiştir. Malzemeler hidrotermal sentez ile başarılı bir şekilde sentezlenebilmiş ve 

nano boyutlu olarak üretilmiştir. Malzemelerin optiksel özellikleri incelenerek (absorbans ve 

lüminesans) günümüz teknolojisine uygunluğu için daha fazla bilgi elde edilebilir.  
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ABSTRACT 

Pure tungsten contains very small amounts of transition metals (TM) such as Cr, Cu, Fe, Mn, 

Mo and Ni. In this study, the effects of transition metals which are present in very small amounts 

in pure tungsten, on the heat capacity of pure tungsten metal were investigated. Debye 

temperatures required for heat capacity are handled by the first principles method using crystal 

elastic constants according to the Voigt-Reuss-Hill scheme. A new analytical expression for the 

Debye function was presented which is based on a gamma function and binomial expansion 

function. Also, an analytic formula for Debye function is presented. As an applicable of the 

effectiveness of the obtained Debye temperature we present the calculation results of the heat 

capacity based on Debye function.  

Keywords: W-TM alloys, Debye temperature, Debye function, Heat capacity 

 

1. INTRODUCTION 

Tungsten (W) has the highest melting temperature (about 3683 K) of all metals and is used in 

a variety of applications such as filament for light bulbs and x-ray tubes. Due to its low vapor 

pressure, tungsten is used for electrodes in tungsten inert gas (TIG) welding [1]. Besides all 

these properties, pure tungsten (W) also has some properties such as high strength at high 

temperatures, good thermal conductivity, low coefficient of thermal expansion, high sputtering 

threshold energy and low sputtering erosion. As a result, tungsten is a metal that possesses some 

attractive engineering properties for technological applications where components encounter 

high temperatures. Due to these properties, tungsten (W) and tungsten alloys are among the 

candidate materials intended to be used as coating materials in thermonuclear fusion reactors 

[2-4]. It is predicted that the use of tungsten in areas where the energy of plasma particles can 

be kept below the sputtering threshold can eliminate the problem of plasma impurity [5]. 
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Since it is believed that the use of tungsten in fusion devices will increase in the future, the 

thermodynamic behavior of pure tungsten was investigated by adding other elements such as 

Re, Ta, Ti, Mo, Hf, V and Zr [6-11]. In these studies, the mechanical properties of tungsten 

alloys were calculated using the first principles method. In addition, tungsten contains small 

amounts of transition metals (TM) such as Cr, Cu, Fe, Mn, Mo and Ni, which have an effect on 

the properties of pure W metal [12]. In the study by Jiang et al., [13] the structural stability, 

electronic structures, mechanical properties and Debye temperature of W-TM alloys were 

investigated by first principles method. Debye temperature is one of the important physical 

quantities that reflects the binding force between atoms. In addition, Debye temperature is 

closely related to many physical properties of solids such as lattice stability, coefficient of 

expansion, elasticity, specific heat, melting point and hardness. The thermodynamic properties 

of W-TM alloys and the effect of TM elements on the properties of pure tungsten can be 

understood by calculating the Debye temperatures of W-TM alloys. The Debye temperature is 

proportional to the average sound velocity [14] and the parameters needed to calculate the 

average sound velocity can be calculated by using single crystal elastic constants according to 

the Voigt-Reuss-Hill scheme [15-17].  

In the study by Jing et al., [13] it was reported that W-TM alloys have a cubic structure. The 

cubic crystal system has only three independent elastic constants, 𝐶11, 𝐶12, and 𝐶44. For the 

case of cubic crystals, the conditions of stability are described a very simple form: 𝐶11 − 𝐶12 >

0 , 𝐶11 + 2𝐶12 > 0 , 𝐶44 > 0  [18]. The bulk modulus (B), shear modulus (G), Debye 

temperature of W-TM alloys are calculated by using 𝐶11, 𝐶12 and 𝐶44 [14]. In this study they 

are calculated the heat capacities of W-TM alloys, which are used as a tool to explore the 

fundamental properties of materials. A new analytical expression for the Debye function was 

presented which is based on a gamma function and binomial expansion function. 

 

2. MATERIALS AND METHODS 

2.1. Evaluation of Debye temperature 

The Debye temperature can be expressed in terms of the mean sound velocity. It can be written 

following form [14]: 

 
𝜃𝐷 =

ℎ

𝑘𝐵
[
3𝑞𝑁𝐴𝜌

4𝜋𝑀
]

1 3⁄

𝑣𝑚 
 

(1) 

where ℎ is the Planck’s constant, 𝑘𝐵 is the Boltzmann’s constant, 𝑁𝐴 is the Avogadro’s number, 

𝜌 is the density, 𝑀 is the molecular weight, 𝑞 is the number of atoms in the unit cell.  
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𝑣𝑚 = [

1

3
(

2

𝑣𝑡
3 +

1

𝑣𝑙
3)]

−1 3⁄

 
 

(2) 

                                                       
 𝑣𝑡 = (

𝐺

𝜌
)

1 2⁄

 
 

(3) 

 

 
𝑣𝑙 = [(𝐵 +

4

3
𝐺) 𝜌⁄ ]

1 2⁄

 
 

(4) 

 

where 𝑣𝑡 and 𝑣𝑙 are transverse and longitudinal elastic wave velocity of the polycrystalline 

materials. Eqs. (3)-(4) are obtained using the polycrystalline shear modulus (𝐺) and bulk 

modulus (𝐵). According to the Veight-Reuss-Hill approach [15-17], using the elastic contants 

for the cubic structure, the Bulk and Shear modulus is expressed as follows: 

 
𝐵 =

1

3
[𝐶11 + 2𝐶12] 

 (5) 

 

 

 

 
𝐺 =

1

2
[𝐺𝑣 + 𝐺𝑅] 

  (8) 

 

2.2 Debye Function 

Integer and non-integer of n for Debye function is written following form [19]. 

 
𝐺𝑣 =

𝐶11 − 𝐶12 + 3𝐶44

5
 

  (6) 

 𝐺𝑅 =
5𝐶44(𝐶11 − 𝐶12)

4𝐶44 − 3(𝐶11 − 𝐶12)
  (7) 

 𝐷𝑛(𝛽, 𝑥) =
𝑛

𝑥𝐷
𝑛 ∫

𝑡𝑛

(𝑒𝑡 − 1)𝛽
𝑑𝑡

𝑥𝐷

0

  (9) 
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Here 𝑥𝐷 = 𝜃𝐷 𝑇⁄ , 𝜃𝐷 is Debye temperature and 𝑇 is temperature. In this work, we used the 

binomial expansion theory to calculate the n- dimensionless Debye function.  The binomial 

expansion theory is expressed following as: 

 

 (𝑥 ± 𝑦)𝑛 = ∑(±1)𝑗𝐹𝑗(𝑛)𝑥𝑛−𝑗𝑦𝑗

∞

𝑗=0

  (10) 

 

where  is binomial coefficient [20]. Considering Eq. (10) in Eq. (9), we obtain the 

following analytical expression for the integer Debye function. 

 

𝐷𝑛(𝛽, 𝑥) =
𝑛

𝑥𝐷
𝑛 lim

𝑁→∞
∑ (−1)𝑚−2𝑛−1𝐹𝑚(−𝛽)(𝛽 + 𝑚)−𝑛−1(−𝑛(𝑛 − 1)! + Г(𝑛 + 1, 𝑥𝐷(𝛽 + 𝑚)))

𝑁

𝑚=0

 (11) 

 

Here,  is incomplete gamma function [20] and 𝑁 is the upper limit of series. 

 

2.3 Definition of heat capacity with Debye Function 

The Debye function can be used to calculate the heat capacities of solids. Expressing the heat 

capacity according to the Debye function is following as: 

 𝐶𝑉 = 3𝑁𝐴𝑘𝐵𝐿𝑉(𝑥𝐷)  (12) 

where is auxiliary function and it is written as [21] 

𝐿𝑉(𝑥𝐷) = (𝑛 + 1)𝐷𝑛(1, 𝑥𝐷) − (
𝑛𝑥𝐷

𝑒𝑥𝐷 − 1
) (13) 

The heat capacity can be calculated by considering Eq. (11) into Eq. (13). 

 

3. NUMERICAL RESULTS AND DICCUSSION 

In this study, the 𝑣𝑡 , 𝑣𝑙  and 𝜃𝐷values obtained by considering the elastic coefficients calculated 

for W-TM (TM = Cr, Cu, Fe, Mn, Mo) by Jing et al.[13] are given in Table 1. 

 

 jF n

 , x

 V DL x
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Table 1. Molar mass (M), mass density 𝜌, shear sound velocity ( ), longitudinal sound velocity ( ), 

average wave velocity ( ) and Debye temperature (𝜃𝐷) 

 

Composition 𝑴 (𝒈 𝒎𝒐𝒍⁄ ) 𝝆 (𝒈 𝒄𝒎𝟑)⁄  𝒗𝒕(𝒎 𝒔⁄ ) 𝒗𝒍(𝒎 𝒔⁄ ) 𝒗𝒎(𝒎 𝒔⁄ ) 𝜽𝑫(𝑲) 

Pure W       

Exp. [22] 183.8400 19.0738 2929.93 5286.31 3263.83 385.585 

Theory [13] 183.8400 19.0738 2783.93 5193.88 3108.98 367.291 

W-Cr 181.3984 18.9097 2758.18 5173.09 3081.37 364.604 

W-Cu 181.6122 18.9015 2734.32 5137.00 3055.08 361.299 

W-Fe 181.4696 18.9288 2738.33 5151.81 3059.87 362.134 

W-Mn 181.4529 18.9251 2758.81 5170.49 3081.92 364.731 

W-Mo 182.2122 18.9117 2763.12 5178.46 3086.72 364.706 

W-Ni 181.5224 18.9220 2737.62 5145.61 3058.87 361.937 

 

The obtained results for  heat capacity  of are given in Table 2. The results for  heat capacity  

of are compared with experimental data [22]. As seen from Table 2, the heat capacity  of  

for 𝑛 = 2 is a better good agreement with experimental data than 𝑛 = 2. The heat capacity of  

was calculated to show the accuracy and precision of the obtained debye temperature. 

The obtained results are presented in Table 2. As can be seen from Table 2, the calculation 

results obtained are approximately compatible with the literature. It gives approximately results 

for 𝑛 = 3 at low temperatures and for 𝑛 = 2 at high temperatures [22]. The results of 

calculations of heat capacity for W-alloys are given in Table 3. As can be seen from Table 3, 

the contribution of each element of W-(𝐶𝑟, 𝐶𝑢, 𝐹𝑒, 𝑀𝑛, 𝑁𝑖) to the heat capacity of pure tungsten 

is almost the same. The calculations were made using the Mathematica 7.0 software program. 

The change of heat capcities of  and  to temperature are given Figs. (1)-(2). 

 

 

 

 

 

sv lv

mv

W

W W

W Mo

W W Mo
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Table 2. Heat capacities  of  and  

 

 

 

 1 1

VC J mol K 
W W Mo

               𝜽𝑫 = 𝟑𝟔𝟕. 𝟓𝟕𝟗 (𝑲) for   𝜽𝑫 = 𝟑𝟔𝟒. 𝟕𝟎𝟔 (𝑲) for  

    

𝑻(𝑲) Eq.[12] Experimental 

[22] 

𝑇(𝐾) Eq.(12) Ref.[23] 

 𝑛 = 3 𝑛 = 2   𝑛 = 3 𝑛 = 2  

60 6.3534 8.46594 8.39 36 1.82308 3.47837 3.36 

70 8.47649 10.5255 10.73 60 6.45501 8.56682 5.95 

80 10.461 12.3796 12.80 71.8 8.96221 10.9846 8.36 

90 12.237 13.9976 14.56 80.6 10.6923 12.5923 10.5 

100 13.7879 15.3856 16.02 92.5 12.7622 14.47 13.0 

140 18.087 19.1423 19.82 107 14.8532 16.3279 15.5 

180 20.4281 21.1449 21.78 122 16.5756 17.8347 17.4 

200 21.1906 21.7918 22.41 134 17.6887 18.7989 19.0 

500 24.2822 24.3913 25.16 152 19.0148 19.939 20.0 

700 24.6029 24.6587 25.86 207 21.4635 22.0227 21.9 

1000 24.7758 24.802 26.70 255 22.5676 22.9541 22.9 

1500 24.8687 24.8773 28.12 382 23.8427 23.2973 23.9 

2000 24.9012 24.9015 29.60   455 24.1602 24.2894 24.2 

2400 24.9139 24.9092 31.79 658 24.5645 24.6267 24.6 

    840 24.7100 24.7476 24.7 

W W Mo
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Table 3.  Heat capacities   of W alloys  1 1

VC J mol K 

 𝜽𝑫 = 𝟑𝟔𝟒. 𝟔𝟎𝟒(𝑲) 

  𝑾 − 𝑪𝒓 

𝜽𝑫 = 𝟑𝟔𝟏. 𝟐𝟗𝟗(𝑲) 

  𝑾 − 𝑪𝒖 

𝜽𝑫 = 𝟑𝟔𝟐. 𝟏𝟑𝟒(𝑲) 

  𝑾 − 𝑭𝒆 

𝜽𝑫 = 𝟑𝟔𝟒. 𝟕𝟑𝟏(𝑲) 

  𝑾 − 𝑴𝒏 

𝜽𝑫 = 𝟑𝟔𝟏. 𝟗𝟑𝟕(𝑲)  

 𝑾 − 𝑵𝒊 

𝑻(𝑲) Eq.[12] Eq.(12) Eq.(12) Eq.(12) Eq.(12) 

 𝑛 = 3 𝑛 = 2 𝑛 = 3 𝑛 = 2 𝑛 = 3 𝑛 = 2 𝑛 = 3 𝑛 = 2 𝑛 = 3 𝑛 = 2 

60 6.45865 8.57043 6.57758 8.68817 6.54733 8.65825 6.45412 8.56594 6.55446 8.6653 

100 13.9047 15.4893 14.035 15.605 14.002 15.5757 13.8997 15.4849 14.0098 15.5826 

200 21.2445 21.8374 21.3041 21.8878 21.2891 21.8751 21.2422 21.8355 21.2926 21.8781 

300 23.1943 23.4806 23.2243 23.5058 23.2167 23.4994 23.1931 23.4796 23.2185 23.5009 

400 23.9373 24.103 23.9549 24.1178 23.9505 24.1141 23.9366 24.1025 23.9515 24.115 

500 24.2927 24.4001 24.3042 24.4097 24.3013 24.4073 24.2923 24.3997 24.302 24.4078 

600 24.489 24.5638 24.4971 24.5705 24.495 24.5688 24.4886 24.5635 24.4955 24.5692 

700 24.6084 24.6632 24.6144 24.6682 24.6129 24.6669 24.6082 24.663 24.6132 24.6672 

800 24.6863 24.728 24.6909 24.7318 24.6898 24.7308 24.6862 24.7278 24.6901 24.7311 

900 24.74 24.7724 24.7436 24.7755 24.7427 24.7747 24.7399 24.7723 24.7429 24.7749 

59



1000 24.7785 24.8042 24.7814 24.8066 24.7807 24.806 24.7784 24.8041 24.7809 24.8062 

1500 24.8699 24.8783 24.8712 24.8793 24.8709 24.879 24.8698 24.8782 24.871 24.8791 

2000 24.9019 24.902 24.9026 24.9025 24.9025 24.9024 24.9019 24.902 24.9025 24.9024 

2500 24.9166 24.9105 24.9171 24.9107 24.917 24.9106 24.9166 24.9104 24.917 24.9106 
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Figure 1. The dependence of temperature to heat capacity of  

 

 

Figure 2. The dependence of temperature to heat capacity of 𝑊 − 𝑀𝑜 
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ABSTRACT 

In this study, a numerical calculation method for the moment of the collision-induced 

scattering with Morse potential is offered. To our knowledge, this work presents the first 

numerical calculation method for calculating the first moments for the collision-induced 

scattering of molecules by Morse potential. Also, the correct of this method is shown through 

its comparison with different work obtained using the Lennard-Jones (12-6) potential 

theoretical data. The results of calculation are obtained for the arbitrary values of 

temperatures and the calculation results are in approximately agreement with literature data. 

Keywords: Moment of collision-induced scattering, Collision-induced polarizability, Morse 

potential  

 

INTRODUCTION 

The collision-induced scattering (CIS) that provided knowledge on the motion of the 

molecules consists of polarizability with interactions between atoms and molecules. These 

may be given knowledge on the atoms and molecular interactions [1, 2]. Therefore, many 

studies by authors have suggested for moments of CIS related to the intermolecular potential 

[3-5].  The theoretical method in the literature [6] has been presented for the evolution of the 

moment of CIS with many of intermolecular potential such as Lennard-Jones (12-6), B- 

potential. But, the calculation of the moment of CIS using Morse potential has been not 

suggested in the literature.  Therefore, in this study, a numerical calculation method for the 

calculation of the moment of CIS with Morse potential is offered firstly that the suggested 

numerical calculation method for the moment of CIS with Morse potential is play role 

important in collision-induced scattering of atoms and molecules. 

Definition of the moments of CIS  

The first moments of the two body CIS is expressed following form [7]: 

 2 2

0 12 0 12 12 12

0

M 4 g r r dr 


  ,                                                                                                     (1)               
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where 0M is  moment. 

In Eq. (1),     0 12 bg r Exp u r k T     is function based on intermolecular potential [7]. In 

 0 12g r  function, 
Bk  is Boltzmann constant and T  is temperature. 

12   is induced 

polarizability. The classical dipole-induced-dipole (DID) approach is written following form 

[7]: 

 
2

DID 12 3

12

6
r

r


  ,                                                                                                                       (2) 

where is polarizability of the isolated atom [7].  Eq. (2) is considered in Eq. (1) and the 

formula is obtained as following 
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BT k T  is reduced temperature, 
12x r b  and b  is normalization length. The 

reduced first moment is 
*

4 3
0 0M M 144 b



 . 

    *u x T* 4

4

0

I T x e dx


  .                                                                                                           (4) 

In Eq.(4),  u x  intermolecular interaction potential.  In this work, we preferred the Morse 

potential for calculating moment of the collision-induced scattering with this potential.  Morse 

potential is defined following form: 

   2
( ) 2 e er r r r

u r De De
    

   ,                                                                                       (5) 

where, D  is  the depth of potential well, er  is minimum distance between  two atom [8].   

Considering Eq.(5) into Eq. (3), we obtained obtain the following formula: 
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                                                                        (6) 

To calculate the first moments of the two body CIS with Morse potential, we are suggested 

numerical calculation method.  

Numerical Results and Discussion 

In this work, we proposed a new numerical calculation method to calculate moment with 

Morse potential of gases and fluids. The obtained method is based on numerical calculation. 

On the basis of the algorithms, we constructed the programs for numerical calculations using 

the Mathematica 7.0 software program. The proposed numerical calculation gives accurate 

and sensitive results with arbitrary temperatures for firs moment of CIS. The results for first 

moments are given in Tables 2-3 and compared with theoretical and experimental data [6, 10, 

11]. As seen from Tables 2-3, the results of calculation with Morse potential for Ar , Kr  and 

4CH are better agreement than Lennard-Jones (12-6) potential with experimental data. As seen 

from Table 3, the results of calculation with Lennard-Jones (12-6) potential for Xe  are better 

agreement than Morse potential with experimental data. To our knowledge, the moments for 

CIS have not been offered in the literature. Therefore in this study, we calculated the first 
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approach to calculate numerically the moments for CIS by using Morse potential.  The 

potential parameters are given in Table 1 [6, 9]. 

 

Table 1. Parameters of Lennard-Jones (12-6) potential and Morse potential [6, 9] 

Gases 
Lennard-Jones (12-6) 

Potential 
Morse Potential Polarizability 

 

Mass 

  A   Bk K   1A    er A   BD k K   3A   M u  

Ar  3.405 119.8 1.253 4.13 118.1 1.642 39.948 

Kr  3.60 171 1.105 4.49 149.0 2.484 83.798 

Xe  4.10 221 1.099 4.73 226.9 4.045 131.293 

4CH  4.015 140.42 1.166 4.50 149.1 2.66 16.04 

 

 

Table 2. Comparative calculation results of moment  9

0M A   

 

 

 

 

 

 

  Ar  Kr  

 T K

 
k Eq.(6) 

Lennard-Jones 

(12-6) 

Experimental 

Ref.[6] 
Eq.(6) 

Lennard-Jones 

(12-6) 

Experimental 

Ref.[6] 

50 4 118.902 137.507 - 819.259 1380.88 - 

100  52.0306 59.3513 - 266.876 368.972 - 

200  38.2693 42.6509 - 172.021 215.042 - 

300  36.1313 39.4692 30.2 155.909 186.589 93.5 

400  35.9006 38.536 - 151.865 176.496 - 

500  36.2691 38.327 - 151.629 172.215 - 

600  36.8775 38.4199 - 152.98 170.417 - 

700  37.5924 38.6562 - 155.092 169.863 - 

800  38.3556 38.9651 - 157.597 169.995 - 

900  39.1384 39.3112 - 160.311 170.532 - 

1000  39.9261 39.6756 - 163.135 171.315 - 
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Table 3. Comparative calculation results of moment  9

0M A   
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  Xe  4CH  

 T K

 
k Eq.(6) 

Lennard-

Jones (12-6) 

Experimental 

Ref.[6] 
Eq.(6) 

Lennard-Jones 

(12-6) 
Ref.[10] Ref.[11] 

50 4 17760.5 15398.3 - 1020.92 796.436 - - 

100  2705.46 2520.59 - 334.251 284.436 - - 

200  1236.13 1182.59 - 215.768 188.171 - - 

295  1011.63 967.698 - 195.736 170.215 264.9 193.4 

300  1005.39 961.533 468 195.223 169.713 - - 

400  926.955 881.509 - 189.709 163.599 - - 

500  894.208 844.316 - 188.95 161.458 - - 

600  880.569 825.214 - 190.175 161.001 - - 

700  876.463 815.229 - 192.357 161.372 - - 

800  877.654 810.368 - 195.035 162.185 - - 

900  882.005 808.606 - 197.979 163.244 - - 

1000  888.335 808.817 - 201.065 164.443 - - 
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ABSTRACT 

The Sunlight is a non-vanishing, eco-friendly, renewable energy source that generates solar 

energy. Every hour enough sunlight energy enters the planet to satisfy the world's energy 

demand for a whole year. We need electricity every hour for today's generation. This solar 

power is generated by applications such as manufacturing, commercial, and residential 

applications. So, it is very efficiency & free environment pollution for surrounding. In this 

article, we have reviewed about the Solar Energy from Sunlight and discussed about their future 

trends and aspects. The article also tries to discussed working, solar panel types; emphasize the 

various applications and methods to promote the benefits of solar energy. 

Keywords: Renewable energy, Solar panel, Photovoltaic cell, Modelling of PV Panel, Current 

energy policies future of solar energy 

 

I.INTRODUCTION 

Nowadays, due to the decreasing volume of renewable energy resources, the cost of solar 

energy devices per watt has become more significant in the last ten years. Renewable resources 

have a cycling time less than 100 years, while for non-renewable resources; it is greater than a 

million years 1. Its availability far exceeds any conceivable future energy demands2. Exploiting 

the sun's power includes some challenges 3. 

In the coming years, it is certainly set to become economical and evolve as a better technology 

in terms of both costs and applications4. Sunlight above everyday earth (1366W approx.) This 

is an infinite source of energy which is available at no cost. The major benefit of solar energy 

over other typical power generators is that the daylight is directly regenerate into alternative 

energy with the utilization of smallest electrical phenomenon (PV) star cells. There is an 

oversized quantity of analysis activities to mix the Sun’s energy method by developing star 

cells/panels/module with high changing kind. the foremost benefits of alternative energy is that 

it's free approachable to people and out there in giant quantities of provide compared thereto 

of the value of assorted fossil fuels and oils within the past 10 years. Moreover, alternative 

energy needs significantly lower hands expenses over typical energy production technology. 

Utilizing electricity from solar in a grid requires some back-up generating capacity due to their 

intermittent nature5.The radiation that does reach the Earth is the indirect source of nearly every 

type of energy used today6. Energy is the power and ability to be physically and mentally 

active7. There are five ultimate primary sources of useful energy. 

 Solar (radiant) energy. 
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 The motion and gravitational potential of the Sun, Moon, and Earth. 

 Chemical energy (combustion process) from mineral resources. 

 Geothermal energy from cooling, chemical reaction and radio- active decay in the 

Earth. 

 Human-induced nuclear reactions. 

The total annual radiation falling on the planet is quite 7500 times the world’s total annual 

primary energy consumption of 450 EJ. The annual radiation reaching the earth’s surface, more 

or less three,400,000 EJ, is associate order of magnitude larger than all the calculable 

(discovered and undiscovered) non-renewable energy resources, as well as fossil fuels and 

nuclear. However, eightieth of the current worldwide energy use is predicated on fossil fuels. 

Most elements of Republic of India receive 4–7 kWh of radiation per area unit per day with 

250–300 sunny days in a very year. the very best annual radiation energy is received in Western 

Rajasthan whereas the North jap region of the country receives the bottom annual radiation. 

Republic of India encompasses a smart level of radiation, receiving the alternative energy 

equivalent of quite 5000 trillion kWh/yr. reckoning on the situation, the daily incidence ranges 

from four to seven kWh/m2, with the hours of sunshine starting from 2300 to 3200 per annum. 

The MNRE, operating in conjunction with the Indian Renewable Energy Development Agency 

(IREDA) to market the employment of all kinds of solar energy similarly on increase the share 

of renewable energy within the Indian market. This promotion is being achieved through R&D, 

demonstration comes, government grant programs, and conjointly personal sector comes. 

 

II. SOLAR ENERGY AND ITS WORKING METHODOLOGY  

The sun emits light and heat in the form of electromagnetic radiation, which creates solar 

energy. We can now catch this radiation and convert it into practical types of solar energy, 

such as heating or power, thanks to modern technology. Solar energy is the continuous energy 

generated by the sun's nuclear fusion reactions. The average solar radiation intensity is 

1367kw/m2  for Earth's orbit. 

Because the Earth's equator is 40000 kilometers in circumference, we can estimate that 

the energy received by the planet is up to 173,000 TW. At sea level, the typical peak 

intensity is 1 kw/m2, while the annual average radiation intensity at a place on the 

earth's surface is 0.20 kw/m2, or nearly 102,000 TW of energy. Humans, like all other 

types of renewable energy, rely on solar energy to survive. 

Although the overall amount of solar energy resources is ten thousand times that used by 

humans, the solar energy density is low, and it is affected by location and season, which is a 

key difficulty in solar energy development and utilisation. 

Designing a system for solar energy conversion into thermal energy or electricity is based on 

accurate assessment of the solar radiation in the given location and on the knowledge of solar 

radiation properties. The solar core, with a radius of about 0.23 R is a thermonuclear fusion 

reactor. Its temperature is estimated at (8–40) 106 K. At a distance of 0.7 R from the Sun 
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core, the temperature falls to 130,000 K. The area between 0.7 and 1.0 R is called the 

convection zone. The temperature falls to 5000 K at the surface9. Three conversion processes 

are normally associated with the sunshine. 

 Heliochemical- (photosynthesis process) 

 Helioelectrical- Use of solar energy (photovoltaic). 

 Heliothermal- This is conversion of sunlight into thermal heat as employed within 

concentrating solar power (CSP) plants10. 

Solar energy can be converted generally in two ways commercial purposes: 

 By using the photovoltaic effect (directly convert solar energy into electricity). 

 By thermal conversion (hot water production, drying of agricultural products, and 

residential space heating, or electricity production). 

Amount of energy within the kind of heat and radiations known as solar power. Shown in Fig.1. 

it's beaming lightweight and warmth from sun that's natural supply of energy employing a vary 

of ever ever-changing and developing of technology like star thermal energy11, star design, star 

heating, liquified salt station and artificial chemical process. the massive magnitude of solar 

energy on the market makes extremely appealing supply of electricity. half-hour (approx.) 

radiation is back to house whereas the remainder is absorbed by materials. it's 2 types: charge 

and charge. This cell technology area unit wont to style star cells with low price similarly as 

high conversion potency. once the cell absorbed photons from daylight, electrons area unit 

knocked free from element atoms and area unit drawn off by a grid of metal conductors, 

pressure a flow of electrical electrical energy. 

Solar Cell (Photovoltaic Cell) The cells born-again radiation directly into electricity. It consists 

numerous styles of semiconductor ocean, clouds and land plenty. PV cells convert daylight to 

electrical energy (DC) electricity. Charge Controller work as management the ability from 

electrical device that reverse back to electrical device get reason behind panel injury. Battery 

System act as storage of electrical power is employed once daylight not on the market (i.e. 

night). From this method connected to electrical converter for convert electrical energy (DC) 

into electrical energy (AC). 
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    Modelling of solar energy12 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1 Internal of Reaction of Solar energy 

 

A. electrical phenomenon Module -A PV module consists of photovoltaic cell circuits sealed 

in protecting laminate and area unit the fundament building blocks of PV system. The size of 

PV is usually from 60W to 170W. The PV modules area unit arranged in serial and parallel to 

fulfil the energy demand. 

B. electrical phenomenon Panel -It includes one or a lot of PV modules assembled as a pre-

wind, field instable unit. during this panel PV cell is series connections. star panels area unit 

created of individual PV cells connected along. 

C. electrical phenomenon Array- it's contained of many quantities of PV cells serial and 

parallel connections. Series associations area unit to blame for increasing the voltage of the 

module whereas the parallel connection is to blame for increasing this within the array. It 

generates most 180W fully sunshine. giant the entire expanse of the array, a lot of star 

electricity it'll turn out. 

 

III. CURRENT ENERGY STRATEGIES AND STATUS OF SOLAR ENERGY IN 

INDIA 

Solar power in India is a fast-developing industry. The country's solar installed capacity 

reached 31.696 GW as of 31 October 2019. India has the lowest capital cost per MW globally 

to install the solar power plants. The initial target of Indian government is 20 GW capacity for 

2022, that was completed four years ahead of schedule. In 2015 the target was increased to 100 

GW of solar capacity (including 40 GW from rooftop solar)13 by 2022, targeting an investment 

of US$100 billion India has established nearly 42 solar parks to make land available to the 

promoters of solar plants 

India expanded its solar-generation capacity 8 times from 2,650 MW on 26 May 2014 to over 

20 GW as on 31 January 2018. The country added 3 GW of solar capacity in 2015–2016, 5 
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GW in 2016–2017 and over 10 GW in 2017–2018, with the average current price of solar 

electricity dropping to 18% below the average price of its coal-fired counterpart. By the end of 

September 2019, India has installed more than 82,580 MW of renewable energy capacity with 

around 31,150 MW of capacity under various stages of installation.The final objective of the 

renewable energy strategy framework is to ultimately raise the share of renewable energy 

source in India’s energy mix.  

 

A. National Electricity Policy, 2005  

Access to electricity, availability of power demand (to be fully met by 2012), energy and 

peaking shortages to be overcome and spinning reserve to be available, supply of reliable and 

quality power of specified standards in an efficient and reasonable manner, and increased per 

capita availability of electricity are all goals of the National Electricity Policy. 

 

B. The Electricity Act 2003  

The following provisions concerning non-conventional energy sources are found in the 

Electricity Act. Sections 3(1) and 3(2) stipulate that the Central Government shall, in 

conjunction with state governments and authorities, prepare and publish the National 

Electricity Policy and Tariff Policy from time to time for the development of the power system 

based on optimal utilisation of electricity. 

Section 4 indicates that the Central Government must create and notify a national policy 

allowing stand-alone systems in rural areas after consulting with state governments. Sections 

61, 61(h), and 61(i) of the Act state that "the appropriate commission shall, subject to the 

provisions of this Act, specify the terms and conditions for the determination of tariffs," and 

that "the appropriate commission shall be guided by the terms and conditions for the 

determination of tariffs."According to Sections 86(1) and 86(1)(e), state commissions must 

promote cogeneration and generation of electricity from renewable sources of energy by 

providing suitable measures for grid connectivity and sale of electricity to any person, as well 

as specify a percentage of total consumption for purchase of electricity from such sources. 

 

C. Tariff Policy, 2006 

The Tariff Policy announced in January 2006 has the following provisions: 

1. The Appropriate Commission is required by section 86 (1) (e) of the Act to set 

a minimum proportion for the procurement of energy from such sources, taking into 

account the availability of such resources in the region and their influence on retail 

tariffs. 

2. Non-conventional technologies will take some time to catch up to traditional 

sources in terms of electricity costs. As a result, distribution companies will be able to 

purchase goods at advantageous tariffs set by the Appropriate Commission. 
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3. Distribution Licensees shall buy future requirements through a competitive 

bidding process under Section 63 of the Act, as far as practicable, among suppliers 

delivering energy from the same sort of nonconventional sources. 

4. Within three months, the Central Commission shall issue recommendations for 

pricing non-firm power, particularly from unconventional sources, to be followed in 

circumstances when such procurement is not done through competitive bidding. 

D. National Rural Electrification Policies, 2006 

1. By the year 2012, all families will have access to electricity, as well as a quality and 

consistent power supply at reasonable rates and a minimal lifeline use of 1 

unit/household/day as a merit good. 

2. Off-grid solutions based on independent systems may be used for electricity delivery in 

villages/habitations where grid connectivity is not practical or cost-effective. 

3. Within six months, the state government should draught and publish a rural electrification 

plan that map and details the electrification delivery method. 

4. Each year on March 31st, the Gram Panchayat must certify and confirm the village's 

electrified status. 

 

E. Integrated Energy Policy Report (Planning Commission) 2006 

Propose a strategy for meeting the country's energy needs in a coordinated manner from 2031 

to 2032. It was suggested that a specific emphasis be placed on the development of renewable 

energy sources. 

 

1V. UPCOMING SCOPE OF SOLAR ENERGY IN INDIA14 

India, with its booming economy and humongous population of over 1 billion, has always faced 

shortage of energy. Even though the country is among the largest producers of electricity in the 

world, it is hardly ever able to meet the electricity requirements of its ever-so-rapidly increasing 

population. At present, almost 53% of India’s energy requirements are met with coal; going by 

the predictions, the coal reserves of the country will not last beyond 2050. It is common 

knowledge that over 72% of the population of this third world country still resides in villages, 

with only about half of its rural population getting access to electricity. It is high time India 

moved to renewable ways 15to feed its population its fair-share of electricity. 

 

CONCLUSION 

The sun is a strong source of energy that can benefit our planet by providing us with clean, 

recyclable energy. This energy is free, does not pollute the environment, and, if used 

intelligently, can help us become less reliant on more expensive and harmful kinds of power. I 

hope that after participating in this Web Quest, you will be able to see the value of this precious 

resource and will be able to help shape the future. 
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The majority of individuals are aware of non-renewable energy sources. Solar energy has 

grown in popularity as a result of its cost-effectiveness. Solar Energy can even offer electricity 

24 hours a day, seven days a week, even on overcast days and at night, thanks to battery backup. 

This can also be used with an inter-grid system that has a constant power source. 

It has more advantages than other sources of energy, such as fossil fuels and petroleum 

resources. It is a viable and consistent option for meeting the increased energy demand. Solar 

cell and solar energy research has a bright future worldwide. 
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ABSTRACT 

Although methane (CH4) is not hazardous gas, it can cause greenhouse effect because of 

exceedingly its abundance in the environment. Therefore, a new generation catalyst is required 

for methane sensors with selected features. In this article, methane gas adsorption on graphene 

embedded by MnN4 surface is investigated to explore better catalysts for methane. Moreover, 

O2 gas is included because cannot be isolated from the presence of oxygen. In the calculation, 

Density Functional Theory (DFT) is used with Grimme-D3 dispersion correction including 

Van der Waals (VdW) interactions which covers physisorption between atoms and also 

molecules. Grimme-D3 dispersion correction gives a more accurate result on binding energy 

and bond length. CH4 molecule is attached into MnN4 graphene physically with adsorption 

energy (-0.172 eV).  When adding oxygen into the environment, the interaction becomes 

slightly stronger with -1.38 eV of adsorption energy 

 

INTRODUCTION  

Methane gas is frequently used both as a fuel source and raw material in the industry for the 

production of organic chemicals [1,2]. Due to the frequent use of methane in industry and also 

its production from farming and stockbreeding, the increase in the amount of methane released 

into the atmosphere is shown as one of the main causes of environmental problems. For this 

reason, the number of scientific studies on the detection of methane gas has increased rapidly 

[3-5]. Gas sensors based on different transduction techniques have been produced to detect 

methane gas [6,7]. Among all these techniques, resistive gas sensors are more advantageous 

due to their cost and electronically simple interface [8,9]. The material to be used for resistive 

gas sensors is expected to have high electron mobility and a large surface-to-volume ratio at 

room temperature [10]. 

Graphene is an ideal material candidate for the determination of methane gas due to its large 

surface area, mechanical and electrical properties [11-15]. In addition, the zero band gap 

around the pole points is one of the unique properties of graphene [16]. However, studies to 
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date have shown that the detection of methane gas on pristine graphene is quite poor [17-19]. 

The strong binding of π electrons in the intact graphene structure to the graphene surface 

prevents the interaction of graphene with atomic or molecular structures. It is possible to 

change properties such as electron density and charge transfer through different modifications 

on graphene (for example, by doping different transition metals) [20,21]. In addition, new 

graphene surfaces obtained through these modifications can be experimentally synthesized 

[22]. TMN4-graphene structures are thermodynamically stable materials with a very large 

surface area [23]. In this study, we investigate methane mechanism on MnN4 graphene surface 

for methane gas sensors. Moreover, we include oxygen gas which is inevitable in environment.  

 

2. COMPUTATIONAL DETAIL: 

We analyze the methane adsorption mechanism using Quantum Espresso software package 

with Density Functional Theory (DFT) in spin-polarized model [24,25]. (PAW) potential is 

selected with non-linear core correction and scalar relativistic [26,27]. Our kinetic energy 

cutoff selection is 65 Ry for wavefunctions and 650 Ry for charge density and potential.  

Graphene is modified by embedding Mn transition metal and 4 carbon atoms on the surface 

are replaced with four nitrogen atoms (FeN4-G) using 5x5 cells with periodic boundary 

conditions with 49 atoms Figure 1a. To take better accuracy, the term Grimme-D3 for Van der 

Waals and relatively weaker interactions corrections are implemented[1].  The lattice 

parameters are a=12.3 Å and c=20 Å to have the lowest energy with 4x4x1 Monkhorst-Pack 

k-point mesh.  
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Figure 1.  a) MnN4 embedded graphene surface. C, Mn and N atoms represent gray, claret red, 

and blue colors respectively. The charge density differences of MnN4-G by an iso-surfaces of 

±0.005 𝑒/�̇�3 .  The meaning of yellow color is loss electron density and turquoise color is gain 

of electron density. 

The results of the modified surface are tested to double-check with work by Cao’s group[29]. 

The findings in Table 1 represent that there is a good agreement with previous work by Cao’s 

group.  Figures 1b is drawn as the charge density differences. This plot shows that electrons 

accumulate on the N atoms around the metal atom on both surfaces as losing charges from 

metal. 

 

Table 1. The bond distance (d), 𝐶1 is on the right side of N atom on 𝑑𝑁−𝐶1
  and 𝐶2 is on the 

left side. The magnetic moments for two graphene surfaces in the optimized geometry. The 

second competitive result after slash on MnN4-G parameter belongs to Cao’s group results. 

Surface 𝒅𝑴𝒏−𝑵 

(Å) 

𝒅𝑵−𝑪𝟏
 

(Å) 

𝒅𝑵−𝑪𝟐
 

(Å) 

Magnetic 

Mom. (𝜇𝐵) 

     MnN4-G 1.91/1.92 [2] 1.38/1.39 [2] 1.38/1.39 

[2] 

3.04/3.06 [2] 

                                         

The adsorption energies (𝐸𝑎𝑑𝑠) of molecular structures on the surface are computed as ; 

𝐸𝑎𝑑𝑠 = 𝐸MnN4G+molecule - 𝐸MnN4G -  𝐸molecule                                                                      (1) 

The total energy of molecular structures on the MnN4-G surface is 𝐸MnN4G+molecule. As  

𝐸MnN4G is the total energy of the bare MnN4-G , 𝐸molecule is the molecule energy in the gas 

phase. The meaning of the negative sign of adsorption energy is a release of energy during 

adsorption. The transfer Bader charge is, 

∆q = qMnN4G+molecule − (qMnN4G + qmolecule)                                                           (4) 

qMnN4G+molecule is Bader charge of the adsorbed molecule on MnN4 graphene surface. The 

charge of MnN4 graphene is  qqMnN4G
 and molecule charge is qmolecule. The negative sign or 

positive sign of  ∆q shows donating charge or gaining charge from the molecule.  

 

3. RESULT AND DISCUSSION: 

3.1 Adsorption of 𝑪𝑯𝟒  in Fe-N4 moieties in graphene 

Methane adsorption on the surface is shown in Figure 1a while methane and oxygen adsorption 

is in  Figure 1b. After the adsorption of two cases, the surface does not change too much as C-

a)                                                               b)   
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H bond lengths near the surface on methane gas increase as seen in Table 2. When adding 

oxygen into the environment, O-O bond length stretches from 1.23 �̇� to 1.25 �̇�. Moreover, the 

interaction between methane and surface getting much stronger evolving from physical to 

chemical interaction.  

 

 

 

Figure 1.  a) Methane adsorption on Mn-N4 graphene b) Methane and oxygen adsorption on 

Mn-N4 graphene 

 

Table 2. Some parameters for 𝐶𝐻4 and also 𝐶𝐻4 and 𝑂2  on the graphene surfaces. 𝑑𝐹𝑒–𝐶 is 

the distance between C atom on 𝐶𝐻4 and Mn on the surfaces. 𝑑𝑆–𝑚𝑜𝑙 is the distance between 

molecules (𝑂2 or 𝐶𝑂2) and the surfaces. 𝐸𝑎𝑑𝑠 is the adsorption energy and 𝑑 represents the 

length between two type atoms. 𝑑𝑁−𝐶𝑥
 is the bond length between N and C atoms belonging 

to the surface. It is given the average value of N-C bond lengths which C right side of N and 

C left side of N. 

 𝐸𝑎𝑑𝑠 

(eV) 

∆𝑞(𝐶𝐻4) 

(𝑒−) 

𝒅𝑴𝒏−𝑵 

(Å) 

𝒅𝑵−𝑪𝒙
 

(Å) 

𝑑𝑀𝑛–𝐶 

(�̇�) 

𝑑C−𝐻1
 

 (�̇�) 

𝑑C−𝐻2
 

(�̇�) 

𝑑C−𝐻3
 

(�̇�) 

𝑑C−𝐻4
 

(�̇�) 

𝑑𝑆–𝑚𝑜𝑙 

(�̇�) 

𝑑𝑂–𝑂 

(�̇�) 

𝑪𝑯𝟒 in the 

gas phase 

      

1.096 

 

1.096 

 

1.096 

 

1.096 

  

𝑪𝑯𝟒 𝒂𝒏𝒅 𝑶𝟐 

in gas phase 

      

1.096 

 

1.096 

 

1.096 

 

1.096 

 

 

 

1.23 

𝑪𝑯𝟒 on 

surface 

 

-

0.172 

 

0.0007 

 

 

1.91 

 

1.38 

 

3.253 

 

1.096 

 

1.096 

 

1.097 

 

1.097 

 

 

 

CH4 and 𝑶𝟐 

on surface 

 

-

1.384 

 

0.15 

 

1.91 

 

1.38 

 

3.240 

 

1.096 

 

1.096 

 

1.096 

 

1.097 

 

3.061 

 

1.254 

 

The interaction is observed using partial density of state (pDOS) in Figure 2a for 𝐶𝐻4   

adsorption and Figure 2b for 𝐶𝐻4  adsorption adding 𝑂2. After adsorption, the significant 

change on the surface is not seen because there is only physical adsorption between 𝐶𝐻4  and 

a)                                                                   b)                                 
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surface on the first figure. The state of carbon atom and hydrogen atoms decreases because of 

small charge transfer. In Figure 2b, the decrement occurs on the sum of two oxygen energy 

after adsorption. The energy of carbon and hydrogen atoms shift to the left side diminishing. 

These changes show hybridization between methane molecule and the surface because of 

chemical interaction.  

 

 

Figure 2. on Mn-N4 graphene, a) Partial density of states (pDOS) of 𝐶𝐻4  , b) Partial density 

of states (pDOS) of 𝐶𝐻4  including oxygen.  The energy of  𝐻1,  𝐻2,  𝐻3,  𝐻4, C, the sum of 

two O atoms, Mn and the sum of four N atoms energy around Mn are represented by violet, 

orange, cyan, gold, green, pink, blue and red colors. The label of before/after adsorption is 

pDOS on the surface without the molecule and with the molecule. 

 

CONCLUSION:  

In this study, we aimed to understand methane adsorption mechanism. It has been also observed 

whether its behaviors change after adding oxygen. Firstly, we simulated MnN4 graphene 

surface.   The charge density differences of MnN4-G plot illustrates that the charges accumulate 

on the N atoms around the metal atom as losing charges are around N-C on the surface. When 

adsorbed 𝐶𝐻4 , the significant change has not been seen on the surface although 𝐶 −  𝐻3 and 

𝐶 −  𝐻4 bond length increases. The interaction between methane and surface is physical with 

-0.172 of adsorption energy.  After including 𝑂2 molecule near methane, chemical interaction 

happens contrary to single methane adsorption. Additionally, exchange charge transfer on this 

mechanism is quite higher incomparably than that of methane adsorption without   𝑂2 molecule 

on the surface.  We cannot avoid ambient oxygen, MnN4 graphene surface is promising 

catalyst as a tracker of methane along with the presence of oxygen.  
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ABSTRACT  

Co alloyed ZnS quantum dots were synthesized by co-precipitation technique at 300 0K. The 

current density versus voltage and incident photon to electron conversion efficiency 

measurements showed that Co alloyed ZnS quantum dots could be utilized as materials to 

boost the performance of devices. Furthermore, magnetic, optical and structural 

characteristics of Co alloyed ZnS quantum dots were investigated. It was determined that Co 

alloyed ZnS quantum dots have cubic structure and its size is 2.71 nm which is smaller than 

size (2.70 nm) of pure ZnS quantum dots. Optical studies revealed that the absorption and 

emission of Co alloyed ZnS quantum dots are blue shifted compare to pure ZnS quantum 

dots. The magnetization versus magnetic field measurement indicated that Co alloyed ZnS 

quantum dots shows ferromagnetic behavior at 300 0K. As a conclusion, this current study 

proposes that Co alloyed ZnS quantum dots could be convenient devices for optical and 

magnetic applications. 

Keywords ferromagnetism, quantum dots, photovoltaic characteristics, semiconductor  

 

1. INTRODUCTION  

During the past decades, the progression of the preparation and characterization of quantum 

dots have revealed new dimensions of physics and provided possibilities for the production of 

new materials.1,2  ZnS is an omnipresent semi-conductor that is commonly studied as a 

vigorous material for optoelectronics and energy applications because of its better chemical 

stability and environmental friendliness compared to other chalcogenides.3,4 Besides, the wide 

band range of ZnS limits the use in devices as sensitizers. 

Alloyed quantum dots, diluted magnetic semiconductors, are a new class of 

luminescent materials for applications of nanocomposite materials with new opportunities for 

research.5,6 ZnS quantum dots alloyed by Mn (manganese), Cu (copper), Ni (nickel), and Co 
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(cobalt) have been synthesized and their characteristics have been widely investigated.6,9  Co 

has been used as a doping material in ZnS quantum dots in recent time. Yang et al.10 

examined on the optical characteristics of Co alloyed ZnS quantum dots.  They reported that 

Co2+ and Co3+ alloyed ZnS quantum dots emit visible light.  Yang et al.10 observed that Co 

and Cu alloyed ZnS quantum dots indicate a boost in the photoluminescence emission. 

Also, the diluted magnetic semiconductors can result in covetable material characteristics for 

magnetic applications.11 Coey et al.12 stated that in diluted magnetic semiconductors, acts as a 

usual semiconductor, the magnetization might be induced either by the exchange interactions 

facilitated by free carriers. Nature of dopants and synthesis techniques cause the 

ferromagnetism in diluted magnetic semiconductors materials.13,14 Limited articles exist on 

magnetic characteristics of Co alloyed ZnS.  Kumar et al.15, Sambaviaham et al.13 and Lu et 

al.16 stated that ZnS alloyed by Co2+ ion show ferromagnetic behavior.  Lu et al.16 also 

observed that ferromagnetism increases in Co alloyed ZnS as the Co concentration is 

increased. 

There are narrow published papers about the photovoltaic characteristics of alloyed ZnS 

quantum dots while pure and doped quantum dots have been widely driven as sensitizers in 

devices.17,19 It was reported that Mn, Eu and Fe alloyed ZnS quantum dots plays a noteworthy 

role to enhance incident photon to current efficiency value.6,20,21  

In this current study, the synthesis and characterization of Co alloyed ZnS quantum dots have 

been reported. The photovoltaic characteristics of Co alloyed ZnS quantum dots were 

investigated for the first time. 

 

2. EXPERIMENTAL PART 

The technique used in the previous study was driven to synthesize ZnS quantum dots.6 In a 

typical wet-chemical method, 0,1 M Zn (CH3COO).2H2O was dissolved into 40 ml 

dimethylsulfoxide (DMSO), then 0,5 ml of 1-thioglycerol was added drop wise into the 

mixture at 300 0K.  Then 10 ml of aqueous solutions of Na2S was injected into the above 

solution. The solution was stirred at 300 0K for several hours to obtain homogeneous mixture 

of ZnS.  The ZnS quantum dots were separated from solution by adding non-solvent acetone, 

then centrifuged and rinsed several times to get rid of any un-reacted ions remaining outside 

the clusters. 

For preparing Co alloyed ZnS quantum dots; 0.003 M aqueous solution of Co (CH3COO)2. 

4H2O was supplemented to the solution of Zn (CH3COO). 2H2O and then followed the 

similar way. 

Magnetic, optical and structural characteristics of Co alloyed ZnS quantum dots 

characteristics of Co alloyed ZnS quantum dots were characterized by same instruments 

described in our previous study.22  

                            (1) 

d = 0.9 λ / (β cosθ)    (2) 
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3. RESULTS 

 

Figure 1. X-ray diffraction patterns for ZnS and Co alloyed ZnS quantum dots. 

 

Table 1. a for ZnS and Co alloyed ZnS quantum dots 

Samples  

(quantum dots) 

Plane Pattern site (degree) a (Å) 

ZnS  (111) 28.88 5.36 

Co alloyed ZnS  (111) 29.03 5.32 

 

 

Figure 2. Absorption spectra for ZnS and Co alloyed ZnS quantum dots. 
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Figure 3. Photoluminescence spectra for ZnS and Co alloyed ZnS quantum dots. 

 

Figure 4. The incident photon to current efficiency spectra for ZnS and Co alloyed ZnS 

quantum dots. 

 

Figure 5. Current density-voltage plot for ZnS and Co alloyed ZnS quantum dots. 
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Table 2. Values of VOC, JSC, FF, and η% of ZnS and Co alloyed ZnS quantum dots. 

Samples 

(quantum dots) 

VOC (V) JSC (mA/cm2) FF η% 

ZnS 0.57 1.39 0.48 0.92 

Co alloyed ZnS 0.59 3.21 0.50 1.83 

 

Figure 6. Magnetic hysteresis of Co alloyed ZnS quantum dots at 300 0K. 

 

Figure 7. Energy dispersive x-ray spectrum for Co alloyed ZnS quantum dots. 

 

4. DISCUSSION 

X-ray diffraction patterns for ZnS and Co alloyed ZnS quantum dots are indicated in Figure 

1.  The obtained three patterns showed samples have the cubic phase of the ZnS (JCPD No: 

65-9585).  It was observed that the structure of ZnS quantum dots remains same with the Co 

doping. This situation reveals that the cubic structure of ZnS quantum dots is not changed by 

the introduction of Co into ZnS lattice. 

The lattice constant, a, for samples was calculated using formula as given in Equation 1.  

The pattern site and lattice constant for (111) plane for samples are indicated in Table 1. 
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As can be seen from the Table 1, the diffraction peak, corresponds to (111) plane, of Co 

alloyed ZnS quantum dots shift a little toward high angle compared with those of ZnS 

quantum dots. This consequence proposes that the Co2+ ions substitute the Zn2+ ions, resulting 

in reduced lattice constant.  All patterns of ZnS and Co alloyed ZnS quantum dots specify that 

the size of the pure ZnS and Co alloyed ZnS quantum dots becomes smaller. The average 

particle size of the quantum dots was calculated from the pattern widths using relation as 

given in Equation 2 

The size of ZnS and Co alloyed ZnS quantum dots found from the pattern width is 2.72 and 

2.71 nm, respectively. This result which, is in good agreement with the investigation of 

Kumar et al.23 indicates that the reduction in particle size is clearly from the rise in the full 

width at half maximum of quantum dots patterns due to the size effect.   

Optical absorption spectrum for ZnS and Co alloyed ZnS quantum dot is shown in Figure 2.  

It can be seen that the absorption peak for ZnS quantum dots owing to band-

edge absorption is located around 304 nm (4.07 eV), which is of higher energy than the band 

gap of bulk ZnS (3.68 eV) and consistent with the quantum confinement effect on the band 

gap of quantum dots. The peak position for Co alloyed ZnS was found as 299 nm (4.15 eV). 

The reason behind the blue shift was explained by Kumar et al.23 They reported that the blue 

shift in Co alloyed ZnS quantum dots could be due to fact that Co2+ ions (70 pm) have smaller 

radius than the substituted Zn2+(74 pm). It can be said that different energy stages in the Co 

alloyed ZnS quantum dots energy band are formed. It approves the substitution of Zn ions 

with alloyed Co ions in  ZnS matrix. 

Photoluminescence gives us information about the energy states of impurities and defects and 

explores the optical characteristics of quantum dots.  Figure 3 indicates photoluminescence 

spectra for ZnS and Co alloyed ZnS quantum dots obtained at 310 nm excitation wavelength. 

 A broad emission peak located at 452.5 nm was observed for ZnS quantum dots. This peak is 

related to radiative recombination involving defect states in ZnS owing to absence of Zn2+ or 

S2- ions in ZnS lattice. Similar results were obtained by Sapara et al.24, Karar et al.25 and Chen 

et al.26 They reported that the photoluminescence emission peak of ZnS could be attributed to 

native impurities, the de-excitation of defect states and donor-acceptor pairs in the ZnS. 

A photoluminescence emission peak was observed at 444,8 nm for Co alloyed ZnS. It is the 

blue-shifted compare to ZnS. The reduction in size, as a result of the quantum confinement 

effect, could be a reason for this shifting. It should be noted that Co dopant plays an important 

role to enhance the fluorescence efficiency of ZnS. This result is consistent with result 

reported by Yang et al.10  

Incident photon to electron conversion efficiency can evaluate the charge generation and 

collection of the solar cell. Figure 4 indicates the incident photon to electron conversion 

efficiency spectra for ZnS and Co alloyed ZnS quantum dots.  

There are two observations should be noted. One of is that the quantum dots with smaller 

particle size have better incident photon to electron conversion efficiency.  The obtained 

values at 400 nm for Co alloyed ZnS and ZnS quantum dots are 5.5 % and 1%, respectively. 
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The second is that the spectral response range of the Co alloyed ZnS wider than pure ZnS. Li 

et al.27 reported that the introduction of impurities of dopant enhances the spectral response of 

the quantum dots. So that more electrons transferred to the external circuit and the generation 

of dark current is also suppressed. 

Figure 5 demonstrates current density-voltage characteristic of ZnS and Co alloyed ZnS 

quantum dots. 

It is clear that Co alloyed ZnS shows significant improvement in the efficiency. Open circuit 

voltage (VOC), short circuit current density (JSC), fill factor (FF) and power conversion 

efficiency (η%), correspond to parameters of solar cells, are shown in Table 2.  

As shown in Table 2, the calculated value of η% for ZnS and Co alloyed ZnS quantum dots is 

0.92 and 1.83, respectively. The increment in the η% may base on the mid-gap states created 

by Co doping which reduces the recombination of photo-excited carriers, blocks the 

interfacial recombination of the injected transfer from TiO2 to polysulfide electrolytes and 

enhances the capture for electrons. Thus, our result suggests that Co dopant plays important 

role to improve the efficiency of ZnS based solar cells.  

The Figure 6 demonstrates the magnetization (M)- magnetic field (H) curve of Co alloyed 

ZnS quantum dots measured at 300 0K..   

As is seen, the M-H curves of Co alloyed ZnS quantum dots indicates ferromagnetic behavior. 

The reasons of the ferromagnetism could be due to the intrinsic coupling between the doped 

Co atoms, the aggregated Co atoms in the ZnS lattice and the sulfur vacancies and zinc 

interstitials.28,29 The second reason could be ruled out because no secondary phases have been 

observed in x-ray diffraction analysis.  

The energy dispersive x-ray spectrum was used to confirm the elemental compositions of Co 

alloyed ZnS quantum dots. The peaks obtained from the energy dispersive x-ray spectrum for 

Co alloyed ZnS quantum dots are shown in Figure 7, are associated with Zn, S and Co. The 

obtained energy dispersive x-ray results proved that Co content was successfully alloyed into 

Co alloyed ZnS quantum dots. 

 

5. CONCLUSIONS 

The magnetic, optical, structural and photovoltaic characteristics of ZnS and Co alloyed ZnS 

quantum dots were investigated. ZnS and Co alloyed ZnS quantum dots have cubic structure 

and the particle size of Co alloyed ZnS quantum dots (2.71 nm) becomes smaller than ZnS 

quantum dots (2.72 nm). Optical absorption spectra revealed that the absorbance of Co 

alloyed ZnS quantum dots is blue shifted compare to ZnS quantum dots. It was also observed 

the enhancement photoluminescent intensity may be ascribed to the creation of new radiation 

centers or size reduction caused by Co alloying in ZnS matrix. The incident photon to electron 

conversion efficiency and current density versus voltage measurements were carried out for 

Co alloyed ZnS quantum dots showed that Co alloyed ZnS quantum dots could be driven as 

sensitizers to boost the performance of devices. The power conversion efficiency (η%) was 

obtained as 0.91 and 1.83 for ZnS and Co alloyed ZnS quantum dots, respectively. Another 
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important observation on the photovoltaic characteristics of Co alloyed ZnS quantum dots is 

that the spectral response range wider than ZnS quantum dots. The M-H measurements 

indicated that Co alloyed ZnS quantum dots indicates ferromagnetic behavior at 300 0K. The 

ferromagnetism observed in Co alloyed ZnS quantum dots could be ascribed to the intrinsic 

coupling between the doped Co atoms or the sulfur vacancies and zinc interstitials.  
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ÖZET 

Bu çalışmada sol-jel yöntemi ile sentezlenmiş ZnO’in tavlama sıcaklığının, P3HT (Poli (3-

hekzil tiyofen)):PCBM ((6,6) Fenil-C61-Bütirik asit metil ester) aktif tabakalı güneş hücresinde 

verime olan etkisi incelenmiştir. ZnO kaplı ince filmlerin kristal yapıları XRD (X-ışını 

difraktometresi) ile incelenmiş olup elektriksel parametreler 1000 W güneş ışınımı altında 

belirlenmiştir. Elde edilen kırınım desenlerine göre 150 °C tavlama sıcaklığı kristallenmenin 

başladığı sıcaklık olarak belirlenmiştir. Aygıt verimleri karşılaştırıldığında ise en yüksek değere 

150 °C sıcaklıkta ulaşılmış ve % 2,84 değeri elde edilmiştir.  

Anahtar Kelimeler: ZnO, Elektron taşıyıcı tabaka, Polimer güneş hücreleri 

 

ABSTRACT 

In this study, the effect of annealing temperature of ZnO synthesized by sol-gel method on the 

efficiency of P3HT:PCBM ((6,6) Phenyl-C61-Butyric acid methyl ester) active layer solar cell 

was investigated. The crystal structures of ZnO coated thin films were investigated by XRD 

(X-ray diffractometry) and electrical parameters were determined under 1000 W solar radiation. 

According to the obtained diffraction patterns, the annealing temperature of 150 °C was 

determined as the temperature at which crystallization started. When the device efficiencies 

were compared, the highest value was reached at 150 °C and 2.84% was obtained. 

Keywords: ZnO, Electron transport layer, Polymer solar cells 

 

 

GİRİŞ 

Bir toplumda gelişmişliğin göstergelerinden biri de enerji üretimi ve tüketimidir. Alternatif 

enerji kaynaklarına sahip olan ülkelerde insanların hayat standardının yüksek olacağı bir 
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gerçektir. Dolayısıyla ucuz ve kaliteli enerjinin üretimi oldukça önem arz etmektedir. 

Yeryüzünde bulunan fosil yakıtlar ise her geçen gün azalmaktadır. Bunun yanı sıra fosil 

yakıtların yanması sonucu ortaya çıkan gazlar sera etkisine neden olmaktadır. Son yüzyılda 

atmosferdeki CO2 derişimin artması nedeniyle, dünyamızın ortalama sıcaklığında bir artma 

olduğu saptanmıştır. Fosil yakıt tüketiminin aynı hızla devam etmesi durumunda, dünyamızın 

sıcaklığının önemli düzeyde artacağı ve bu artışın da büyük felaketlere yol açacağı 

bildirilmiştir. Durum böyle olunca toplumlar, fosil yakıtlar yerine yenilenebilir enerji 

kaynakları üzerinde çalışmalarını yoğunlaştırmışlardır (Turgut ve Selçuk, 2016; Karaarslan ve 

Gezen, 2017; Öztürk, 2012).  

Yenilenebilir enerji kaynaklarından biri olan güneş enerjisi, ısıtma, kurutma, pişirme, soğutma 

ve elektrik üretimi gibi birçok proseste kullanılmaktadır. Güneş enerjisi kullanarak elektrik elde 

etmede iki teknolojiden yararlanılır. Bunlardan birincisi dolaylı yöntem olan termal güneş 

santralleridir. Bu santrallerde uygun sistemler kullanılarak jeneratör vasıtası ile elektrik elde 

edilir. İkinci yöntem ise güneş enerjisini doğrudan elektrik enerjisine dönüştüren fotovoltaik 

sistemlerdir. Fotovoltaik sistemlerin temelini ise güneş hücreleri oluşturmaktadır. 

Polimer güneş hücreleri 3. nesil güneş hücreleri sınıfına girmektedir. Yığın heteroeklem 

polimer güneş hücreleri beş tabakadan oluşmaktadır. Bunlar katot, elektron taşıyıcı tabaka 

(ETT), aktif tabaka, boşluk taşıyıcı tabaka (BTT) ve anottur. Yığın heteroeklem yapılarda aktif 

tabaka, bir yığın hacim içerisinde donör ve akseptör malzemelerin karışımından oluşur. Bu 

yapıda birçok noktada donör-akseptör bileşimi oluşacağından meydana gelen ara yüzeylerde 

çok daha fazla sayıda yük ayrımı oluşur ve dolayısıyla verim de tek tabaka ve iki tabaka 

yapılarına göre daha fazla olur (Güneş ve Sarıçiftçi, 2007). Burada malzemelerin enerji 

seviyelerinin birbirleri ile olan uyumu çok önemlidir. Aksi takdirde yük taşıyıcılarının 

rekombinasyonu gerçekleşebilir (Ragoussi ve Torres, 2015). Burada dikkat edilmesi gereken 

nokta üst elektrotun iş fonksiyonu donör malzemenin HOMO’sundan yeterince yüksek olmalı; 

alt elektorun iş fonksiyonu akseptör malzemenin LUMO’sundan düşük olmalıdır. Aslında 

sıklıkla kullanılan ITO ve FTO gibi transparan metal oksitlerin yüksek iş fonksiyonu vardır ve 

akseptör malzemelerin LUMO seviyesiyle uyuşmaz. Enerji seviyelerinin eşleşebilmesi için alt 

elektrotun üzerine elektron iletimini sağlayacak uygun bir malzeme ince bir tabaka halinde 

kaplanır. ETT için ana gereksinimler iyi elektron taşıyıcı özelliği olması ve güneş ışığı altında 

transparan olmasıdır. Bu özellikleri sağlayan malzemelerden biri de ZnO’dir (Lattante, 2014).  

Organik güneş hücrelerinde kullanılan ZnO için en sık uygulanan sentez yöntemi sol-jel 

yöntemidir (Sun ve ark., 2011; Guan ve ark., 2016; Lin ve ark., 2017; Zafar ve ark., 2019; 

Fanady ve ark., 2020). Bu yöntemin basit ve ucuz oluşu, pahalı ekipmanlara ihtiyaç duymaması 

ve elde edilen çözeltinin yüksek kararlılık göstermesi diğer yöntemlere göre avantajlarını 

oluşturur (Yurtdaş ve ark., 2021). 

Tavlama sıcaklığı organik güneş hücreleri için önemli bir konudur. Düşük sıcaklıklardaki 

tavlama prosesi hücrelerin ticarileşmesi açısından önem arz etmektedir. Bu çalışmada sol-jel 

yöntemi ile sentezlenmiş olan ZnO’in tavlama sıcaklığının güneş hücresi verimi üzerindeki 

etkisi araştırılmıştır.  
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MATERYAL VE YÖNTEM 

Kullanılan kimyasallar hiçbir saflaştırma işlemine tabi tutulmamıştır. Güneş hücresinde alttaş 

olarak kullanılan indiyum katkılı kalay oksit (ITO) kaplı camlar (15Ω/kare) Kintech 

firmasından alınmıştır. ZnO sentezinde kullanılan Zn(CH3COO)2.2H2O (%98-101) ve 2-

Metoksietanol Alfa Aesar, etanolamin (%99,5) ise Aldrich firmasından temin edilmiştir. 

Üretilen güneş hücresinin aktif tabakasını oluşturan poli(3-hekziltiofen-2,5-diil) (P3HT) (%93) 

ve (6,6)-fenil C61 bütirik asit metil ester (PCBM) (%99,5) Lum-Tech., klorobenzen (%100) ise 

VWR firmasından sağlanmıştır. Güneş hücresinin BTT’sini oluşturan MoO3 (%99,8) Sigma-

Aldrich, üst kontağı olan Ag (%99,9) ise Alfa Aesar firmasından temin edilmiştir. 

Sol-jel yöntemi ile ZnO sentezinde) öncelikle çinko asetat dihidrat, 2-metoksi etanol içerisine 

eklenir ve sıcaklık ile beraber karıştırma uygulanır. Bir süre sonra mono etanol amin (MEA) 

eklenir. MEA ve çinko asetat dihidrat molar oranlarının 1:1 olmasına dikkat edilir. 60 °C 

sıcaklıkta 2 sa karıştırıldıktan sonra reaksiyon sonlandırılır ve 1 gün yaşlanmaya bırakılır (Liang 

ve ark., 2012). 

Sentezlenen ZnO çözeltisi, dönel kaplama cihazı yardımı ile ITO yüzeyi üzerine kaplanır. 

Kaplandıktan sonra istenilen sıcaklıkta tavlama işlemine tabi tutulur. Tavlama işlemi 

sonrasında 1:1 (P3HT:PCBM) oranında klorobenzen içerisinde hazırlanan aktif tabaka ZnO 

üzerine dönel kaplama cihazı yardımı ile kaplanır. Aktif tabaka kaplama işlemi ise eldivenli 

kabin (glovebox) içerisinde gerçekleştirilir. Aktif tabaka kaplandıktan sonra tavlanır ve son 

olarak BTT (MoO3) ve anodun (Ag) kaplanması için filmler fiziksel buhar biriktirme (PVD) 

cihazına alınır. Burada 10-6 torr basınçta 8 nm MoO3 ve yaklaşık 80 nm Ag kaplanarak aygıt 

üretimi tamamlanır. 

ZnO ince filmleri hazırlandıktan sonra kristallenme sıcaklığı hakkında bilgi edinmek için 

Rigaku Ultima-IV cihazı ile XRD analizi gerçekleştirilmiştir. 1000 W OAI Marka Trisol Sınıf 

AAA güneş simülatörü ve Keithley 2400 kaynak ölçer cihazları kullanılarak üretilen aygıtların 

elektriksel karakterizasyonları gerçekleştirilmiştir.  

 

ARAŞTIRMA VE BULGULAR 

Bu çalışmada ilk olarak ZnO ince filmleri 100-150-200-250-300-350 °C sıcaklıklarda 

tavlanarak kristallenme sıcaklığı incelenmiştir. Şekil.1’den de görüleceği üzere 150 °C’den 

itibaren ZnO kristallenmeye başlamış ve 300 °C’de tam olarak kristal yapıya geçmiştir. 31,8, 

34,4, 36,3, 47,5, 56,6, 62,9 ve 68 derecelerindeki piklerin 00-36-1451 pdf kart numarasına sahip 

hekzagonal kristal yapısındaki ZnO’e ait olduğu görülmektedir.  
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Şekil.1 Tavlama sıcaklığının ZnO kristal yapısına etkisi 

 

ZnO için 150 °C’nin kristallenmeye başladığı sıcaklık ve 300 °C’nin kristal yapıya tam olarak 

geçtiği sıcaklık olduğu belirlendikten sonra sadece bu iki sıcaklık değerinin aygıt performansı 

üzerindeki etkisi incelenmiştir. Bunlara ek olarak ZnO’in aygıt için ne kadar önemli olduğunun 

net olarak anlaşılabilmesi için ZnO’in kullanılmadığı yapıda da aygıtlar yapılmış ve sonuçlar 

Şekil.2 ve Çizelge.1’de verilmiştir.  

 

Çizelge.1 ZnO’in ve tavlama sıcaklığının aygıt verimi üzerine etkisi 

Tavlama Sıcaklığı (°C) Jsc (mA/cm2) Voc (mV) FF (%) η (%) 

ZnO kullanılmayan aygıt 5,79 330 36 0,69 

150  7,84 
570 63,6 2,84 

300  7,78 570 60,4 2,68 
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Şekil.2 ZnO’in ve tavlama sıcaklığının aygıt verimi üzerine etkisi 

 

Çizelge.1 ve Şekil.2 incelendiğinde bir ETT’nin polimer güneş hücreleri için ne kadar önemli 

olduğu açıkça görülmektedir. ZnO kullanılmadığı çalışmada verim sadece %0,69 iken ZnO’in 

kullanıldığı çalışmalarda ise 150 ve 300°C tavlama sıcaklıkları için sırasıyla %2,84 ve %2,68 

verim değerlerine ulaşılmıştır. 

 

SONUÇ 

Bu çalışmada, P3HT:PCBM aktif tabakalı yığın heteroeklem güneş hücrelerinde sol-jel 

yöntemi ile sentezlenmiş olan ZnO’in tavlama sıcaklığının güç dönüşüm verimliliği üzerindeki 

etkisi incelenmiştir. ZnO tabakası, evrik yapıdaki polimer güneş hücrelerinde elektron seçici ve 

boşluk bloke edici bir katman görevi görür. Çinko asetat ve çinko hidroksiti öncü çözeltiden 

ZnO'e dönüştürmek ve film saflığını ve kristalliğini iyileştirmek için bir tavlama prosesi 

gereklidir. Yapılan bu araştırmada da 150 °C tavlama sıcaklığın 300 °C’den daha iyi sonuç 

verdiği bulunmuştur. Elektriksel parametrelerin yer aldığı Çizelge.1 incelendiğinde özellikle 

FF’nin (Dolum faktörünün) 150 °C’de daha yüksek olduğu görülmektedir. FF, aygıtı oluşturan 

tabakaların kalitesinin bir göstergesi olduğu göz önünde bulundurulduğunda 300 °C tavlama 

sıcaklığının aygıt morfolojisi üzerinde olumsuz bir etki yarattığı söylenebilir. Ayrıca ZnO gibi 

bir ETT kullanımının ne kadar önemli olduğu da görülmüştür. Sonuç olarak 

ITO/ZnO/P3HT:PCBM/MoO3/Ag yapısındaki bir polimer güneş hücresinde sol-jel yöntemi ile 

sentezlenen ZnO için optimum tavlama sıcaklığının 150 °C olduğu bulunmuştur.  
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ÖZET 

Bu çalışmada ikinci ve üçüncü dereceden cebirsel denklemlerin köklerini veren bir takım 

tekrarlama bağıntıları kullanılarak elde edilmiş polinomlar çalışılmıştır. Bu polinomların 

Gauss hipergeometrik diferansiyel denkleminin çözümleri oldukları görülmüştür. İkinci 

bölümde üçüncü dereceden cebirsel denklem kullanılarak iki değişkenli polinomlar ortaya 

konulmuştur. Son bölümde ise Hermite polinomları kullanılarak fiziksel bir uygulama 

verilmiştir. 

Anahtar Kelimeler: Çok Değişkenli Polinom, Hipergeometrik Fonksiyon, Gauss 

Diferansiyel Denklemi, Hermite Polinomu 

 

ABSTRACT 

In this study, polynomials obtained by using a set of recurrence relations giving the roots of 

second and third order algebraic equations are studied. It has been seen that these polynomials 

are solutions of the Gauss hypergeometric differential equation. In the second part, two-

variable polynomials are introduced by using the third-order algebraic equation. In the last 

chapter, a physical application is given using Hermite polynomials 

Keywords: Multivariate Polynomial, Hypergeometric Function, Gaussian Differential 

Equation, Hermite Polynomial 

 

1.GİRİŞ 

Çok değişkenli polinomlar teorisi uygulamada önemli yer tutmaktadır. Özellikle matematiksel 

fizik, istatistik, nükleer fizik, yaklaşım teorisi, optik gibi alanlarda uygulama sahası 

bulunmaktadır.  

Bu çalışmada ikinci ve üçüncü dereceden denklemlerin köklerini bulmak için kullanılan basit 

tekrarlama bağıntıları vasıtasıyla bir takım yeni cins polinomlar elde edildi ve bu polinomlar 

kullanılarak, polinomları çözüm kabul edilen diferansiyel denklem elde edild . Bu 

diferansiyel denklemin Gauss hipergeometrik diferansiyel denkleminin özel bir formu olduğu 

görüldü. Benzer işlemler üçüncü dereceden cebirsel denklem için tekrar edildi ve bu kez iki 

değişkenli polinomlar elde edildi. Bu iki değişkenli polinomların daha önce elde ettiğimiz 

polinomlar cinsinden yazıldığı görüldü. Son bölümdeyse ikinci bölümde elde edilen iki 

değişkenli genişletme formülü kullanılarak  polinomları yerine Hermite polinomları konulup 
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Hermite polinomlarının çift değişkenli genişletmesi yapıldı. Hermite polinomlarının 

tekrarlama ve türev bağıntıları kullanılarak yeni elde edilen iki değişkenli polinomlara ait 

türev ve tekrarlama bağıntıları elde edildi. Bu bağıntılar vasıtasıyla elde ettiğimiz iki 

değişkenli polinomları veren kısmi türevli diferansiyel denklem elde edildi. Ardından özel tip, 

zamana bağlı basit harmonik salınıcı problemi, (4.1) denklemi kullanılarak çözülüp dalga 

fonksiyonu ve enerji değerleri belirlendi.  

 

2.İKİNCİ DERECEDEN CEBİRSEL DENKLEMLER 

 

   denklemini düşünelim.                                                                                        

(2.1)               

Eğer   y =az    (2.1) eşitliğinde yerine yazılırsa, 

                                                                                                                              

(2.2) 

denklemi elde edilir. 

Buradan    ,    ve   x=       olur. 

(2.2) ifadesi ifadesi z ile çarpılırsa, 

       (2.3) 

denklemi elde edilir. Buradan   ve   olur. 

(2.3) denklemi z ile çarpılmaya devam edilirse aşağıdaki ifadeler elde edilir: 

=                                                                                                                    

(2.4) 

= +                                                                                                                                 

(2.5) 

Buradan; 

=                                                                             (2.6)                                

                                                                                                                                 

(2.7)                                  

denklemleri edilir ve bu denklemler birleştirilirse ; 
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  =            (2.8) 

bağıntısı elde edilir. 

=1,  yazarak aşağıdaki genel ifade elde edilir.           

                                                                                                                      

(2.9)                                 

(2.9) eşitliğini kullanarak birkaç  : =  polinomlarını aşağıdaki gibi elde edebiliriz. 

(n=1,2,3, …..) 

  

  

  

  

Yukarıda bulduğumuz polinomların genel ifadeleri toplam sembolü kullanılarak aşağıdaki 

gibi yazılabilir : 

 =                                                                                                                        

(2.10) 

=                                                                                                                     

(2.11) 

Buradaki n Є  ifadesinden aşağıdaki gibi bağıntılar üretebiliriz : 

                                                                                                                     

(2.12) 

                                                                                                          

(2.13) 

(n+2)                                                                                            

(2.14) 

Burada     dir. Yukarıda verilen tekrarlama ve türev bağıntıları kullanılarak 

bulduğumuz (2.12), (2.13), (2.14) denklemleri birleştirildiğinde ve gerekli düzenlemeler 

yapıldığında aşağıdaki lineer homojen denklem elde edilir.  

102



(x+4 ) -(2x(2n-1)+n+1) +n(n+1) =0                                                                               

(2.15)                

Bu diferansiyel denkleme  y= -4x   dönüşümü yapılırsa  Gauss diferansiyel denklemi elde 

edilir ve çözümleri  2F1  hipergeometrik fonksiyonlar cinsinden yazılabilir. p,q   olmak 

üzere   genel hipergeometrik serisi aşağıdaki gibi verilebili  :   

     

   =  

                               =    ( ;z) 

 

   , Gamma fonksiyonu tarafından tanımlanan Pochhammer sembolünü belirtir. 

 ( ) =      

    negatif tam sayıların kümesini belirtir ve    bilinen Gamma fonksiyonudu . 

 polinomları hipergeometrik olarak yazlırsa: 

= ( ;-n-1;-4x)      

(2.16) 

denklemi elde edilir. 

 

3.ÜÇÜNCÜ DERECEDEN CEBİRSEL DENKLEMLER 

Benzer işlemler bu defa üçüncü dereceden cebirsel denklem için yapılacak olup aşağıdaki 

denklem ele alınırsa: 

            (3.1) 

Yukarıdaki denklemde  y=az  yazılırsa : 

                                                                                                          (3.2)   

denklemi elde edilir.                           
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Burada  =1, =x, =t olsun. 

Yukarıda verilen (3.2) eşitliği ardışık olarak z ile çarpılıp yerine (3.2) ifadesi yerleştirilirse 

aşağıdaki denklem bulunur: 

  (3.3) 

Burada, 

 =  +  

 = +  

 =              

Bu üç denklemi birleştirip   =1,  =x ve  =t alınırsa aşağıdaki ifade elde edilir:  

=  +x +t     , n 2                                                                                              

(3.4)                         

Bunu kullanarak ilk birkaç polinomu yazalım: 

 = (x,t) 

=1 

=1+x 

 =1+2x+t  

 =1+3x+ +2t 

Bu polinomlar için aşağıdaki gibi genel ifade üretilebilir. 

 =                                                                                                  

(3.5) 

formu bulunu . 

(3.5) denklemini ele alalım ve  yerine Hermite polinomunu yerleştirip iki değişkenli 

genişletme yapalım. 
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 =              (3.6) 

Yukarıdaki denklemlerde Hermite polinomlarının tekrarlama ve türev bağıntıları yardımıyla 

 polinomları için aşağıdaki türev ve tekrarlama bağıntıları elde edilir. 

 =                                                                                                                                    

(3.7)                                  

= (2n+2) -2y                                                                                                            

(3.8)                          

=2x +2y  -     olur.                                                                                               

(3.9)                    

 (3.8) denkleminde    =  olacağı için  = (2n+2) -2y              (3.10) 

eşitliği elde edilir. 

(3.9) denkleminin x e göre türevi alınır ve  yerine  yazılırsa ; 

 =2 +2x +2y  -                                                                                                 

(3.11) 

denklemi bulunur. 

(3.11) ile (3.10) taraf tarafa çıkarılırsa aşağıdaki kısmi lineer denklem elde edilir: 

 – 2x  +2n  =4y                                                                                                       

(3.12) 

Bulunan (3.12) denkleminde y=0 yerine yazılır ise Hermite diferansiyel denklemi elde edilir. 

 

4.ÇOK DEĞİŞKENLİ POLİNOM UYGULAMALARI 

Aşağıdaki formda verilen Schrödinger denklemini ele alalım : 

{                                                           

(4.1) 
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Bu denklemde zamana bağlı olan terim enerji ile bağlantılıdır. 

=y  dönüşümü yapılırsa; 

{ Ey-E }  =                                                               

(4.2) 

eşitliği bulunur. 

x=  dönüşümü yapılır ve =    alınırsa aşağıdaki form elde edilir: 

{-  = -4y                   (4.3) 

Şimdi eşitlik (4.3) te 

=  dönüşümü uygulanırsa aşağıdaki diferansiyel denklem elde edilir: 

 - 2  +(  – 1)f = 4y     (4.4) 

Bu denklem daha önce elde ettiğimiz (3.10) ile kıyaslandığında form olarak aynı oldukları 

görülür. Yani, 

=              (4.5) 

şeklinde çözümü vardır ve  -1 =2n olmalıdır. Böylece, 

     sonucu elde edilir.  

Yukarıdaki (3.5) denklemi ile benzer dönüşümler aşağıdaki denklem için kullanılırsa dalga 

fonksiyonu için:     

=        (4.6) 

ifadesi elde edilir. 

İlk birkaç n değeri için dalga fonksiyonları ve onlara bağlı olasılık fonksiyonları aşağıda 

verilmiştir. 
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=                                                                                                                               

(4.7) 

= ( )  (4.8) 

= ( ( )- )  (4.9) 

bulunur.Burada  =    ve  y=  dönüşümü uygulanırsa: 

=    (4.10) 

 = ( x)  ,  ( ( x) =  )                                                         

(4.11)  

= ( ( x)-2 )  (4.12) 

denklemleri bulunur.Buradan hareketle  =  nin olasılık fonksiyonları 

hesaplanabilir.  

=cos(2wt)+isin(2wt) alınırsa  

= .  (4.13) 

= ( x)  (4.14) 

= . ( ( x)-2cos(2wt)-2isin(2wt))                                           

(4.15) 

= . ( ( x)-2cos(2wt)+2isin(2wt)) (4.16) 

= [ +4                                          

(4.17) 

denklemleri bulunur. 

=  den, 
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=                                                                                                                       

(4.18) 

= ( x) (4.19) 

= [ ( x)-4 ( x)cos(2wt)+4]   (4.20) 

olarak bulunur. 
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ABSTRACT 

In this study, the structural, electronic and dynamical properties of the BAs/CrP heterotructure 

are investigated via Density Functional Theory (DFT) approach. We have proposed four 

heterobilayer structures and the AA1 stack of the structure was found to be dynamically 

stable, and then the electronic properties of this stack were investigated. From the linear 

response theory, the U value for the structure was determined as 4.1 eV, and the band 

spectrum of the structure was examined within the scope of this value. As a result, magnetic 

properties of the proposed system were investigated by placing a magnetic structure on a non-

magnetic substrate. 

Keywords: BAs/CrP, heterobilayer, DFT, Hubbard, Van der Waals, PBE, SOC 

1. INTRODUCTION

Recently, with the discovery of magnetic crystals, new studies have emerged in the field of 

low-dimensional materials. The synthesis of heterostructures allows to change the physical 

properties of the material by bringing together atoms or layers with different properties. The 

tunability of electronic and magnetic properties in magnetic materials attracts the attention of 

many research groups due to their wide practical applications in novel spintronic device 

technologies. 

In this study, we have investigated the structural and electronic properties of BAs/CrP 2D 

heterostructure. All systems which are proposed are studied for dynamical stability. In 

addition, charge density differences and Bader charge analysis are calculated. We have found 

that electronic structure results of the systems are compatible with their charge analysis. 
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2. RESEARCH AND FINDINGS

2.1 Structural Properties of BAs/CrP 

The crystal structure of BAs/CrP is shown in Figure 1. The structure in the upper layer 

represents BAs, the structure in the lower layer represents CrP, respectively, light green atoms 

represent Boron (B), dark green atoms Arsenic (As), blue atoms Chromium (Cr) and lilac 

atoms Phosphorous (P) atoms. BAs/CrP is arranged and optimized as four different stacks. 

The unit cells of the stacks in Figure 1 are denoted by a parallelogram, and the two layers 

have a hexagonal crystal lattice with two atoms in the unit cell. The optimized lattice constant 

is found as a = 3.362 Å. Additionally, buckling parameter has occurred in the BAs structure 

and the CrP structure, and although the buckling in BAs is negligible, the buckling in CrP has 

a value of 1.522 Å and is given in Figure 1. 

Figure 1. Crystal structure of BAs/CrP: (a) top and side view of AA1 stack, (b) top and side 

view of AA2 stack, (c) top and side view of AB1 stack, and (d) top and side view of AB2 

stack. 

The structural data at U=4.1 eV are given in Table 1, also the U value for each parameter is 

given in the table. 

Table 1. All parameters of BAs/CrP. 

U (eV) 4.1 

a (Å) (U=4.1) 3.362 

M (𝜇) (U=4.1) 3.4 

d BAs-CrP (Å) (U=4.1) 2.384 

d B-As (Å) (U=4.1) 1.962 

d Cr-P (Å) (U=4.1) 2.467 

Buckling parameter BAs (Å) (U=4.1 eV) 0.291 

Buckling parameter CrP (Å) (U=4.1 eV) 1.522 

Formation Energy (eV) (U=4.1 eV) -0.815 

The dynamic stability of the BAs/CrP structure was investigated with phonon spectra. This 

spectrum was obtained using the PHONOPY code. Since the Cr atom in the heterostructure is 
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a magnetic atom due to the nature of the BAs/CrP structure, the phonon spectra were studied 

with and without the magnetic effect. Phonon spectra not including the magnetic effect are 

shown in Figure 2. As can be seen in Figure 2, the fact that the phonon spectra have virtual 

branches means that all stacks are dynamically unstable. 

 

Figure 2. The phonon spectra of (a) AA1 (b) AA2 (c) AB1 and (d) AB2 stacks of the 

BAs/CrP heterostructures without magnetic effect 

Phonon spectra in which the magnetic effect originating from the Cr atom of the BAs/CrP 

structure is included are shown in Figure 3. As can be seen from these figures, there are six 

acoustic and six optical phonon branches in the spectrum. The fact that the phonon spectrum 

of the AA1 stack has a real branch means that it is dynamically stable and is shown in Figure 

3. Heterostructures are dynamically unstable as they have imaginary branches and are shown 

in Figure 3. U=4.1 eV value was used while phonon calculations were made.
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Figure 3. The phonon spectra of (a) AA1 (b) AA2 (c) AB1 and (d) AB2 stacks of the 

BAs/CrP heterostructures with magnetic effect 

 

2.2 Electronic Properties of BAs/CrP Heterostructure and Hubbard Effect 

With the development of density functional theory (DFT), it has been possible to model 

various properties for various systems. In this study, the Hubbard U parameter was 

determined using the linear response theory based on first-principles methods. Anisotropy 

parameters were calculated for U=4.1 eV determined by the linear response theory. 

In magnetic systems, the Hubbard U parameter describes the on-site Coulomb interaction and 

causes an interaction that replaces the dielectric screening effect. Such that, it is possible to 

calculate the exchange and anisotropy parameters for different U values, as well as to find an 

optimum U value specific to the structure. The optimum U value can be found using the 

Linear Response Theory. 

In order to determine the Hubbard U effect in the BAs-CrP structure, linear response theory 

was used and the ideal U value was determined and shown in Figure 4. 

 

Figure 4. Variation of the number of ions in the BAs-CrP structure with the U value. 

112



 
 

For the determination of the bond type between the two layers in the structure, it is necessary 

to determine the charge densities and the charge transfers between the layers. Our expectation 

from the BAs/CrP AA1 stack is that there is a van der Waals interaction between the two 

layers. Since the van der Waals interaction is a physical interaction, a weak interaction 

(except for the electrostatic interaction) is expected between the layers. The charge density 

between the two layers is shown in Figure 6. Here, the turquoise part represent weaker yellow 

part with higher interactions than turquoise. 

 

 

Figure 5. Charge density representation of the BAs-CrP AA1 stack. 

When the charge transfer between the layers is examined, if it is assumed that BAs has a total 

of 8 e- and CrP has a total of 11e- electrons, it can be said that BAs has a charge of -0.22 e- and 

CrP has a charge of -0.776 e-. In Table 2, the charge values per atom are expressed with the 

data obtained from the Bader charge transfer calculation. 

Table 2. Bader charge analysis of BAs/CrP AA1 stack. 

Element Charge |𝑒−| 

B 3.025 

As 5.199 

Cr 5.272   

P 5.504 

 

Finally, the formation energy of the heterostructure was investigated for the determination of 

the bonding. The formation energy is given in the equation below: 

Formation Energy  

(eV) =(𝐵𝐴𝑠 − 𝐶𝑟𝑃)𝑇𝑜𝑝.𝐸𝑛.(𝑒𝑉) − (𝐵𝐴𝑠)𝑇𝑜𝑝.𝐸𝑛.(𝑒𝑉) − (𝐶𝑟𝑃)𝑇𝑜𝑝.𝐸𝑛.(𝑒𝑉)                      (1) 

As a result, the formation energy obtained with the calculated U value was found to be -0.815 

eV. It is concluded that the heterostructure is not a van der Waals material, but chemical 

bonding between the two layers.Band spectrum have an important place in determining the 

electrical properties of a material. Before examining the band spectrum of the BAs/CrP 

structure, the individual band spectra of the BAs and CrP structures are shown in Figure 6. 
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Figure 6. (a) BAs band spectrum, (b) CrP spin-polarized band spectrum. 

As can be seen in Figure 6, there is a bandgap between the conduction and valence bands in 

the band spectrum of the BAs structure. It is seen that there is a valence band maximum 

(VBM) and conduction band minimum (CBM) at the K high symmetry point, and therefore it 

is a direct band gap semiconductor material. As presented in Figure 6(b), it was concluded 

that the spin-up band curves in the band spectrum of the CrP structure crossed the Fermi level 

and the structure showed metallic properties in the spin-up state. Hence the heterostructure 

behaves as a half-metallic.  

 

Figure 7. BAs-CrP AA1 stack spin polarized band structure. 
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Figure 8. BAs-CrP AA1 stack DFT-SOC (Spin Orbit Coupling) band structure. 

As can be seen in Figure 7, the spin-up and spin-down channels of the band structures cross 

the Fermi-level. Thus, the heterostructure shows metallic behavior. In Figure 8, the electronic 

band spectrum of the BAs/CrP heterostructure is examined under the spin-orbit coupling 

effect. 

Spin-orbit interaction affected the band structure of the proposed heterostructure. It is clearly 

seen that it affects Figure 7 and Figure 8. 

 

3. RESULTS 

 As a conclusion,  BAs/CrP heterostructure is investigated using DFT.  

 Six possible stacking pattern is taken into account and AA1 is found to be for both 

energetically and vibrationally stable. 

 BAs/CrP heterostructure is found to be half-metallic with a determined U=4.1 eV 

Hubbard term. 
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ABSTRACT 

Different coating methods are used to improve the surface properties of materials such as 

hardness, corrosion and wear resistance or to combine a few of these properties. One of these 

coating methods is friction surfacing method. In this study, the effects of the used parameters 

on the coating efficiency were investigated by using the friction surfacing method in two 

different ways: powder addition into the consumable rod and powder coating on the substrate 

material. It is obviously seen that powder addition into the consumable rod method was better 

than the other one. When a comparison is made according to the number of revolutions, it is 

seen that the best efficiency is in the coating made with 800 rpm and 30% B4C reinforcement, 

and when the horizontal feed rates were compared, the coating made at 120 mm/min has the 

highest coating efficiency. 

Keywords: coating, friction surfacing, efficiency, aluminum. 
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APPLICATIONS OF THE GENERALIZED EXTENDED MATHEMATICAL 

PHYSICS FUNCTIONS TO THE MODIFIED RIEMANN-LIOUVILLE 

FRACTIONAL DERIVATIVE OPERATOR 

UMAR MUHAMMAD ABUBAKAR 

Department of Mathematics 

Faculty of Computing and Mathematical Sciences 

Kano University of Science and Technology, Wudil P.M.B.: 3244 Kano 

 Kano State-Nigeria 

ABSTRACT 

For the past few decades fractional derivative and integration proved to be significant in 

astrophysics, mathematical modeling, engineering, physics, control probability, distribution, 

control and other mathematical related fields. The object of this paper is to presented some 

modified mathematical physics functions such as Gauss, Appell’s and Lauricella’s 

hypergeometric functions via a new extension of modified gamma and beta functions. The new 

modified Riemann-Liouville fractional derivative operator and some of its properties is also 

introduced and investigated.    

Keywords and phrases: Gamma function, Beta function, Hypergeometric function, 

Generating function, Fractional calculus, Appell-Lauricella function, Mathematical physics. 

 

1. INTRODUCTION 

Throughout this paper ℂ, ℝ+, ℕ, and ℤ0
− represent sets of complex numbers, positive real 

numbers, positive integers, and non-positive integers, respectively. 

The well-known classical gamma and beta functions are defined by (see for instance, [1], [2]): 

   Γ(ℏ1) = ∫ 𝑡ℏ1−1 exp(−𝑡) 𝑑𝑡,
∞

0
   (𝑅𝑒(ℏ1) > 0).  

  

And 

 𝐵(ℏ1, ℏ2) = {
∫ 𝑡ℏ1−1(1 − 𝑡)ℏ2−1 exp(𝑡) 𝑑𝑡,

1

0
             (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(ℏ2) > 0),

Γ(ℏ1)Γ(ℏ2)

Γ(ℏ1+ℏ2)
,                                                                     (ℏ1, ℏ2 ∈ ℤ0

−).
  (1) 

Classical Gauss and confluent hypergeometric functions are defined by (see, [3]): 

  𝐹(ƛ1, ƛ2; ƛ3; 𝑧) = ∑
(ƛ1)ℓ(ƛ2)ℓ

(ƛ3)ℓ

𝑧ℓ

ℓ!
= ∑ (ƛ1)ℓ

𝐵(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ=0

∞
ℓ

𝑧ℓ

ℓ!
, 

   (𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝑧| < 1). 
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And     

   Φ(ƛ2; ƛ2; 𝑧) = ∑
(ƛ2)ℓ

(ƛ3)ℓ

𝑧ℓ

ℓ!
=∞

ℓ ∑
𝐵(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
,  

          (𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0).    

where (ƛ1)ℓ is classical pochammer symbol defined by (see, [4], [5]): 

(ƛ1)ℓ =
Γ(ƛ1+ℓ)

Γ(ƛ1)
= {

ƛ1(ƛ1 + 1)(ƛ1 + 2) ⋯ (ƛ1 + ℓ − 1),       (ℓ ≥ 0),
1,                                                      (ℓ = 0, ƛ1 ≠ 0).

 

  

In 1994, Chaudhry and Zubair [6] used exponential kernel to propose the following extension 

of gamma function: 

    Γ𝜈(ℏ1) = ∫ 𝑡ℏ1−1 exp (−𝑡 −
𝜈

𝑡
) 𝑑𝑡,

∞

0
 

        (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(𝜈) > 0).        

    

Chaudhry and Zubair [7] used exponential kernel to propose the following extension of beta 

function: 

   𝐵𝜈(ℏ1, ℏ2) = ∫ 𝑡ℏ1−1(1 − 𝑡)ℏ2−1 exp (−
𝜈

(1−𝑡)𝑡
) 𝑑𝑡,

1

0
  (4) 

    (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(ℏ2) > 0, 𝑅𝑒(𝜈) > 0). 

Chaudhry et al., [8] established the extension of Gauss and confluent hypergeometric functions 

by considering extended beta function in equation (4) as follows: 

       𝐹𝜐(ƛ1, ƛ2; ƛ3; 𝑧) = ∑ (ƛ1)ℓ
𝐵𝜈(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
, 

   (𝜈 ≥ 0; 𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝑧| < 1 ). 

And     

    Φ𝜈(ƛ2; ƛ3; 𝑧) = ∑
𝐵𝜈(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
,  

     (𝜈 ≥ 0; 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0). 

Ozarslan and Ozergin [9] used extended beta function in equation (4) to propose the following 

extension of Appell’s and Lauricella’s hypergeometric functions: 

𝐹1,𝜐(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2) = ∑ (ƛ2)ℓ(ƛ3)𝑛
𝐵𝜈(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
,  

    (𝑚𝑎𝑥{|𝑧1|, |𝑧2| < 1}). 

𝐹2,𝜐(ƛ1, ƛ2, ƛ3; ƛ4, ƛ5; 𝑧1, 𝑧2) = ∑ (ƛ1)ℓ+𝑛
𝐵𝜈(ƛ2+ℓ,ƛ4−ƛ2)

𝐵(ƛ2,ƛ4−ƛ2)

𝐵𝜈(ƛ3+𝑛,ƛ5−ƛ3)

𝐵(ƛ3,ƛ5−ƛ3)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
,  

(|𝑧1| + |𝑧2| < 1).  
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And 

𝐹𝐷,𝜈
3 (ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2, 𝑧3) = ∑ (ƛ2)ℓ(ƛ3)𝑛(ƛ4)𝑟

𝐵𝜈(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛,𝑟=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!

𝑧3
𝑟

𝑟!
,  

        (|𝑧1| < 1, |𝑧2| < 1, |𝑧3| < 1). 

They [9] also introduced the following Riemann-Liouville fractional derivative and integral:   

  𝐼𝑧
𝜏,𝜈{𝑓(𝑡)} =

1

Γ(𝜏)
∫ (𝑧 − 𝑡)𝜏−1𝑧

0
𝑓(𝑧) exp (−

𝜈𝑧2

(𝑧−𝑡)𝑡
) 𝑑𝑧,   (5) 

(𝜏 > 0,0 < 𝑧 < ℊ, 𝜈 ≥ 0).       

And  

𝐷𝑧
𝜏,𝜈{𝑓(𝑡)} =

𝑑𝜔

𝑑𝑡𝜔 (
1

Γ(𝜔−𝜏)
∫ (𝑧 − 𝑡)𝜔−𝜏−1𝑧

0
𝑓(𝑧) exp (−

𝜈𝑧2

(𝑧−𝑡)𝑡
) 𝑑𝑧)  

             =
𝑑𝜔

𝑑𝑡𝜔
(𝐼𝑧

𝜔−𝜏,𝜈{𝑓(𝑡)}),      (6) 

    (0 < 𝑧 < ℊ, 𝜈 > 0, 𝜔 − 1 ≤ 𝜏 < 𝜔, 𝜔 ∈ ℕ), 

where 𝑓 ∈ ℋ[0, ℊ] is the space of absolute continuous function on [0, ℊ]. 

If 𝜈 = 0, equations (5) and (6) reduces classical Riemann-Liouville fractional derivative 

defined by (refer to, [10]): 

              𝐼𝑧
𝜏{𝑓(𝑡)} =

1

Γ(𝜏)
∫ (𝑧 − 𝑡)𝜏−1𝑧

0
𝑓(𝑧),     (7) 

       (𝜏 > 0, −∞ < ℊ ≤ 𝑡 ≤ ℴ < ∞). 

And  

𝐷𝑧
𝜏{𝑓(𝑡)} =

𝑑𝜔

𝑑𝑡𝜔 (
1

Γ(𝜔−𝜏)
∫ (𝑧 − 𝑡)𝜔−𝜏−1𝑧

0
𝑓(𝑧))  

        =
𝑑𝜔

𝑑𝑡𝜔
(𝐼𝑧

𝜔−𝜏,𝜈{𝑓(𝑡)}),     (8) 

   (−∞ < ℊ ≤ 𝑡 ≤ ℴ < ∞, 𝜔 − 1 ≤ 𝜏 < 𝜔, 𝜔 ∈ ℕ). 

Pucheta [11] introduced an extended beta and gamma functions using one parameter Mittag-

Leffler function below: 

Γ𝜕1(ℏ1) = ∫ 𝑡ℏ1−1 𝐸𝜕1
(−𝑡) 𝑑𝑡,

∞

0
      (9) 

   (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(𝜕1) > 0).  

And  

𝐵𝜈(ℏ1, ℏ2) = ∫ 𝑡ℏ1−1(1 − 𝑡)ℏ2−1 𝐸𝜕1
(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡,

1

0
  

 (10) (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(ℏ2) > 0, 𝑅𝑒(𝜕1) > 0), 

where 𝐸𝜕1
(; ) is classical Mittag-Leffler function denoted by ([12]-[14]): 
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   𝐸𝜕1
(𝑧) = ∑

𝑧ℓ

Γ(𝜕1ℓ+1)
,∞

ℓ=0   (𝑅𝑒(𝜕1) > 0).  

Pucheta [15] proposed the following extension of Gauss hypergeometric function: 

   𝐹𝜈
𝜕1(ƛ1, ƛ2; ƛ3; 𝑧) = ∑ (ƛ1)ℓ

𝐵𝜈
𝜕1(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
, 

(𝜈 ≥ 0; 𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝑧| < 1, 𝜕1 ∈ ℝ+ ).   

He [15] also introduce a new extended Riemann-Liouville fractional operator below: 

  𝐼𝑧,𝜈
𝜏,𝜕1{𝑓(𝑡)} =

1

Γ(𝜏)
∫ (𝑧 − 𝑡)𝜏−1𝑧

0
𝑓(𝑧) 𝐸𝜕1

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑡,  

 (11) 

   (𝜏 > 0,0 < 𝑧 < ℊ, 𝜈 ≥ 0, 𝜕1 ∈ ℝ+). 

And  

𝐷𝑧,𝜈
𝜏,𝜕1{𝑓(𝑡)} =

𝑑𝜔

𝑑𝑡𝜔 (
1

Γ(𝜔−𝜏)
∫ (𝑧 − 𝑡)𝜔−𝜏−1𝑧

0
𝑓(𝑧) 𝐸𝜕1

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑡)  

             =
𝑑𝜔

𝑑𝑡𝜔
(𝐼𝑧

𝜔−𝜏,𝜈{𝑓(𝑡)}),     

 (12) 

    (0 < 𝑧 < ℊ, 𝜈 > 0, 𝜔 − 1 ≤ 𝜏 < 𝜔, 𝜔 ∈ ℕ, 𝜕1 ∈ ℝ+). 

where 𝑓 ∈ ℋ[0, ℊ] is the space of absolute continuous function on [0, ℊ]. 

Abubakar et al., [16] presented and investigated the following gamma and beta functions: 

Γ𝜕1,𝜕2(ℏ1) = ∫ 𝑡ℏ1−1 𝐸𝜕1,𝜕2
(−𝑡) 𝑑𝑡,

∞

0
    

 (13) 

        (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(𝜕1) > 0, 𝑅𝑒(𝜕2) > 0) 

And  

𝐵𝑣
𝜕1,𝜕2(ℏ1, ℏ2) = ∫ 𝑡ℏ1−1(1 − 𝑡)ℏ2−1 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡,
1

0
 

 (14)              (𝑅𝑒(ℏ1) > 0, 𝑅𝑒(ℏ2) > 0, 𝑅𝑒(𝜕1) > 0, 𝑅𝑒(𝜕2) > 0), 

Where 𝐸𝜕1,𝜕2
(; ) is two parameters Mittag-Leffler function denoted by ([17],[18]) 

   𝐸𝜕1,𝜕2
(𝑧) = ∑

𝑧ℓ

Γ(𝜕1ℓ+𝜕2)
,∞

ℓ=0       (𝑅𝑒(𝜕1) > 0, 𝑅𝑒(𝜕2) > 0). 

Other recent related papers include [19]-[23]. 
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2. THE MODIFIED GAUSS, APPELL AND LAURICELLA HYPERGEOMETRIC 

FUNCTIONS  

Theorem 2.1: The integral representation of the modified beta function 𝐵𝜈
𝜕1,𝜕2(ℏ1, ℏ1), defined 

by (14) exists under the conditions 𝑅𝑒(ℏ1) > 0, 𝑅𝑒(ℏ2) > 0, 𝑅𝑒(𝜈) > 0 and  0 < ℏ1 < 1, 

ℏ2 ∈ ℂ and ℏ2 > 0, then 

Proof Setting Ω(𝑡) = 𝜐(1 − 𝑡)𝑡, one can observe that |Ω(𝑡)| → 0 as 𝑡 → 0 (𝑜𝑟 𝑡 → 0), let also 

ℐ1(ℐ1 > 0) and ℐ2(ℐ2 < 1) be number in such away that for any 𝑡 ∈ [ℐ1, ℐ2] and |Ω(𝑡)| ≤ Τ <

∞ hold, where Τ is a positive number. On re-written equation (14) as  

𝐵𝜈
𝜕1,𝜕2(ℏ1, ℏ1) = (∫ + ∫ + ∫

ℐ2

1
) 𝑡ℏ1−1(1 − 𝑡)ℏ2−1𝐸𝜕1,𝜕2

(−Ω(𝑡))𝑡)𝑑𝑡
ℐ2

ℐ1

ℐ1

0
  

  = 𝑈1 + 𝑈2 + 𝑈3. 

The asymptotic of two-parameters Mittag-Leffler function 𝐸𝜕1,𝜕2
(𝑧) as 𝑧 → ∞ is given as (see 

[24]) 

  𝐸𝜕1,𝜕2
(𝑧) = − ∑

𝑧−ℓ

Γ(,𝜕2−ℓ𝜕1)
𝑘
ℓ=1 + 𝑜(|𝑧|−𝑘−1), 

where 0 < 𝜕1 < 2 and 𝜕2 ∈ ℂ, 𝜕2 > 1 be arbitrary 𝑘 = [
𝜕2

𝜕1
] 

considering  

|𝑈1| ≤ ∫ 𝑡𝑅𝑒(ℏ1)−1(1 − 𝑡)𝑅𝑒(ℏ2)−1|𝐸𝜕1,𝜕2
(−Ω(𝑡))|𝑑𝑡

ℐ1

0
. 

Which can be express as 

 |𝑈1| ≤ ∑ 𝑁 ∫ 𝑡𝑅𝑒(ℏ1)−1(1 − 𝑡)𝑅𝑒(ℏ2)−1|Ω(𝑡)|−𝑅𝑒(ℓ)𝑒𝑥𝑝(𝑖𝑚(ℓ)arg(Ω(𝑡)) )𝑑𝑡
ℐ1

0
𝑘
ℓ=1 . 

Re-written this, gives 

|𝑈1| ≤ ∑ 𝑁1 ∫ 𝑡𝑅𝑒(ℏ1)−1(1 − 𝑡)𝑅𝑒(ℏ2)−1|𝜈(1 − 𝑡)𝑡|−𝑅𝑒(ℓ)𝑑𝑡
ℐ1

0
𝑘
ℓ=1 . 

On simplification, we obtain     

|𝑈1| ≤ ∑
𝑁1

𝜈𝑅𝑒(ℓ) ∫ 𝑡𝑅𝑒(ℏ1)−𝑅𝑒(ℓ)−1(1 − 𝑡)𝑅𝑒(ℏ2)−𝑅𝑒(ℓ)−1𝑑𝑡
ℐ1

0
𝑘
ℓ=1 . 

Re-written this, yields   

|𝑈1| ≤ ∑
𝑁1

𝜈𝑅𝑒(ℓ) 𝐵(𝑅𝑒(ℏ1) − 𝑅𝑒(ℓ), 𝑅𝑒(ℏ2) − 𝑅𝑒(ℓ))𝑘
ℓ=1 . 

Where 𝑁, 𝑁1 > 0, 𝑅𝑒(ℏ1) − 𝑅𝑒 [
𝜕2

𝜕1
] > 0, 𝑅𝑒(ℏ2) − 𝑅𝑒 [

𝜕2

𝜕1
], for 0 < 𝜕1 < 2, 𝜕2 ∈ ℂ, 𝜕2 > 1 

then 𝑅𝑒 [
𝜕2

𝜕1
] > 0, the integral of the modified beta function 𝐵𝜈

𝜕1,𝜕2(ℏ1, ℏ1), exist for 𝑅𝑒(ℏ1) >

0 and 𝑅𝑒(ℏ2) > 0. The boundness of integral 𝑈3 can also be obtained using the same 

procedure. Additionally, using continuity property of two-parameter Mittag-Leffler function  

𝐸𝜕1,𝜕2
(𝑧), we can have |𝐸𝜕1,𝜕2

(−Ω(𝑡))| < 𝑁3, for 𝑡 ∈ [ℐ1, ℐ2] and so we can write 
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𝑃 = max
𝑡∈[ℐ1,ℐ2] 

𝑡𝑅𝑒(ℏ1)−1(1 − 𝑡)𝑅𝑒(ℏ2)−1. 

Therefore, 

        |𝑈2| ≤ ∫ 𝑡𝑅𝑒(ℏ1)−1(1 − 𝑡)𝑅𝑒(ℏ2)−1𝑑𝑡
ℐ2

ℐ1
.  

Which can be written in the form 

     |𝑈2| ≤ 𝑁3𝑃(ℐ2 − ℐ1). 

This completes the proof.  

Definition 2.1: Let 𝜐 > 0, ƛ1, ƛ2, ƛ3 ∈ ℂ, such that 𝑅𝑒(ƛ3) > 𝑅𝑒(ƛ2) > 0, 𝜕1, 𝜕2 ∈ ℝ+ 

and |𝑧| < 1, then the modified Gauss hypergeometric function is defined as follow: 

  𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) = ∑ (ƛ1)ℓ

𝐵𝜈
𝜕1,𝜕2(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
,   

 (15)  

where 𝐵𝜐
𝜕1,𝜕2(; ) is the modified beta function given by in equation (14). 

Definition 2.2: Let 𝜐 > 0, ƛ1, ƛ2, ƛ3, ƛ4 ∈ ℂ, such that 𝑅𝑒(ƛ3) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈ ℝ+, 

then the modified Appell’s hypergeometric function is defined as follow: 

𝐹1,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2) = ∑ (ƛ2)ℓ(ƛ3)𝑛

𝐵𝜈
𝜕1,𝜕2(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
,  

 (16) 

    (𝑚𝑎𝑥{|𝑧1|, |𝑧2| < 1}). 

Definition 2.3: Let 𝜐 > 0, ƛ1, ƛ2, ƛ3, ƛ4, ƛ5 ∈ ℂ, such that 𝑅𝑒(ƛ3) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈

ℝ+, then the modified Appell’s hypergeometric function is defined as follow: 

𝐹2,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4, ƛ5; 𝑧1, 𝑧2) = ∑ (ƛ1)ℓ+𝑛

𝐵𝜈
𝜕1,𝜕2(ƛ2+ℓ,ƛ4−ƛ2)

𝐵(ƛ2,ƛ4−ƛ2)

𝐵𝜈
𝜕1,𝜕2(ƛ3+𝑛,ƛ5−ƛ3)

𝐵(ƛ3,ƛ5−ƛ3)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
, 

 (17) 

(|𝑧1| + |𝑧2| < 1). 

Definition 2.4: Let 𝜐 > 0, ƛ1, ƛ2, ƛ3, ƛ4 ∈ ℂ, such that 𝑅𝑒(ƛ3) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈ ℝ+, 

then the modified Lauricella’s hypergeometric function is defined as follow: 

    𝐹𝐷,𝜈
3,𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2, 𝑧3) = ∑ (ƛ2)ℓ(ƛ3)𝑛(ƛ4)𝑟

𝐵𝜈(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛,𝑟=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!

𝑧3
𝑟

𝑟!
, 

 (18) 

     (|𝑧1| < 1, |𝑧2| < 1, |𝑧3| < 1).    

  

Theorem 2.2: Let 𝜐 > 0, ƛ1, ƛ2, ƛ3 ∈ ℂ, such that 𝑅𝑒(ƛ3) > 𝑅𝑒(ƛ2) > 0, 𝜕1, 𝜕2 ∈ ℝ+ 

and |𝑧)| < 1, the modified Gauss hypergeometric function has the following integral: 
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𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) =

1

𝐵(ƛ2,ƛ3−ƛ2)
∫ 𝑡ƛ2−1(1 − 𝑡)ƛ3−ƛ2−1 (1 − 𝑡𝑧)−ƛ1𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡
1

0
. 

(19) 

Proof By using equation (19), gives 

𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) =

1

𝐵(ƛ2,ƛ3−ƛ2)
∫ 𝑡ƛ2−1(1 − 𝑡)ƛ3−ƛ2−1 (1 − 𝑡𝑧)−ƛ1𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡
1

0
.     

Considering (1 − 𝑡𝑧)−ƛ1 = ∑ (ƛ1)ℓ
(𝑡𝑧)ℓ

ℓ!

∞
ℓ=0  , we obtain 

𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) =

1

𝐵(ƛ2,ƛ3−ƛ2)
∫ 𝑡ƛ2−1(1 − 𝑡)ƛ3−ƛ2−1 ∑ (ƛ1)ℓ

(𝑡𝑧)ℓ

ℓ!

∞
ℓ=0 𝐸𝜕1,𝜕2

(−𝜈(1 −
1

0

𝑡)𝑡) 𝑑𝑡.  

Interchanging the order of summation and integration, we get 

𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) =

1

𝐵(ƛ2,ƛ3−ƛ2)
∑ (ƛ1)ℓ

(𝑧)ℓ

ℓ!

∞
ℓ=0 ∫ 𝑡ƛ2+ℓ−1(1 − 𝑡)ƛ3−ƛ2−1 𝐸𝜕1,𝜕2

(−𝜈(1 −
1

0

𝑡)𝑡) 𝑑𝑡.   

Applying equation (15) and algebraic simplifications, yield 

   𝐹𝜈
𝜕1,𝜕2(ƛ1, ƛ2; ƛ3; 𝑧) = ∑ (ƛ1)ℓ

𝐵𝜈
𝜕1,𝜕2(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
. 

Theorem 2.3: Let 𝜈 > 0, ƛ1, ƛ2, ƛ3, ƛ4 ∈ ℂ, such that 𝑅𝑒(ƛ4) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈ ℝ+, 

then the modified Appell’s hypergeometric function is defined as follow: 

𝐹1,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2) =

1

𝐵(ƛ1,ƛ4−ƛ1)
∫ 𝑡ƛ1−11

0
(1 − 𝑡)ƛ4−ƛ1−1(1 − 𝑡𝑧1)−ƛ2   

      × (1 − 𝑡𝑧2)−ƛ3𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡.

 (20) 

Proof Using equation (20), we have 

𝐿 =
1

𝐵(ƛ1,ƛ4−ƛ1)
∫ 𝑡ƛ1−11

0
(1 − 𝑡)ƛ4−ƛ1−1(1 − 𝑡𝑧1)−ƛ2 (1 − 𝑡𝑧2)−ƛ3𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡.  

Applying (1 − 𝑡𝑧)−ƛ1 = ∑ (ƛ1)ℓ
(𝑡𝑧)ℓ

ℓ!

∞
ℓ=0 , we obtain 

𝐿 =
1

𝐵(ƛ1,ƛ4−ƛ1)
𝑡ƛ1−1(1 − 𝑡)ƛ4−ƛ1−1 ∑ (ƛ2)ℓ(ƛ3)𝑛

(𝑡𝑧1)ℓ

ℓ!

∞
ℓ,𝑛=0

(𝑡𝑧2)𝑛

𝑛!
𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡.  

On interchanging the order of integration and summation, we get 

𝐿 =
1

𝐵(ƛ1,ƛ4−ƛ1)
∑ (ƛ2)ℓ(ƛ3)𝑛

𝑧1
ℓ

ℓ!

∞
ℓ,𝑛=0

𝑧1
𝑛

𝑛!
∫ 𝑡ƛ1+ℓ+𝑛−11

0
(1 − 𝑡)ƛ4−ƛ1−1 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡)𝑡) 𝑑𝑡.  

Applying equation (16), yields 

  𝐿 = ∑ (ƛ2)ℓ(ƛ3)𝑛
𝐵𝜈

𝜕1,𝜕2(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
. 

Which is  
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    𝐿 = 𝐹1,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2). 

Lemma 2.1: For a bounded sequence of essentially arbitrary complex numbers (refer to [25], 

[26])   ∑ 𝑓(ℒ)
(𝑧1+𝑧1)ℒ

ℒ!

∞
ℒ=0 = ∑ 𝑓(ℓ + 𝑛)

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
.∞

ℓ,𝑛=0    

 (21) 

Theorem 2.4: Let 𝜈 > 0, ƛ1, ƛ2, ƛ3, ƛ4 ∈ ℂ, such that 𝑅𝑒(ƛ4) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈ ℝ+, 

then the modified Appell’s hypergeometric function is defined as follow: 

𝐹2,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4, ƛ5; 𝑧1, 𝑧2) =

1

𝐵(ƛ2,ƛ4−ƛ2)𝐵(ƛ3,ƛ5−ƛ3)
∫ ∫ 𝑡1

ƛ2−1(1 − 𝑡1)ƛ4−ƛ2−11

0

1

0
𝑡2

ƛ3−1
  

× (1 − 𝑡2)ƛ5−ƛ3−1(1 − 𝑡𝑧2 − 𝑡𝑧2)−ƛ1 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡1)𝑡1) 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡2)𝑡2)𝑑𝑡1𝑑𝑡2. 

(22) 

Proof  On setting left hand side of equation (22) to I, we have 

𝐼 =
1

𝐵(ƛ2,ƛ4−ƛ2)𝐵(ƛ3,ƛ5−ƛ3)
∫ ∫ 𝑡1

ƛ2−1(1 − 𝑡1)ƛ4−ƛ2−11

0

1

0
𝑡2

ƛ3−1(1 − 𝑡2)ƛ5−ƛ3−1(1 − 𝑡𝑧1 − 𝑡𝑧2)−ƛ1  

   × 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡1)𝑡1) 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡2)𝑡2)𝑑𝑡1𝑑𝑡2.  

On simplifying, yields 

𝐼 =
1

𝐵(ƛ2,ƛ4−ƛ2)𝐵(ƛ3,ƛ5−ƛ3)
∫ ∫ 𝑡1

ƛ2−1(1 − 𝑡1)ƛ4−ƛ2−11

0

1

0
𝑡2

ƛ3−1(1 − 𝑡2)ƛ5−ƛ3−1 ∑ (ƛ1)ℓ
(𝑡𝑧1+𝑡𝑧1)ℓ

ℓ!

∞
ℓ=0   

   × 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡1)𝑡1) 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡2)𝑡2)𝑑𝑡1𝑑𝑡2. 

Again, applying equation (21), we have 

𝐼 =
1

𝐵(ƛ2,ƛ4−ƛ2)𝐵(ƛ3,ƛ5−ƛ3)
∫ ∫ 𝑡1

ƛ2−1(1 − 𝑡1)ƛ4−ƛ2−11

0

1

0
𝑡2

ƛ3−1(1 − 𝑡2)ƛ5−ƛ3−1 ∑ (ƛ1)ℓ+𝑛
(𝑡𝑧1)ℓ

ℓ!

∞
ℓ,𝑛=0   

   ×
(𝑡𝑧2)𝑛

𝑛!
𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡1)𝑡1) 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡2)𝑡2)𝑑𝑡1𝑑𝑡2. 

Interchanging the order of integration and summation, we obtain 

𝐼 =
1

𝐵(ƛ2,ƛ4−ƛ2)𝐵(ƛ3,ƛ5−ƛ3)
∑ (ƛ1)ℓ+𝑛 {∫ 𝑡1

ƛ2−1(1 − 𝑡1)ƛ4−ƛ2−11

0
𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡1)𝑡1)𝑑𝑡1}∞
ℓ,𝑛=0   

× {∫ 𝑡2
ƛ2−1(1 − 𝑡2)ƛ4−ƛ2−11

0
𝐸𝜕1,𝜕2

(−𝜈(1 − 𝑡2)𝑡2)𝑑𝑡2}
𝑧1

ℓ

ℓ!

𝑧2
𝑛

𝑛!
.  

Considering equation (17), we get 

  𝐼 = ∑ (ƛ1)ℓ+𝑛
𝐵𝜈

𝜕1,𝜕2(ƛ2+ℓ,ƛ4−ƛ2)

𝐵(ƛ2,ƛ4−ƛ2)

𝐵𝜈
𝜕1,𝜕2(ƛ3+𝑛,ƛ5−ƛ3)

𝐵(ƛ3,ƛ5−ƛ3)
∞
ℓ,𝑛=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!
. 

Which can write in the form 

    𝐼 = 𝐹2,𝜈
𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4, ƛ5; 𝑧1, 𝑧2). 

Theorem 2.5: Let 𝜈 > 0, ƛ1, ƛ2, ƛ3, ƛ4 ∈ ℂ, such that 𝑅𝑒(ƛ4) > 𝑅𝑒(ƛ2) > 0 and 𝜕1, 𝜕2 ∈ ℝ+, 

then the modified Lauricella’s hypergeometric function is defined as follow: 
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𝐹𝐷,𝜈
3,𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2, 𝑧3) =

1

𝐵(ƛ1,ƛ4−ƛ1)
∫ 𝑡ƛ1−1(1 − 𝑡)ƛ4−ƛ1−1(1 − 𝑧1𝑡)−ƛ2

1

0
(1 −

𝑧2𝑡)−ƛ3  

      × (1 − 𝑧3𝑡)−ƛ4 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡)𝑡)𝑑𝑡.

 (23)  

Proof denoting the left-hand side of equation (23) by K, we obtain 

𝐾 =
1

𝐵(ƛ1,ƛ4−ƛ1)
∫ 𝑡ƛ1−1(1 − 𝑡)ƛ4−ƛ1−1(1 − 𝑧1𝑡)−ƛ2

1

0
(1 − 𝑧2𝑡)−ƛ3(1 − 𝑧3𝑡)−ƛ4  

   × 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡)𝑡)𝑑𝑡. 

Using (1 − 𝑡𝑧)−ƛ1 = ∑ (ƛ1)ℓ
(𝑡𝑧)ℓ

ℓ!

∞
ℓ=0 , we have 

 𝐾 =
1

𝐵(ƛ1,ƛ4−ƛ1)
∫ 𝑡ƛ1−1(1 − 𝑡)ƛ4−ƛ1−1 ∑ (ƛ2)ℓ(ƛ3)𝑛(ƛ4)𝑟

(𝑡𝑧2)ℓ

!ℓ

(𝑡𝑧2)𝑛

𝑛!

(𝑡𝑧3)𝑟

𝑟!

∞
ℓ,𝑛.𝑟=0

1

0
  

  × 𝐸𝜕1,𝜕2
(−𝜈(1 − 𝑡)𝑡)𝑑𝑡.  

Changing the order of summation and integration, we obtain 

 𝐾 =
1

𝐵(ƛ1,ƛ4−ƛ1)
∑ (ƛ2)ℓ(ƛ3)𝑛(ƛ4)𝑟 {∫ 𝑡ƛ1+ℓ+𝑛+𝑟−1(1 − 𝑡)ƛ4−ƛ1−1 𝐸𝜕1,𝜕2

(−𝜈(1 −
1

0
∞
ℓ,𝑛.𝑟=0

𝑡)𝑡)𝑑𝑡}   

    ×
𝑧1

ℓ

ℓ!

𝑧2
𝑛

𝑛!

𝑧3
𝑟

𝑟!
.   

Applying (18), yields 

                 𝐾 = ∑ (ƛ2)ℓ(ƛ3)𝑛(ƛ4)𝑟
𝐵𝜈(ƛ1+ℓ+𝑛,ƛ4−ƛ1)

𝐵(ƛ1,ƛ4−ƛ1)
∞
ℓ,𝑛,𝑟=0

𝑧1
ℓ

ℓ!

𝑧2
𝑛

𝑛!

𝑧3
𝑟

𝑟!
. 

Rewritten this equation, we have 

                              𝐾 = 𝐹𝐷,𝜈
3,𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; ƛ4; 𝑧1, 𝑧2, 𝑧3). 

 

3. NEW MODIFIED RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE  

In section, we introduce the following Riemann-Liouville fractional derivative and integral: 

Definition 3.1; Let 𝑓 ∈ ℋ[0, ℊ], then the new modified Riemann-Liouville fractional integral 

of order 𝜏 > 0 is given by:  

  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑓(𝑡)} =

1

Γ(𝜏)
∫ (𝑡 − 𝑧)𝜏−1𝑓(𝑧) 𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑧,
𝑧

0
  

 (24) 

    (0 < 𝑧 < ℊ, 𝜈 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+). 
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Definition 3.2: Let 𝑓 ∈ ℋ[0, ℊ] and 𝜔 − 1 ≤ 𝜏 < 𝜔, 𝜔 ∈ ℕ, then the new generalized 

Riemann-Liouville fractional integral of order 𝜏 > 0 is given by:  

  𝐷𝑧,𝜈
𝜏,𝜕1,𝜕2{𝑓(𝑡)} =

𝑑𝜔

𝑑𝑡𝜔 (
1

Γ(𝜔−𝜏)
∫ (𝑧 − 𝑡)𝜔−𝜏−1𝑧

0
𝑓(𝑧) 𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑡)  

   =
𝑑𝜔

𝑑𝑡𝜔 (𝐼𝑧,𝜈
𝜔−𝜏,𝜕1,𝜕2{𝑓(𝑡)}),     

 (25) 

      (0 < 𝑧 < ℊ, 𝜈 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+).      

Theorem 3.1: Let 𝜐 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+, 𝜏 > 0 and 𝑓(𝑧) = 𝑧𝛾, 𝛾 > 0, then  

𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝐵𝜈
𝜕1,𝜕2(𝛾1+1,𝜏)

Γ(𝜏)
𝑧𝛾1+𝜏.   

 (26) 

Proof Considering equation (24), we obtain 

  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

1

Γ(𝜏)
∫ (𝑡 − 𝑧)𝜏−1 𝑧𝛾1𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑧.
𝑧

0
 

Putting 𝑡 = 𝜍𝑧 , we obtain 

  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝑧𝛾+𝜏

Γ(𝜏)
∫ 𝜍𝛾1(1 − 𝜍)𝜏−1 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝜍)𝜍)𝑑𝜍.
𝑧

0
 

Applying equation (14), we have 

    𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝐵𝜈
𝜕1,𝜕2(𝛾1+1,𝜏)

Γ(𝜏)
𝑧𝛾1+𝜏. 

Theorem 3.2: Let 𝜐 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+, 𝜏 > 0;  𝜔 − 1 ≤ 𝜏 < 𝜔, 𝜔 ∈ ℕ and 𝑓(𝑧) = 𝑧𝛾1 , 𝛾1 > 0, 

then 

           𝐷𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝐵𝜈
𝜕1,𝜕2(𝛾1+1,𝜔−𝜏)

Γ(𝜔−𝜏)

Γ(𝛾1+𝜔−𝜏+1)

Γ(𝛾1−𝜏+1)
𝑧𝛾1−𝜏. 

Proof Using equation (25), we obtain 

   𝐷𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝑑𝜔

𝑑𝑡𝜔 (𝐼𝑧,𝜈
𝜔−𝜏,𝜕1,𝜕2{𝑧𝛾1}). 

Applying equation (24), gives 

   𝐷𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝑑𝜔

𝑑𝑡𝜔 (
𝐵𝜈

𝜕1,𝜕2(𝛾1+1,𝜔−𝜏)

Γ(𝜔−𝜏)
𝑧𝛾1+𝜔−𝜏). 

Simplifying, we obtain  

   𝐷𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝐵𝜈
𝜕1,𝜕2(𝛾1+1,𝜔−𝜏)

Γ(𝜔−𝜏)

𝑑𝜔

𝑑𝑡𝜔
(𝑧𝛾1+𝜔−𝜏) 

On differentiating 𝜔-times, gives 

   𝐷𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1} =

𝐵𝜈
𝜕1,𝜕2(𝛾1+1,𝜔−𝜏)

Γ(𝜔−𝜏)

Γ(𝛾1+𝜔−𝜏+1)

Γ(𝛾1−𝜏+1)
𝑧𝛾1−𝜏. 
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Theorem 3.3: Let 𝜐 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+, 𝜏 > 0 such that 𝜏 − 𝛾 > 0, |𝑧| < 1 and 𝑓(𝑧) =

𝑧𝛾1−1(1 − 𝑧)−𝛾2 , 𝛾1 > 0, 𝛾2 > 0, then 

  𝐼𝑍,𝜈
𝜏−𝛾1;𝜕1,𝜕2{𝑧𝛾1−1(1 − 𝑧)−𝛾2} =

Γ(𝛾1)

Γ(𝜏)
𝐹𝜈

𝜕1,𝜕2(𝛾2, 𝛾1; 𝜏; 𝑧)𝑧𝜏−1. 

Proof By direct computation, we have 

𝐼𝑍,𝜈
𝜏−𝛾1;𝜕1,𝜕2{𝑧𝛾1−1(1 − 𝑧)−𝛾2} =

1

Γ(𝜏−𝛾1)
∫ 𝑡𝛾1−1(1 − 𝑡)−𝛾2(𝑧 − 𝑡)𝜏−1 𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑧.
𝑧

0
 

  

Putting 𝑡 = 𝜍𝑧, we have 

𝐼𝑍,𝜈
𝜏−𝛾1;𝜕1,𝜕2{𝑧𝛾1−1(1 − 𝑧)−𝛾2} =

𝑧𝜏−1

Γ(𝜏−𝛾1)
∫ 𝜍𝛾1−1(1 − 𝜍𝑧)−𝛾2(1 − 𝜍)𝜏−𝛾1−1 𝐸𝜕1,𝜕2

(−𝜈(1 −
𝑧

0

𝜍)𝜍)𝑑𝑧.  

Applying equation (19), yields 

𝐼𝑍,𝜈
𝜏−𝛾1;𝜕1,𝜕2{𝑧𝛾1−1(1 − 𝑧)−𝛾2} =

𝑧𝜏−1

Γ(𝜏 − 𝛾1)
{𝐵(𝛾1, 𝜏 − 𝛾1)𝐹𝜈

𝜕1,𝜕2(𝛾2, 𝛾1; 𝜏; 𝑧)}. 

On simplifying, yield 

  𝐼𝑍,𝜈
𝜏−𝛾1;𝜕1,𝜕2{𝑧𝛾1−1(1 − 𝑧)−𝛾2} =

Γ(𝛾1)

Γ(𝜏)
𝐹𝜈

𝜕1,𝜕2(𝛾2, 𝛾1; 𝜏; 𝑧)𝑧𝜏−1. 

Theorem 3.4: If 𝑓(𝑧) is analytic function in the disc |𝑧| < 𝜂, 𝜂 > 0, and has the power series 

expansion𝑓(𝑧) = ∑ 𝑎ℎ𝑧ℎ∞
ℎ=0 , then  

   𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑓(𝑧)} =

𝑧𝛾1+𝜏−1

Γ(𝜏)
∑ 𝑎ℎ𝐵𝜈

𝜕1,𝜕2(𝛾1 + ℎ, 𝜏)𝑧ℎ∞
ℎ=0 .  

 (27) 

Proof Equation (27) can be obtained as follows 

 𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑓(𝑧)} =

1

Γ(𝜏)
∫ 𝑡𝛾1−1 ∑ 𝑎ℎ

∞
ℎ=0 𝑡ℎ(𝑡 − 𝑧)𝜏−1 𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑡.
𝑧

0
 

Interchanging the order of summation and integration and change of variable 𝑡 = 𝜍𝑧, we get 

    𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑓(𝑧)} =

1

Γ(𝜏)
∑ 𝑎ℎ

∞
ℎ=0 𝑡𝛾1+𝜏+ℎ− ∫ 𝜍𝛾1−1(1 − 𝜍)𝜏−1 𝐸𝜕1,𝜕2

(−𝜈(1 − 𝜍)𝜍)𝑑𝜍.
𝑧

0
  

Applying equation (14) and algebraic simplification, we get 

   𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑓(𝑧)} =

𝑧𝛾1+𝜏−1

Γ(𝜏)
∑ 𝑎ℎ𝐵𝜈

𝜕1,𝜕2(𝛾1 + ℎ, 𝜏)𝑧ℎ∞
ℎ=0 . 

Illustration 3.1: The following equation hold true  

  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑒𝑥𝑝(𝑧)} =

𝑧𝛾1+𝜏−1

Γ(𝜏)
∑ 𝐵𝜈

𝜕1,𝜕2(𝛾1 + ℎ, 𝜏)
𝑧ℎ

ℎ!
.∞

ℎ=0  

Proof Using Maclaurin series expansion of exp (𝑧), we have 
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  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑒𝑥𝑝(𝑧)} = ∑

1

ℎ!

∞
ℎ=0 𝐼𝑍,𝜈

𝜏;𝜕1,𝜕2{𝑧𝛾1+ℎ−1}. 

Applying (26), we get 

  𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1−1𝑒𝑥𝑝(𝑧)} =

𝑧𝛾1+𝜏−1

Γ(𝜏)
∑ 𝐵𝜈

𝜕1,𝜕2(𝛾1 + ℎ, 𝜏)
𝑧ℎ

ℎ!
.∞

ℎ=0   

Theorem 3.5: If 𝑅𝑒(𝜏) > 𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝜕𝑧| < 1 and |ð𝑧| < 1, then  

 𝐼𝑍,𝜈
ƛ1−𝜏;𝜕1,𝜕2{𝑧𝛾1−𝜏(1 − 𝜕𝑧)−ƛ2(1 − ð𝑧)−ƛ3} =

Γ(ƛ1)

Γ(𝜏)
𝑧𝜏−1𝐹1,𝜈

𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; 𝜏; 𝜕𝑧, ð𝑧). 

Proof By direct calculation, we have 

  𝐼𝑍,𝜈
ƛ1−𝜏;𝜕1,𝜕2{𝑧𝛾1−𝜏(1 − 𝜕𝑧)−ƛ2(1 − ð𝑧)−ƛ3} = ∑ (ƛ2)ℓ(ƛ3)𝑛

∞
ℓ,𝑛=0

𝜕ℓ

ℓ!

ð𝑛

𝑛!
𝐼𝑍,𝜈

ƛ1−𝜏;𝜕1,𝜕2{𝑧𝛾1+ℓ+𝑛−1}. 

  

Applying (26), yield 

𝐼𝑍,𝜈
ƛ1−𝜏;𝜕1,𝜕2{𝑧𝛾1−𝜏(1 − 𝜕𝑧)−ƛ2(1 − ð𝑧)−ƛ3} =

𝑧𝜏−1 ∑ (ƛ2)ℓ(ƛ3)𝑛
∞
ℓ,𝑛=0

𝐵𝜈
𝜕1,𝜕2(𝛾+ℓ+𝑛,𝜔−ƛ1)

Γ(𝜏−ƛ1)

(𝜕𝑧)ℓ

ℓ!

(ð𝑧)𝑛

𝑛!
   

On algebraic simplification, we get 

 𝐼𝑍,𝜈
ƛ1−𝜏;𝜕1,𝜕2{𝑧𝛾1−𝜏(1 − 𝜕𝑧)−ƛ2(1 − ð𝑧)−ƛ3} =

Γ(ƛ1)

Γ(𝜏)
𝑧𝜏−1𝐹1,𝜈

𝜕1,𝜕2(ƛ1, ƛ2, ƛ3; 𝜏; 𝜕𝑧, ð𝑧). 

4. THE MELLIN TRANSFORM 

Theorem 4.1: Let 𝜈 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+, 𝜏 > 0 and 𝑓(𝑧) = 𝑧𝛾1 , 𝛾1 > 0, then  

   𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} =

Γ𝜕1,𝜕2(𝑠)

Γ(𝜏)
𝐵(𝜏 − 𝑠, 𝛾1 − 𝑠)𝑧𝛾1+𝜏. 

 (28) 

here Γ𝜕1,𝜕2(; ) is modified gamma function in (13). 

Proof  

 𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} = ∫ 𝜈𝑠−1∞

0
{

1

Γ(𝜏)
∫ (𝑧 − 𝑡)𝜏−1 𝑧𝛾1𝐸𝜕1,𝜕2

(−
𝜈(𝑧−𝑡)𝑡

𝑧2 ) 𝑑𝑧
𝑧

0
} 𝑑𝜈  

Setting 𝑡 = 𝜍𝑧, yields 

 𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} =

𝑧𝛾1+𝜏

Γ(𝜏)
∫ 𝜍𝛾1−1(1 − 𝜍)𝜏−11

0
{∫ 𝜈𝑠−1𝐸𝜕1,𝜕2

(−𝜈(1 − 𝜍)𝜍)𝑑𝜈
∞

0
}𝑑𝜍. 

Substituting 𝜛 = 𝜐(1 − 𝜍)𝜍, we get 

 𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} =

𝑧𝛾1+𝜏

Γ(𝜏)
∫ 𝑟𝛾1−𝑠−1(1 − 𝑟)𝜏−𝑠−11

0
{∫ 𝜛𝑠−1𝐸𝜕1,𝜕2

(−𝜛)𝑑𝜛
∞

0
}𝑑𝑟. 

Applying equation (13), gives 

𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} =

Γ𝜕1,𝜕2(𝑠)

Γ(𝜏)
𝑧𝛾1+𝜏 ∫ 𝑟𝛾1−𝑠−1(1 − 𝑟)𝜏−𝑠−11

0
𝑑𝑟.  
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Considering equation (1), yield 

   𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{𝑧𝛾1}; 𝑠} =

Γ𝜕1,𝜕2(𝑠)

Γ(𝜏)
𝑧𝛾1+𝜏𝐵(𝛾1 − 𝑠, 𝜏 − 𝑠). 

Theorem 4.2: Let 𝜐 ≥ 0, 𝜕1, 𝜕2 ∈ ℝ+, 𝜏 > 0, 𝛾1 ∈ ℂ such that 𝑅𝑒(𝛾1) > 0 and |𝑧| < 1. Then  

     𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{(1 − 𝑧)−𝛾1}; 𝑠} =

Γ𝜕1,𝜕2(𝑠)

Γ(𝜏)
𝑧𝜏𝐵(−𝑠 − 1, 𝜏 − 𝑠)𝐹(𝛾1, −𝑠 − 1; 𝜏 − 2𝑠 − 1; 𝑧).  

Proof By direct computation, we have 

   𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{(1 − 𝑧)−𝛾1}; 𝑠} = ∑

(𝛾1)ℓ

ℓ!

∞
ℓ=0 𝑀{𝐼𝑍,𝜈

𝜏;𝜕1,𝜕2{𝑧ℓ}; 𝑠}.  

Applying (28), we have 

  𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{(1 − 𝑧)−𝛾1}; 𝑠} = ∑ (𝛾1)ℓ

∞
ℓ=0 𝐵(ℓ − 𝑠 − 1, 𝜏 − 𝑠)

𝑧ℓ

ℓ!
. 

On simplification, we obtain 

𝑀{𝐼𝑍,𝜈
𝜏;𝜕1,𝜕2{(1 − 𝑧)−𝛾1}; 𝑠} =

Γ𝜕1,𝜕2(𝑠)

Γ(𝜏)
𝑧𝜏𝐵(−𝑠 − 1, 𝜏 − 𝑠)𝐹(𝛾1, −𝑠 − 1; 𝜏 − 2𝑠 − 1; 𝑧). 

 

5. GENERATING FUNCTION 

Theorem 5.1:  

 ∑
(ƛ1)ℓ

ℓ!
𝐹𝜈

𝜕1,𝜕2(ƛ1 + ℓ, ƛ2; ƛ3; 𝑧) = (1 − 𝑡)−ƛ1𝐹𝜈
𝜕1,𝜕2 (ƛ1 + ℓ, ƛ2; ƛ3;

𝑧

1−𝑡
)∞

ℓ=0 . 

Proof using the identity in [9] 

  {(1 − 𝑧) − 𝑡}−ƛ1 = (1 − 𝑡)−ƛ1{1 − 𝑡(1 − 𝑧)−1}−ƛ1 . 

Expansion of left-hand sides, yields 

  ∑
(ƛ1)ℓ

ℓ!
(1 − 𝑧)−ƛ1−ℓ∞

ℓ=0 𝑡ℓ = (1 − 𝑡)−ƛ1{1 − 𝑧(1 − 𝑡)−1}−ƛ1 . 

Multiplying both sides by 𝑧ƛ2−1 and the operator 𝐷𝑧,𝜐
ƛ2−ƛ3,𝜕1,𝜕2 , we have 

 ∑
(ƛ1)ℓ

ℓ!
𝐷𝑧,𝜈

ƛ2−ƛ3{𝑧ƛ2−1(1 − 𝑧)−ƛ1−ℓ}∞
ℓ=0 𝑡ℓ = (1 − 𝑡)−ƛ1𝐷𝑧,𝜈

ƛ2−ƛ3{𝑧ƛ2−1{1 − 𝑧(1 − 𝑡)−1}−ƛ1}.  

Applying (15), we have  

∑
(ƛ1)ℓ

ℓ!
𝐹𝜈

𝜕1,𝜕2(ƛ1 + ℓ, ƛ2; ƛ3; 𝑧) = (1 − 𝑡)−ƛ1𝐹𝜈
𝜕1,𝜕2 (ƛ1 + ℓ, ƛ2; ƛ3;

𝑧

1−𝑡
)∞

ℓ=0 .  

Theorem 5.2: 

 ∑
(ƛ2)ℓ

ℓ!
𝐹𝜈

𝜕1,𝜕2(ƛ1 − ℓ, ƛ2; ƛ3; 𝑧)𝑡ℓ = (1 − 𝑡)−ƛ2𝐹1,𝜈
𝜕1,𝜕2 (ƛ, ƛ1, ƛ2; ƛ3;

𝑧𝑡

1−𝑡
)∞

ℓ=0 . 

Proof Using the identity [9] 

{1 − (1 − 𝑧)𝑡}−ƛ2 = (1 − 𝑡)−ƛ2{1 − (−𝑧𝑡)(1 − 𝑡)−1}−ƛ2 .  
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Expanding the left-hand sides give 

  ∑
(ƛ2)ℓ

ℓ!
(1 − 𝑧)ℓ∞

ℓ=0 𝑡ℓ = (1 − 𝑡)−ƛ2{1 − (−𝑧𝑡)(1 − 𝑡)−1}−ƛ2 . 

Multiplying both sides by 𝑧ƛ−1(1 − 𝑧)−ƛ1 and applying the operator 𝐷𝑧,𝜐
ƛ−ƛ3,𝜕1,𝜕2 , we get 

∑
(ƛ2)ℓ

ℓ!
𝐷𝑧,𝜐

ƛ−ƛ3,𝜕1,𝜕2{𝑧ƛ−1(1 − 𝑧)−ƛ2−ℓ}∞
ℓ=0 𝑡ℓ = (1 − 𝑡)−ƛ1  

     × 𝐷𝑧,𝜐
ƛ−ƛ3,𝜕1,𝜕2{𝑧ƛ−1{1 − (−𝑧𝑡)(1 − 𝑡)−1}−ƛ1}.  

Applying (16), yields 

 ∑
(ƛ2)ℓ

ℓ!
𝐹𝜈

𝜕1,𝜕2(ƛ1 − ℓ, ƛ2; ƛ3; 𝑧)𝑡ℓ = (1 − 𝑡)−ƛ2𝐹1,𝜈
𝜕1,𝜕2 (ƛ, ƛ1, ƛ2; ƛ3;

𝑧𝑡

1−𝑡
)∞

ℓ=0 . 

 

6. CONCLUSION 

The newly introduced modified gamma and beta functions are considered in the proposing 

Gauss, Appell’s and Lauricella’s hypergeometric functions and in the investigation of the new 

modified Riemann-Liouville fractional derivative operator and some of its properties such as 

Mellin transform. Applications of the modified   Gauss, Appell’s, Lauricella’s hypergeometric 

functions and Riemann-Liouville fractional derivative operator is discussed in the form of 

generating functions. 

If the parameters are changing appropriately, the new modified Gauss, Appell’s, Lauricella’s 

hypergeometric functions and Riemann-Liouville fractional derivative operator reduce to some 

well functions and operators in the literature. 

For instance, setting 𝜕2 = 1  in equation (15), we can obtain the extended Gauss 

hypergeometric function established in [15] 

𝐹𝜈
𝜕1(ƛ1, ƛ2; ƛ3; 𝑧) = ∑ (ƛ1)ℓ

𝐵𝜈
𝜕1(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

𝑧ℓ

ℓ!
, 

 (𝜈 ≥ 0; 𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝑧| < 1, 𝜕1 ∈ ℝ+ ).  

Putting 𝜕1 = 𝜕2 = 1 and 𝜈 = 0 in equation (15s), the well-known classical Gauss 

hypergeometric function can be obtained [1] 

     𝐹(ƛ1, ƛ2; ƛ2; 𝑧) = ∑
(ƛ1)ℓ(ƛ2)ℓ

(ƛ3)ℓ

𝑧ℓ

ℓ!
= ∑ (ƛ1)ℓ

𝐵(ƛ2+ℓ,ƛ3−ƛ2)

𝐵(ƛ2,ƛ3−ƛ2)
∞
ℓ

∞
ℓ

𝑧ℓ

ℓ!
, 

   (𝑅𝑒(ƛ1) > 0, 𝑅𝑒(ƛ2) > 0, 𝑅𝑒(ƛ3) > 0, |𝑧| < 1). 
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ABSTRACT 

In this study, the leaves of the palm tree have been evaluated in the production of biocomposite 

due to their fibrous structure. Some thermophysical properties of the obtained biocomposite 

were examined and optimum conditions have been determined. The improving and weakening 

properties of the biocomposite produced using unsaturated polyester (UP) and catalysts have 

been characterized. The chemical bond structure of the obtained biocomposite has been 

discussed by Fourier transform infrared spectroscopy (FTIR). 

According to the results obtained, palm leaf (PL) reinforcement decreased the density of the 

biocomposite and reduced the Shore D hardness. In biocomposite production, a homogeneous 

matrix of the composite can be obtained up to the addition of approximately 5% biomass. 

However, a higher PL reinforcement may negatively affect both the surface morphology and 

the pore structure of the composite. The thermal conductivity coefficient of the biopolyester 

composite showed a slight tendency to increase with the bio-filler reinforcement. The high 

amount of PL reinforcement adversely can be affected the thermal stability of the obtained 

biocomposite. 

Keywords: Biocomposite, palm leaves, unsaturated polyester, characterization 

 

1. INTRODUCTION 

Studies on the evaluation of biomass wastes in polymer composite production are becoming 

widespread nowadays. Biomass reinforced polymer composites can be used in many sectors 

such as automotive, marine, medicine, defense, and aerospace [1,3]. The production of such 

biocomposites with both economical and renewable resources can provide many advantages. 

For example, biomass-reinforced composites can show strong mechanical strength despite their 

low density [2,3]. In other words, the desired properties of biocomposites can be improved 

according to the purpose of use. 
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There are many studies on biomass-based polymer composites in the literature. In particular, 

the thermal and mechanical properties of biomass-based polymer composites have been 

investigated. In researches in which palm biomass is evaluated as polymer composite, it is 

aimed to produce materials with low density and high mechanical strength [4-7]. 

Due to its natural fibrous structure, palm biomass is preferred in composite applications. 

Optimizations can be made easily by using methods such as Response Surface Methodology 

(RSM) to increase efficiency in experimental studies. Preparation of biomass, raw material 

homogenization, and curing is very important in composite production. An example of the pre-

polymerization of biocomposites is the activation process of palm leaves. Hemicellulose, 

cellulose, and lignin in the fibrous leaves of the palm tree can be activated and participate in 

polymerization reactions. In particular, hydroxyl groups can be activated with KOH or NaOH 

solutions [8-10]. 

This study provides important research for both the evaluation of biomass waste and the 

production of an economical biocomposite. Also, some physical and chemical properties of 

unsaturated polyester can be improved. 

 

2. MATERIALS AND METHODS 

2.1 Materials 

Unsaturated polyester, methyl ethyl ketone peroxide (MEKP), and cobalt octoate (Co. Oc.) 

were purchased from Turkuaz Polyester. Sodium hydroxide (NaOH), potassium hydroxide 

(KOH), and other chemicals were supplied from Sigma Aldrich. 

2.2. Preparation of the Biocomposites 

In this research, palm tree leaves with the fibrous structure were ground at 300-micron particle 

size after drying at 350 K for 1 day. It was homogenized in 15 minutes at 500 rpm mixing speed 

by adding different ratios (0 wt%, 2.5 wt%, 5 wt%, 7.5 wt%, and 10 wt%) into the unsaturated 

polyester. Then, 1.6 wt% MEKP and 0.4 wt% cobalt octoate catalysts were added and mixed at 

1000 rpm for 2 minutes and then poured into standard molds. 

In Figure 1, the production steps of the biocomposite are represented schematically, 

respectively. In Table 1, the usage rate of each component in the experimental studies is given.
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                       Fig. 1. Biocomposite components and production scheme 

 

                       Table 1.  The experimental study of the biocomposites 

Experiment 

No 

UP                                

(wt%) 

PL    (wt%) MEKP     

(wt%) 

Co. Oc. 

(wt%) 

1 98.0 0.0 1.6 0.4 

2 95.5 2.5 1.6 0.4 

3 93.0 5.0 1.6 0.4 

4 90.5 7.5 1.6 0.4 

5 88.0 10.0 1.6 0.4 

 

 

3. RESULTS AND DISCUSSIONS 

3.1. FT-IR Spectrum 

The stretch vibration of OH groups in the wavelength of 3512 cm-1, C-H symmetric and 

asymmetric stress vibrations are seen 2965 cm-1 and 2890 cm-1 wavelengths. The hydroxyl 

stretch here refers to the hydroxyl (OH) groups found in lignocellulosic fibers composed of 

cellulose, hemicellulose, lignin, extractants, and carboxylic acids. The peaks at 1714 cm-1 

wavelength represent C=O stretching vibrations. The carbonyl (C=O) stretching frequency of 

the aldehyde groups in lignin can be seen at this peak. The same peak indicates the carbonyl 

structure of the acetyl groups in hemicellulose and pectin. The peak at 1635 cm-1 wavelength 

can indicate C=C stretching caused by aromatic skeleton ring vibration in lignin. The peaks 

occurring at 1425 cm-1 and 1320 cm-1 correspond to the C–H bending, and C–O stretching 
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frequencies of hemicellulose. The C–O and C=O stretch of aryl groups originating from the 

aromatic hydrocarbon ring of lignin can also be observed at a wavelength of approximately 

1250 cm-1 [11,12].  

 

                       

                        Fig. 2. FTIR spectrum (Q-ATR) of the PL reinforced biocomposite  

3.2. Density, Shore D Hardness, and Thermal Conductivity for the Biocomposites 

As seen in Figure 3, the density of the composite decreased as the mass PL ratio increased in 

the mixture. Biomass reinforcement can be made homogeneously to the unsaturated polyester, 

and the biocomposite can be of low density. 
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                           Fig. 3. Effect of PL reinforcement on the density of the biocomposite 
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It is seen in Figure 4 that the density of the biocomposite decreases when PL biomass is added 

to the unsaturated polyester. 
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                      Fig. 4. Effect of PL biomass on Shore D Hardness of the biocomposite 

 

In Figure 5, it is stated that the thermal conductivity coefficient tends to increase as the mass 

PL ratio increases. 
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      Fig. 5. Measured thermal conductivity coefficient of biocomposite in experimental studies 
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4. CONCLUSIONS AND RECOMMENDATIONS 

 

In this study, some physical and chemical properties of the biocomposite produced with PL 

reinforcement and unsaturated polyester have been determined. It was observed that both the 

hardness and density of the biocomposite decreased as the PL ratio increased. There is a slight 

rise in the thermal conductivity coefficient of the biocomposite with the increasing PL ratio. 

In the FTIR spectrum of the synthesized biocomposite, it can be understood that the 

hemicellulose, cellulose, and lignin groups in the biomass with the unsaturated polyester 

interact chemically. 
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ÖZET 

Proton değişim membranı (PEM) yakıt hücreleri, son zamanlarda geleneksel motorlar için ümit 

vaat eden bir malzeme olarak büyük bir ilgi görmüştür. PEM yakıt hücre performansının, 

çalışma sıcaklığı ve gaz akışlarının nemlendirilmesi gibi birçok parametreden etkilendiği 

bilinmektedir. 

Bu çalışmada; yüksek katalitik aktivite özelliğine sahip olan, yüksek elektronik iletkenlikleri 

ve dengesinin iyi olmasından dolayı Polimer Elektrolit Membranlı (PEM) yakıt pilleri çalışıldı. 

Anyonik ve katyonik reaksiyonlar için Pt/C katalizör destekli membran-elektrot atacı (MEA) 

hazırlandı. MEA’nın kullanılabileceği tek hücereli PEM yakıt pili tasarlandı.  Sabit 

nemlendirme sıcaklığında yakıt pili çalışma sıcaklığı 50 0C de tutularak, PEM yakıt pilinin pil 

polarizasyonu ve güç yoğunluğu eğrileri, gerilim, akım yoğunluğu ve güç yoğunluğu 

parametreleri incelendi. Üretimi ve tasarımı yapılan tek hücreli PEM yakıt pili hücresinin açık 

devre voltajı 1.03 V olarak ölçülmüştür. Yakıt hücresinin en yüksek akım değeri 240 mA/cm2 

ve güç değeri 93,6 mW/cm2 olarak ölçüldü. Sistemin ideal voltaja göre verimi %71 ve güce 

göre verimi ise % 65 olarak hesaplandı.    

Anahtar Kelimeler: PEM, Katalizör, Güç, Akım, Gerilim 
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ABSTRACT 

Proton exchange membrane (PEM) fuel cells have recently received extensive attention as a 

promising material for conventional engines. It is known that PEM fuel cell performance is affected 

by many parameters such as operating temperature and humidification of gas flows.  

In this study; Polymer Electrolyte Membrane (PEM) fuel cell, which has high catalytic activity, high 

electronic conductivity and good stability, has been studied. Pt/C catalyst supported membrane-

electrode attached (MEA) were prepared for anionic and cationic reactions. A single-cell PEM fuel 

cell, in which MEA can be used, was designed. The battery polarization and power density curves, 

voltage, current density and power density parameters of the PEM fuel cell were investigated by 

keeping the fuel cell operating temperature at 50 0C at constant humidification temperature. 

The open circuit voltage of the single-cell PEM fuel cell cell, which was produced and designed, was 

measured as 1.03 V. The highest current value of the fuel cell was 240 mA/cm2 and the power value 

was measured as 93.6 mW/cm2. The efficiency of the system according to the ideal voltage was 71% 

and the efficiency according to the power was calculated as 65%. 

Keywords: PEM, Catalyst, Power, Voltage, Current 

 

1.GİRİŞ 

Polimer Elektrolit Yakıt Hücrelerini (PEM) geliştirilmesi, güçlü bir şekilde membranların 

geçmişi ile ilgilidir. Polimer Elektrolit Yakıt Hücreleri (PEM), 50 °C ile 90 °C arasında 

çalışabilen düşük sıcaklıklı yakıt hücreleridir. Bunlar, elektrot olarak yüksek yüzey alanlı 

karbon siyahı parçacıkları üzerinde desteklenen elektrolit ve platin gibi, proton iletken ince bir 

polimer membranın kullanılması ile karakterize edilmektedir. PEM yakıt hücresi membran-

elektrot düzeneği içinde, hidrojen molekülleri (ya saf ya da reforme olan hidrojen kaynağından), 

akış kanalları boyunca anod tarafında beslenir (1-4). Katot tarafında akış kanalları yoluyla 

sağlanan oksijen (çoğunlukla hava), daha sonra su (5-7) üretmek için katalizör üzerindeki 

protonlarla reaksiyona girer. Genel olarak, reaksiyon su moleküllerini oluşturmak için oksijen 

ve hidrojenin elektrokimyasal birleşimidir. 

H2 →2H+ + 2e- (Anot)        (1) 

½ O2 + 2H+ + 2e- → H2O (Katot)       (2) 

Hem anodik hem de katodik reaksiyonlar platinyumla katalize edilebilir. PEM yakıt pili 

sisteminde reaksiyon ekzotermiktir. 

PEM yakıt pillerinde kullanılan elektrolit polimer, proton geçirgen membrandır. Membranın iki 

tarafında da gözenekli elektrotlar bulunur. Gözenekli elektrotlar, sisteme beslenen gazların membran-

elektrot ara yüzeyine ulaşmasını sağlar. 

Elektrokimyasal reaksiyonlar bu yüzeyde bulunan katalizör tabakasında gerçekleşir. Üretim 

prosesine göre katalizör tabakası, gözenekli elektrodun veya membranın parçasıdır. Bu birime 
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membran-elektrot atacı (MEA) denir. MEA iki bipolar plaka arasında bulunmaktadır. Bu plakalar 

girdi gazları elektroda dağıtacak bir yapıya ve üretilen akımı bitişik hücreye geçirmeye yetecek 

elektrik iletkenliğine sahiptir. Bu sistemlerde gaz yakıt anot tarafından sürekli olarak beslenirken, 

oksitleyici gaz da katot tarafından beslenir. Pem yakıt pili hücresinin çalışma prensibi aşağıda şekil 1 

de gösterilmiştir. 

 

Şekil 1. Yakıt hücresinin çalışma prensibi 

 

 

 

Katot reaksiyonunu hızlandırmak için kullanılan oksijen indirgeme katalizörleri, mevcut son 

teknoloji PEM'ler de platin siyahından karbon siyahı destekli platine dönüşmüştür. Anotta, 

karbon destekli Pt veya Pt bazlı alaşımlar, yakıt olarak saf hidrojen veya yenilenmiş gazın 

kullanılmasına bağlı olarak kullanılabilir. Pt / C katalizörleri, Pt siyahından daha yüksek aktif 

yüzey alanına sahiptir ve % 10'dan % 50'ye kadar platin içeren yüklemelerde mevcuttur. 

Mevcut teknoloji ile, 0.5 W/cm² ve daha fazla güç yoğunlukları, tek bir hücre için 0,7 V'de elde 

edilir. Hidrojen protonları ile elektronların katotta oksijen akışı ile birleşmesiyle su oluşurken, 

atık ısı ve elektrik enerjisi açığa çıkar.  

 Mevcut çalışmada, tek hücreli PEM yakıt hücresinin anot ve katot kısımları için Pt/C MEA 

üretimi yapıldı ve MEA’nın uygulaması için bir deney düzeneği tasarlandı. 50 ºC sabit 

nemlendirme sıcaklığında, farklı çalışma sıcaklıklarının tek hücreli PEM yakıt pili hücresinin 

üzerine etkisi incelendi.   
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2. DENEYSEL ÇALIŞMA 

2.1. .Pt/C Destekli Polimer Elektrolit Membranlı (PEM) Yakıt Pilinin Hazırlanması 

 2.1. 1. Pt/C katalizörünün hazırlanması 

Katalizörlerin sentezinde, hedeflenen metal bileşiminin sağlanmasında ve küçük boyutlu 

partiküllerin eldesin de başarılı bir teknik olan çöktürme yöntemi izlenmiştir. Bu yöntemin 

seçilmesinde yöntemin kolay olması, ekonomik olması, fazladan şartlar istememesi ve zaman 

kaybına yol açmaması gibi özelliklere sahip olması etkili olmuştur. Bütün katalizörler toplam 

metal yükü kütlece %20 olacak şekilde sentezlenmiştir. Katalizörün geriye kalan kütlece 

%80’lik kısmını karbon siyahı oluşturmaktadır. Katalizörlerin her birinin toplam kütlesi 0,03 

gr (metal + karbon siyahı) olarak ayarlanmış metal yükü de katalizör toplam kütlesine göre 

0,005 gr metal olarak seçilmiştir. 

Sentez aşamasında, belli miktarda karbon siyahı 10 mL etilalkol içerisinde önce manyetik 

karıştırma ile 1 saat dağıtılmış, daha sonra 30 dakika ultrasonik karıştırma ile homojenize 

edilmiştir. Başka bir kapta da, 10 mL saf su içerisinde metal öncüler karıştırılmıştır. Karbon 

siyahı süspansiyonuna, katalizörün içereceği metallerin öncül tuzları katılarak 2 saat boyunca 

manyetik karıştırma altında tutulmuş ve katalizör mürekkebi elde edilmiştir. Elde edilen 

karışım daha sonra süzülmüş ve artık iyonların uzaklaştırılması için saf su su ile yıkanmıştır. 

Süzüntüler etüvde 110 °C sıcaklıkta 5 saat boyunca kurutulmuş ve daha sonra öğütülerek ince 

toz haline getirilmiştir.   

2.1.2. Pt/C Katalizör Mürekkebinin Hazırlanması 

Kullanılan karbon destekli, yüksek yüzey alanına sahip Pt/C katalizörünün mürekkep haline 

getirilip, yakıt pili aktif alanı olan 3x3 cm2 lik MEA yapısındaki elektrotların en etkin şekilde 

üretiminde kullanılmasıdır. 

Küçük bir behere yaklaşık 0,4 gr %5 Nafion çözeltisinden ilave edilir.  Bulunan ağırlık kadar 

Pt/C katalizörü de Nafion çözeltisinin bulunduğu behere eklenir. En az 1 saat karıştırılır. 

Yaklaşık olarak Nafion çözeltisinin yarısı kadar propandiol ve eklenen propandiol miktarının 

da 3/4’ü kadar isopropanol eklenir. Bu maddeler çözeltinin kurumasını ve kümelenmesini 

önlemek için eklenirler. Bu maddeler eklendikten sonra, oluşan karışım en az 1 saat daha 

karıştırılır. Eğer hala kümeleşme varsa karıştırarak öğütmeye devam edilmeli ve tanelilik 

kalmayıncaya kadar karıştırılmalıdır (8). 

2.1.3. Membran Elektrot Atacının (MEA) Oluşturulması 

Membran elektrot atacı (MEA); Nafionmembranın, anot ve katot kısımlarında kullanılmak 

üzere hazırlanan iki gaz difüzyon tabakasının arasına konularak, sıcak baskı yöntemiyle 

sıkıştırılmasıyla oluşturulur. Sıcak baskı yönteminde; anot ve katot gaz difüzyon tabakaları 

aralarında Nafion membran olacak şekilde, sıcak baskı cihazının alt ve üst çeneleri arasına 

konur. Bu işlem yaklaşık 132°C’de ve 75 kg/cm2 basınç altında, 60 saniye süre boyunca 

gerçekleştirilir. Böylelikle sıcak baskı işlemi uygulanmış olur (8). 
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3. TARTIŞMA VE SONUÇ 

3.1. MEA'nın yakıt pili uygulaması 

Yakıt pili testleri, laboratuvar ortamında kendimizin tasarlamış olduğu tek hücreli portatif bir 

yakıt pili test sistemi kullanılarak tayin edilmiştir.   

PEM yakıt pili kısa dönem performans ölçümlerinin alınabilmesi yakıt pilinin kararlı halde 

çalışmasından sonra gerçekleştirilmiştir. Pilin kararlı hale daha çabuk getirilmesi için belirli bir 

yol izlenmiştir. Buna göre gaz akışı sağlanarak çalıştırılmaya başlayan yakıt pili çalıştırılacağı 

sıcaklığa yavaş yavaş çıkarılmıştır. Kısa dönem performans ölçümlerinde yakıt pili istenilen 

ölçüm sıcaklığına ulaşılana kadar hiçbir voltaj değeri uygulamadan çalıştırılmıştır. Zarın proton 

iletkenliği nemlenme ile artmakta ancak elektrotlarda gelişecek yoğunlaşma ise gaz akışını 

engellemektedir. Dolayısıyla reaksiyon ile oluşan su ile hücre sıcaklık dengesinin korunması 

düşük sıcaklıklardan itibaren göz önüne alınmıştır. Bundan dolayı nemlendirme ünitesi 

sıcaklığı da yakıt piline paralel olarak yükseltilmiştir.   

İlk olarak sistemin sahip olduğu gaz akış hatlarının temizlenmesi için yakıt pilinin her iki 

tarafından da azot gazı gönderilmiştir. PEM yakıt pilinden enerji elde etmek için gerekli olan 

yakıt yani hidrojen anot tarafından ve oksitleyici gaz ise katot tarafından tekli bir yakıt piline 

gönderilmiştir. Hazırlanmış olan MEA’ların performans eğrilerini elde etmek için açık devre 

voltajını ölçmek ve istenilen değerler doğrultusunda voltaj uygulayıp bu uygulanan voltaja karşı 

akım değerlerini okumak gerekmektedir. Bu sebeple programlanabilir yük kaynağı sisteme 

bağlanmıştır.   

 Üretilen Pt/C katalizör destekli tek hücreli PEM yakıt pili hücresinin anot kısmı H2 gazı ile 

katot bölümü oksijen gazı ile beslendi. Yaklaşık olarak bir saat boyunca hidrojen gazı verilerek 

hücre sıcaklığı 50 0C ye getirildi. Daha sonra, farklı yük miktarları altında akımın gerilime karşı 

ve akım-gerilim- güç değişimi incelenerek oluşturulan polarizasyon eğrileri aşağıda Şekil 3.1 

ve Şekil 3.2. de gösterildi. 
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Şekil 3.1. Pt/C destekli PEM yakıt pilinin akım-gerilim polarizasyon eğrisi 

 

 

0

0,2

0,4

0,6

0,8

1

1,2

0 50 100 150 200 250 300

G
er

il
im

 (
V

)

Akım(mA/cm2)

146



 

Şekil 3.2. Pt/C destekli PEM yakıt pilinin akım-gerilim-güç polarizasyon eğrisi 

 

Grafikte de görüldüğü gibi, hücrenin nemlendirme sıcaklığı ve hücre sıcaklığı 50 0C de sabit 

tutularak, yakıt hücresinin açık devre gerilimi 1.03 volt olarak ölçüldü. Daha sonra sisteme yük 

bağlanarak değişik yükler altında polarizasyon eğrileri oluşturuldu. Yakıt hücresinin en yüksek 

akım değeri 240 mA/cm2 ve güç değeri 93,6 mW/cm2 olarak ölçüldü. Sistemin ideal voltaja 

göre verimi %71 ve güce göre verimi ise % 65 olarak hesaplandı.    
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3.2. Karakterizasyon çalışmaları 

3.2.1. XRD Analizi 

 

Şekil 3.3. Pt/C katalizörünün XRD analizi 

 

X-ışını kırınım desenleri 2θ da  20° ila 90° arasında dakikada 1.8° sürekli tarama yapılarak 

oluşturuldu. {111}, {200}, {220} ve {311} kırılma tepe noktalarının Pt metaline ait olduğu 

tespit edildi. 
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3.2.2 SEM ve EDS Analizi 

 

(a) 

 

(b) 

Şekil 3.4. Pt/C katalizörünün SEM ve EDS görüntüsü 

Şekil 3.4a da, elektrot yüzeyinde görülen platin tanesine (parlak parçacıklar) sahip olan Pt/C 

elektrotun SEM görüntüsünü sunar. Platin parçacıklarının hazırlanan elektrot üzerindeki 

dağılımı, geniş bir alana yayılmış gibi görünüyordu. Daha iyi Pt partikül lokalizasyonu, imalat 
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sırasında kullanılan tekniğine de atfedilebilir. Katalizörlerün EDX analizleri Şekil 3.4b de 

gösterilmiştir. Şekil Pt ve karbonun varlığını gösterir.  Hazırlanan katalizör, bileşimde bir 

miktar değişiklik ile istenen elementlere sahiptir (9). 

 

SONUÇ 

Bu çalışmada parametrik çalışmalara geçilmeden önce yakıt pillerinin üretimi, modifiye 

edilmesi ve aynı zamanda parametrik çalışma için düzeneğin kurulması sağlanmıştır. Deney 

düzeneğinin tamamlanmasından sonra da yakıt pili performans çalışmaları yapılmıştır. 

Bu çalışmadaki tüm deneyler PEM yakıt pili sisteminin sıcaklığı 50 oC de ve farklı yükler 

kullanılarak çalışılmıştır. Gerilim-Akım-Güç eğrisi gösterilmiştir. Grafiği incelersek; yakıt 

hücresinden elde edilen maksimum güç değeri 93,6 mW/cm2 olarak görülmektedir. İdeal voltaja 

göre elde edilen verim %71 iken, güce bağlı elde edilen verim ise %65 olarak hesaplanmıştır. 

Ticari hidrojen gazı kullanılarak yapılan ölçümlerden elde edilen veriler değerlendirildiğinde 

Pt/C destekli tek hücreli PEM yakıt pili ile ilgili literatürlerde verilen değerler ile uyumlu 

çıkmıştır. Literatürde teorik olarak açık devre geriliminin 1.23 volt olduğu, deneysel olarak ise 

bu değerin 0.5 volt ile 0.9 volt aralığında değişebileceği belirtilmiştir. Yapmış olduğumuz 

çalışmalarda ticari olarak kullanmış olduğumuz hidrojen gazı ile üretilen enerjinin tek hücreli 

PEM yakıt pilinde ölçülen açık devre gerilimi 1.03 volt’tur. Bu değerler, üretmiş olduğumuz 

MEA’nın kullanıldığı tek hücreli PEM yakıt pili tasarımı konusunda başarılı bir çalışma 

yaptığımızı göstermektedir. 

Yapmış olduğumuz çalışmadaki deney verilerinden elde edilen grafikler ile ideal şartlarda bir 

PEM yakıt pili deneyinde olması gereken grafik verilerini karşılaştırdığımızda şekillerin 

uyumlu olduğu görülmüştür.   
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ABSTRACT 

It is known that, experimental parameters play a very important role in ESR dosimetry 

studies. Every paramagnetic center in materials has different ESR spectrum, so it is 

distinguished by different properties such as linewidth, shape, etc. Some cases these 

properties create problems when analyzing this center in material. In this time, technical 

parameters for ESR spectrometer are must be achieved correctly, especially for retrospective 

dosimetry and dating studies.  

In this study, the effect of microwave power parameter on the ESR signal intensity for tooth 

enamel retrospective dosimetry studies was investigated. The selective tooth enamel sample 

was used from the archaeological site in Ürgüp. This sample was prepared in laboratory and 

then irradiated with gamma-ray source. After irradiation, ESR spectra were recorded at 

different microwave power values at room temperature using X-band ESR Spectrometer. 

According to the results obtained, the most suitable microwave value is determinate.  

Keywords: ESR, Tooth Enamel, Dosimetry, Microwave power 

 

INTRODUCTION 

Electron Spin Resonance (ESR) (or alternatively, Electron Paramagnetic Resonance, EPR) is 

a physical method for providing information about free radical and identification of 

paramagnetic centers [1,2]. ESR dosimetry is based on the measurement of free electron 

concentrations accumulated in the crystal structure as a result of the interaction between 

material and natural radiation in the environment [3-7]. Radioactivity exists in the natural 

environment, and ionizing radiation emitted by radioactive elements such as uranium (U), 

thorium (Th) and potassium (K) is used for ESR dosimetry studies [2, 8-10]. The intensity of 

ESR spectrum of the material is directly related to the density of the paramagnetic center 

formed in the crystal structure as a result of radioactive decay. Here, the ESR signal can be 

determined as a result of the resonance of the trapped electrons at a certain frequency and 

magnetic field values. 

The retrospective dosimetry studies with the ESR method depend on microwave power 

parameter for determination the accumulated dose. Studies have shown that the microwave 
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power value used in ESR analysis causes a change of approximately 50% in the equivalent 

dose value [11]. Therefore, it is necessary to use the lowest applicable microwave power 

value that will have the least possible effect on the samples during the measurement process. 

In this study, how the microwave parameter affects ESR signal intensity for dosimetry studies 

of tooth enamel investigated. 

 

MATERIAL AND METHOD 

In this study, tooth enamel from archaeological site of Ürgüp formation, Turkey was used. 

The sample was brought to laboratory using sample container. Then, physical and chemical 

sample preparation processes were carried out in the laboratory. Enamel pieces were grinded 

and then eliminated in small size using sieves. The powder tooth enamel sample was 

irradiated with 60Co gamma-source. After irradiation, this sample was measured with X-band 

ESR spectrometer at room temperature. 

 

RESULT AND DISCUSSIONS 

In this study, ESR spectra of gamma irradiated tooth enamel sample were recorded at 

different microwave powers at room temperature. When the dependence of the ESR signal 

intensity of the tooth enamel sample on the microwave power was examined, it was 

experimentally observed that the signal intensity increased linearly in proportion to the black 

root of the microwave power values at low microwave power values, but saturation was 

reached at high microwave power values. A similar situation is observed in the variation of 

the peak-to-peak length of the ESR signal according to the microwave power. As a result, the 

most suitable microwave power value is determinate as a 10mW. 

 

CONCLUSIONS 

According to the ESR spectra of tooth enamel sample, the microwave power was found to be 

the most important parameter affecting the signal intensity. In this study, the optimum value 

of microwave power was determined. 
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ABSTRACT  

The creation of heterobilayers using different types of two-dimensional (2D) materials with 

realization of Janus monolayers offers new possibilities in the field of 2D materials, and Janus 

2D material has been suggested for this study. However, interaction of BSb was shown to 

modify electronic properties of heterostructures has not been considered yet. In this paper, we 

have designed and investigated 2D BSb/Ga2SSe heterostructure with different configurations 

by using first-principles calculations. Phonon spectra analysis indicates that the proposed 

system is dynamically stable. The stable 2D BSb/Ga2SSe heterostructure was also investigated 

under different electric field values and its changes to electronic bands were examined. Our 

results not only predict stable 2D BSb/Ga2SSe heterostructure but also suggest it as a promising 

material for optoelectronic applications.  

Keywords: Ga2SSe, BSb, Heterostructure, Electric Field Effect, DFT 
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ABSTRACT 

In this study, using first-principles based on density functional theory (DFT), changing of 

electronic structure and work functions of As1-xPx (x=0.250, 0.3333, 0.500, 0.6667, 0.8333) 

have been investigated. To generate As1-xPx alloy structures with varying x concentrations, 

ATAT package is used. We investigated how the electronic structure and the work function 

change with increasing number of P atom in the bare Arsenene. We found that with the 

increasing of P concentration in As1-xPx, the band gap of the alloy structure tends to increasing. 

Bader charge analysis is used to understand the charge distribution in the alloy monolayers and 

work functions of all structures were calculated. We found that the work function value 

decreases with the decreasing of As atom in the As1-xPx alloys, although As and P have nearly 

same electronegativity. 

Keywords: 2D Material, Phosphorene, Density Functional Theory, Alloy, Electronic 

Structure, Work Function  
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INTRODUCTION 

Atomically thin materials have unique structures and physical properties, and have been used 

for various applications in electronics, optoelectronics etc.1-6. Since the discovery of graphene 

in 2004, various two dimensional (2D) materials beyond graphene have attracted tremendous 

attention to the researchers, including insulators (hexagonal boron nitride (h-BN), transition 

metal oxides, etc), topological insulators (Bi2Te3, etc), semiconductors (MoS2, WSe2, black 

phosphorus (BP), etc), metals (TiS2, etc), superconductors (NbSe2, etc) and charge density 

waves (e.g. 1T-TaS2 at low temperatures) and phospherene which is known as monolayer of P 

is among the favorites of researchers due to its layer-controlled direct bandgap, high carrier 

mobility, negative Poisson's ratio and unique in-plane anisotropy7-13. Just as in graphene, 

phosphorene atoms are arranged hexagonally.  Also, the band gap of the phospherene can be 

switched between insulating and conducting states and it can trap electrons13. Additionally, 

Phosphorus (P) have various allotropes in the bulk, including black P, white P, violet P, and 

red P, because of inequivalent sp3 orbital hybridization14-15. For such reasons, phosphorene has 

attracted the attention of researchers. The few layer phosphorus called black phosphorene 

which has a high carrier mobility with a direct band gap of ∼2 eV is successfully isolated by 

mechanical exfoliation from bulk, like graphene and this was inspired by the discovery of a 

series of allotropes15-16. As another phase of 2D P, blue phosphorene is found to have the same 

stability as black phosphorene and a larger tunable energy bandgap than black phosphorene, in 

recent years, researchers have investigated various properties of blue phosphorene17-24. 

Alloyed 2D materials exhibit unusual properties25-30. Alloys are preferred to pure materials in 

most engineering applications, as they enable the production of materials with the physical 

properties required by the applications31.  

According to work of David Tomanek et al. in 2015, the electronic structure of As1−xPx 

monolayers (x=0.25, 0.5, and 0.75) in the α and β phase  was investigated and the most stable 

allotropes as a function of composition were identified. They pointed out a structural transition 

from the α to the β phase to occur near x=0.93 and a change from a direct-gap to an indirect-

gap semiconductor, with changing composition in their work32. In this study, using first-

principles based on density functional theory (DFT), density of states, band gaps and work 

functions of As1-xPx (x=0.250, 0.3333, 0.500, 0.6667, 0.8333) have been investigated. 

 

RESEARCH AND FINDINGS 

First principles based on density functional theory within the generalized gradient 

approximation (GGA)33 was used in this study. The exchange−correlation functional was 

approximated with the Perdew−Burke−Ernzerhof (PBE)33 functional, projected augmented-

wave (PAW) potentials were used and the kinetic energy cutoff of the plane-wave basis set was 

taken to be 350 eV. The Monkhorst-Pack scheme was used to sample the Brillouin zone (BZ)29. 

A 20 × 20 × 1 mesh in k space was used for bare As and P structures for the unit cells and these 
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numbers are scaled accordingly for other alloy structures. For the optimization, a maximum 

force of 0.002 eV/Å was allowed on each atom, and the energy convergence between two 

consecutive steps was set to 10−5 eV. The Gaussian-type Fermi level smearing method was 

used with a smearing width of 0.01 eV and was increased to 0.05 eV for total and orbital 

projected density of state calculations. The vacuum spacing between periodic layers was set to 

20 Å to minimize any interlayer coupling. The calculations in this work were carried out using 

the Vienna Ab initio Simulation Package (VASP)29.The SQS method was used as implemented 

in the Alloy Theoretic Automated Toolkit (ATAT) package for alloyed structures with varying 

concentrations and the formation energies of As1-xPx were generated. All geometries of 

optimized structures were generated by using VESTA Software34. Bader charge analysis35 was 

used for the As1-xPx monolayers (x=0.25, 0.3333, 0.50, 0.6667, 0.8333) to investigate the 

charge transfer between the atoms.   

 

RESULTS 

As a comparison, we have firstly created pristine zigzag arsenene and phosphorene. The 

calculated lattice constants for As and P are a=b=3.60 Å and a=b=3.28 Å. These results are 

comparable with the literature36. To generate As1-xPx alloy monolayer structures with varying 

concentration, the special quasirandom structure (SQS) method was used as implemented as 

the ATAT package. The formation energy (in eV/f.u.) of As1-xPx is defined as Eform= (EAs1-xPx 

- (1-x)EAs – xEP), where EAs1-xPx is the energy of alloy As1-xPx structure, EAs and EP are the 

energies of bare arsenene and phosphorene, respectively.   Figure 1 illustrates the formation 

energy (in eV/f.u.) as a function of concentration for As1-xPx alloy structures. Each red square 

data point represents a different supercell created by SQS to preserve a specific alloying ratio. 

As is known, negative formation energy implies that this alloy is energetically stable and can 

be synthesized experimentally. However, our calculations show that there is not any negative 

formation energy for As1-xPx alloys. But, we should note that the formation energies for the 

minimums for each alloy ratio is very close to zero energy which may imply that some As1-xPx 

alloys with the lowest formation energies can be synthesized. So, in this study we selected five 

As1-xPx alloy structures which have the minimum formation energy and investigated their 

electronic structures. Figure 2 depicts the selected As1-xPx alloys. As can be seen, P atoms tend 

to form chains or ordered clusters in the structures instead of randomly positioned.  
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Figure 1. The left side of the figure shows the formation energy as a function of concentration 

for As1-xPx alloys and the right side of the figure shows the top and side view of bare As and P 

structures. 

 

 

 

Figure 2. Optimized alloy structures, As1-xPx (a) x=0.25, (b) x=0.3333, (c) x=0.500, (d) 

x=0.6667 and (e) x=0.8333. 

 

Density of states of pure and alloyed structures are given in Figure 3a. As expected p orbital 

contribution of As atoms decrease with the increasing P atoms in the As1-xPx alloys. The graph 
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in Figure 3b shows the variation of the band gap according to concentration alloy, x. This graph 

was fitted according to y=1.6199+0.24255*x and exhibits that as the concentration of As in 

As1-xPx are increased, band gap of these alloys tends to decrease with concentration of As.  

 

Figure 3. (a) Density of states of As1-xPx (x=0, 0.25, 0.3333, 0.500, 0.6667, 0.8333, 1) (b) The 

graph of change of band gap according to alloy concentration.  
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Figure 4.(a) Local potential profile of P is given. (b) The graph shows that the change of work 

functions according to alloy concentration. 

 

Figure 4a) depicts the local potentials of the bare phosphorene monolayer along the direction 

of the z-axis. As can be seen in Fig. 4a), for the phosphorene, the deepest potential levels occur 

at the phosphorene layers. This may imply that external adatoms or small molecules may 

adsorb on phosphenes. In addition, we have calculated the work function of the As1-xPx alloys, 

which is defined as; Φ = Φ = Evac – EFermi. Where Φ is defined as the required energy to extract 

an e− from the Fermi level (EFermi) to the vacuum level and Evac is the determined vacuum 

energy from the system in the z- direction37. The calculated work functions for the As1-xPx  

monolayer is are 5.27 eV, 5.43 eV, 5.48 eV, 5.59 eV, 5.77 eV, 5.95 eV and 5.63 eV for x=0, 

0.25, 0.333, 0.50, 0.6667, 0.8333, 1, respectively. The variation of work functions according 

to composition ratio is given in Figure 4b and the graph was fitted according to 

y=5.2277+0.82035*x. Although As and P have nearly the same electronegativity, when As 

composition increases, work functions decrease. 
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ABSTRACT 

In this study, three different algorithms were defined to solve thermodynamic properties of 

moist air. A VBA Macro program was written in the Microsoft Excel so that all thermodynamic 

analyses could be done without using psychrometric diagrams and tables. The program was 

defined according to three input combinations: 1) dry-bulb temperature and relative humidity, 

2) dry-bulb and wet-bulb temperatures, and 3) dry-bulb and dew-point temperatures. Executing 

Microsoft Excel Macro program, psychrometric properties such as wet-bulb temperature, dew-

point temperature, relative humidity, moisture content, vapor pressure, specific volume, degree 

of saturation and specific enthalpy were calculated according to input set. Many numerical 

solutions were conducted to test the program based on reference data sets. 

Keywords: Moist air, psychrometry, thermodynamic properties, moisture content 

 

INTRODUCTION

Moist air consists of a mixture of dry air and water vapor. An understanding of the 

thermodynamic properties of moist air is important in drying and storage of food products, and 

in assessing environmental conditions relative to plant and animal health. The determination of 

these properties is a frequent task for many agricultural engineers especially those working with 

drying and environmental measurements. Psychrometrics is the branch of thermodynamics 

devoted to the study of air and water vapor mixtures. If two independent psychrometric 

parameters are known, all the psychrometric parameters can be computed numerically. The 

thermodynamic properties of moist air can be described mathematically with high accuracy 

with ideal gas laws (ASHRAE 2017).  

There have been a number of formulations of the psychrometric properties of moist air used 

over the years. Systematic procedures for the determination of psychrometric properties of 

moist air were discussed by Kavanaugh et al. (2006). Wang et al. (2002) developed 

psychrometric computation tool using MATLAB. Mittal and Zhang (2003) developed 

numerical solution tool based on artificial neural networks. Bahadori et al. (2013) presented a 

simple calculation tool to calculate relative humidity using dry bulb temperature and the 

difference between dry bulb and wet bulb in their research study. Estrada-Jaramillo et al. (2014) 
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calculated the wet bulb temperature based on the measured dry bulb and relative humidity data 

in their study. Rogdakis and Tertipis (2014) proposed models based on polynomials with high 

precision to increase the efficiency of psychrometric computation. Dayıoğlu (2015) projected 

VBA Macro program to calculate psychrometric properties of humid air based on ASHREA 

equations. Beltrán-Prieto et al. (2016) developed a Visual Basic program by describing the set 

of equations required to determine the different psychrometric properties (partial pressure of 

water vapor, absolute humidity, percentage humidity, relative humidity, dew point temperature, 

humid heat, humid volume or adiabatic saturation temperature) using the dry bulb temperature, 

atmospheric pressure and one additional parameter. Gupta and Patel (2017) developed a 

teaching–learning tool based on graphical user interface (GUI) for elementary psychrometric 

processes on psychrometric chart is using MATLAB. Bell et al. (2018) presented a method for 

obtaining psychrometric properties of humid air from the multi-fluid mixture formulation of 

the GERG (Groupe Européen de Recherches Gazières) mixture model. Psychrometric 

processes covering sensible heating and cooling (Duan et al., 2012), humidification (Perret et 

al., 2005), and dehumidification (Perret et al., 2005; Chantoiseau et al., 2016; Amani et al., 

2020), combinations of those can be designed using thermodynamic properties of moist air. 

Many processes in the food industry involve direct contact between humid air and food, so it is 

vital to understand the way they interact. The postharvest technology of fruits and vegetables 

includes also operation in which a close contact between humid air and food occurs (Iguaz-

Gainza et al., 2021). The design of cooling and refrigerated storage facilities requires the 

knowledge of the optimum psychrometric values of air that ensure quality and long shelf life 

of fruits and vegetables (Callahan et al., 2019). 

The object of this paper is to present algorithms for the calculation of psychrometric properties 

moist air that can be carried out in Microsoft Excel. Three mathematical models were defined 

using thermodynamic equations. Program results were tested comparing with data set tabulated.  

 

MATERIAL and METHOD 

Thermodynamic properties  

The thermodynamic properties of moist air can be described based on the adiabatic saturation 

process, which is no external heat input and output, shown schematically in Figure 1(a). These 

properties that cover dry-bulb temperature, wet-bulb temperature, dew-point temperature, 

relative humidity, moisture content, and specific enthalpy are given in the following. The 

thermodynamic properties of moist air at the different states were calculated using the following 

equations [1-13] defined by ASHRAE (American Society of Heating, Refrigerating, and Air-

Conditioning Engineers) (ASHRAE, 2017): 

 Dry-bulb temperature (tdb): This is the temperature of the moist air measured by a 

thermometer. T1 temperature in Figure 1 is dry-bulb temperature of moist air. 
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 Relative humidity (ϕ): Relative humidity is a dimensionless indicator as to whether the air 

can take more moisture or not and is usually expressed as a percentage. Under the excellent 

assumption that both dry air and water vapour behave as ideal gases relative humidity is 

defined by: 

ϕ = [
pv

pvs
]

𝑡

 × 100                                                                                                   (1) 

where pv and pvs represents the partial pressure of the water vapor in air and the saturation 

vapor pressure, respectively. 

 

pv =
pW

0.62198 + W
                                                                                                        (2) 

 

Figure 1. (a) The adiabatic saturation process and (b) its representation on a T-s diagram of water 

For the dry bulb temperature range -100<tdb<0°C, the following equation is used for the 

saturation pressure on ice: 

ln(pvs) =
C1

T
+ C2 + C3T + C4T2 + C5T3 + C6T4 + C7 ln T                             (3) 

 

C1=-5674.5359, C2=6.3925247, C3=-9.677843x10-3,C4=6.2215701x10-7, 

C5=2.0747825x10-9, C6=-9.4840240x10-13, C7=4.1635019. 

For the dry bulb temperature range 0<tdb<200°C, the following equation is used for the 

saturated vapor pressure above water: 

ln(pvs) =
C8

T
+ C9 + C10T + C11T2 + C12T3 + C13 ln(T)                                       (4) 

C8=-5800.2206, C9=1.3914993, C10=-4.8640239x10-2, C11=4.1764768x10-5, 

C12=-1.4452093x10-8 and C13=6.5459673. 
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T (=t+273.15 K) is absolute temperature. Also, the saturated vapor pressures can be 

calculated as pvs(tdb) or pvs*(twb) according to the temperatures. 

 

 Thermodynamic wet-bulb temperature (twb, t*): As shown in Figure 1(a), moist air enters 

to duct (1) at dry-bulb temperature T1, relative humidity ϕ1 and moisture content W1; when it 

passes over the water with a continuous flow, its little evaporates into the air. During flow, 

the moisture content of the air increases; the temperature decreases. Here, some of the latent 

heat of evaporation of water is met from the sensible heat of the air. The air at (2) exits as 

saturated (ϕ=100%) at the adiabatic saturation temperature (T2). The adiabatic saturation 

process follows the path (1-2) on the T-s diagram in Figure 1(b). T2 temperature is referred as 

the adiabatic saturation temperature in the steady state saturation process. T2 temperature in 

Figure 1 is wet-bulb temperature of moist air.  

 Dew point temperature (tdp): The temperature at which condensation begins when the air is 

cooled at constant pressure is defined as the dew point temperature. As shown in Figure 1b, 

the vapor pressure pv remains constant while the air cools at constant pressure. Therefore, the 

water vapor in the air at point (1) is under the effect of the cooling process at constant pressure 

until it reaches the saturated vapor curve at point (3). The temperature at point (3) in entropy 

diagram is the Tdp dew point temperature. The air is saturated during the condensation process, 

and relative humidity is 100%. The dew point and the dry bulb temperatures of the saturated 

air are the same. 

The dew point temperatures can be calculated according to ranges dry-bulb temperatures: 

 

0≤tdb≤93°C:                        tdp = 6.54 + 14.526α + 0.7389α2 + 0.09486α3 

   +0.4569 (pv)0.1984         (5) 

 

tdb < 0:                                 tdp = 6.09 + 12.608α + 0.4959α2                                              (6) 

 

where α = ln(pv) olup; pv is the partial water vapor pressure in kPa. 

 

The partial vapor pressure of moist air at point 1 is equal to partial vapor pressure of saturated 

air at point 3 at dew-point temperature; so pv3(tdp) = pv1. 
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 Moisture content - Humidity ratio (W): Humidity ratio is fraction the mass of water vapor 

to the mass of air. It can be calculated as a function of the water vapor partial pressure (pv) 

and atmospheric pressure (p) in the air with the following equation: 

 

W = 0.62198
pv

p − pv
    (

kg water vapor

kg kg dry air
)                                                    (7) 

 

Moisture content of humid air in point 1 in Figure 1a can be calculated using the following 

equation. 

W1 =
(2501 − 2.326t2)W2 − 1.006(t1 − t2)

2501 + 1.86t1 − 4.186t2
                                        (8) 

 

The moisture content of the saturated air in point 2 can be used configuring for ϕ=100% 

equation (7): 

W2 = 0.62198
pv2

p2 − pv2
                                                                                    (9) 

More generally saturated moisture content, it can be written: 

Ws = 0.62198
pvs

p2 − pvs
                                                                                  (10) 

 

 Specific enthalpy (h): the enthalpy of the moist air can be calculated by adding together the 

individual enthalpies of water vapor and dry air. 

 

h1 =  1.006t1 + W1(2501 + 1.86t1)                                                         (11) 

 

 Degree of saturation: This is defined as the ratio of the moisture content (W) of the air to the 

saturated moisture content (Ws) at the same temperature and pressure: 

 

μ = [
W

Ws
]

𝑡,𝑝

                                                                                                        (12) 

 

 Specific volume: This can be calculated according to the dry bulb temperature (tdb), moisture 

content (W) and atmospheric pressure (p) with the following equation: 
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ν =
0.287042(tdb + 273.15)(1 + 1.607858W)

p
                                     (13) 

 

ALGORITHMS  

Thermodynamic properties of moist air were calculated according to the three algorithms given 

in Figure 2-3-4. Blue and red boxes shown in algorithms are used to specify equation sets and 

psychrometric outputs, respectively. Main psychrometric inputs for three algorithms are 

atmospheric pressure and dry-bulb temperature. Computer solutions under three different 

conditions are executed for relative humidity (A1), wet-bulb temperature (A2) and dew-point 

temperature (A3), respectively. The order of application depends upon which two parameters 

are initially known apart from atmospheric pressure. Using algorithms, the psychrometric 

properties such as relative humidity, humidity ratio (moisture content), wet-bulb temperature, 

dew point temperature, specific volume, degree of saturation, and enthalpy were determined. 

The solution of the algorithms is provided by the Macro program written in Microsoft Excel 

VBA. Atmospheric pressure is taken at sea level (p=101.325 kPa).  

 

 

pvs 
Tdb 

Eq.[3] or [4] Eq.[7] 

Ws

Eq.[1] pv 

h
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Figure 2. Algorithm-1(A1) for dry-bulb temperature - relative humidity as main inputs 
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Figure 3. Algorithm-2 (A2) for dry-bulb temperature - wet-bulb temperature as main inputs 
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Figure 4. Algorithm-3 (A3) for dry-bulb temperature – dew-point temperature as main inputs 

 

RESEARCH AND FINDINGS 

Table 1 gives calculation results of Algorithm-1 based on sample data set chosen.  All results 

agree closely with the tabulated values of CIBSE (2007). The accuracy of the calculated 

psychrometric data depends on the factors listed below: 

1. Equations [3, 4] and [5, 6] are empirical and may cause small deviations. The average errors 

of these equations are between 0.012 and 0.04% (Rodakis et al. 2014). 
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2. In the study, “Bisection” numerical analysis method was used; the correct solution depends 

on the number of iterations. The number of iterations is important in determining the wet bulb 

temperature. The results obtained are sufficient for numerical analysis (Estrada-Jaramillo et al., 

2014; Rogdakis and Tertipis, 2014). 

Table 1. Results of Algorithm-1 for tdb-ϕ and comparison with CIBSE (2007) table (p=101.325 

kPa), R: calculation results   

A1 

1 2 3 4 5 6 

R1 CIBSE R2 CIBSE R3 CIBSE R4 CIBSE R5 CIBSE R6 CIBSE 

tdb = -5°C, 

ϕ = % 60.09 

tdb = 10°C 

ϕ = % 44.3 

tdb = 21°C 

ϕ = % 84.33 

tdb = 32°C 

ϕ = % 51.19 

tdb = 41°C 

ϕ = % 12.88 

tdb = 55°C 

ϕ = % 33.71 

twb -6.65 -6.7 4.99 5.0 19.15 19.2 23.9 23.5 20.17 20.2 37.45 37.4 

tdp -10.83 -10.8 -1.646 -1.4 18.28 18.3 20.67 20.2 7.04 7.0 33.94 34.0 

W 1.486 1.491 3.29 3.37 13.165 13.20 15.33 14.94 6.228 6.24 34.37 34.55 

v 0.7614 0.7609 0.806 0.806 0.851 0.8505 0.886 0.883 0.899 0.899 0.981 0.9807 

μ 0.6 0.6 0.431 0.44 0.841 0.84 0.5 0.5 0.1203 0.12 0.30 0.3 

h -1.328 -1.311 18.35 18.55 54.57 54.64 71.45 69.9 57.3 57.33 144.8 145.2 

 

Table 2. Results of Algorithm-2 for tdb-twb and comparison with CIBSE (2007) table  

(p=101.325 kPa), R: calculation results   

A2 

1 2 3 4 5 6 

R1 CIBSE R2 CIBSE R3 CIBSE R4 CIBSE R5 CIBSE R6 CIBSE 

tdb = -6°C, 

twb = -8°C 

tdb = 10°C 

twb = 8°C 

tdb = 20°C 

twb = 16°C 

tdb = 30°C 

twb = 19.9°C 

tdb = 40°C 

twb = 35°C 

tdb = 60°C 

twb = 45°C 

tdp -14.06 -13.4 6.126 6.0 13.62 13.6 14.64 14.6 33.91 33.9 42.98 43.0 

ϕ 48.9 50.09 76.71 76.22 66.55 66.53 39.19 39.03 71.86 71.58 43.38 43.34 

W 1.108 1.140 5.836 5.821 9.703 9.736 10.383 10.38 34.365 34.37 58.07 58.26 

v 0.758 0.758 0.8097 0.8092 0.8434 0.8431 0.8731 0.8728 0.9361 0.9355 1.0319 1.031 

μ 0.488 0.5 0.7649 0.76 0.6603 0.66 0.3817 0.38 0.703 0.70 0.381 0.38 

h -3.28 -3.193 24.77 24.72 44.75 44.82 56.73 56.71 128.7 128.7 212.1 212.4 
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Table 3. Results of Algorithm-3 for tdb-tdp and comparison with CIBSE (2007) table  

(p=101.325 kPa), R: calculation results   

A3 

R1 CIBSE R2 CIBSE R3 CIBSE R4 CIBSE R5 CIBSE R6 CIBSE 

tdb = -2°C, 

tdp = -10°C 

tdb = 10°C 

tdp = 6°C 

tdb = 20°C 

tdp = 10°C 

tdb = 30°C 

tdp = 20°C 

tdb = 40°C 

tdp = 20°C 

tdb = 60°C 

tdp = 51°C 

twb -4.47 -4.6 7.95 8.0 14.13 14.1 22.94 22.9 25.57 25.6 51.77 51.8 

ϕ  50.2 50.13 76.16 76.22 52.51 52.59 55.08 55.08 31.68 31.64 65.06 65.17 

W 1.599 1.602 5.794 5.821 7.63 7.67 14.695 14.75 14.695 14.73 91.35 91.99 

v 0.770 0.770 0.8096 0.8092 0.8407 0.8403 0.8791 0.8788 0.9081 0.9078 1.0824 1.082 

μ 0.500 0.5 0.7594 0.76 0.5192 0.52 0.5402 0.54 0.3006 0.30 0.5993 0.60 

h 1.982 1.991 24.66 24.72 39.49 39.58 67.75 67.87 78.09 78.16 299.0 300.4 

 

CONCLUSION 

Three algorithms are developed to calculate psychrometric properties given input parameters 

of dry-bulb temperature and relative humidity, wet-bulb temperature, or dew point temperature. 

VBA Macro program was written in Microsoft Excel in order to make thermodynamic analyzes 

without using psychrometric charts. Barometric pressure and dry bulb temperature were 

matched with relative humidity, wet bulb temperature, and dew point temperature, respectively, 

and 3 models with three inputs were prepared. According to the model, pyschrometric 

properties such as wet bulb temperature, dew point temperature, relative humidity, moisture 

content, specific volume, saturation degree, and enthalpy were analyzed. The developed 

Microsoft Excel VBA macro program can be used as an effective tool in the air-conditioning 

and design of greenhouses, animal shelters, mushroom enterprises, drying systems and 

warehouses. 
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ÖZET 

Bu çalışmada 2-fluoro-N-(1,3-tiyazol-2-yl)benzamid tek kristal bileşiğinin izole edilmiş tek 

bir molekülüne ait tautomer yapıları IRC (Intrinsic Reaction Coordinate) analiz yöntemi ile 

incelenmiştir. Bu hesaplama için Gaussian 09 programı ve DFT/B3LYP/6-31G(d) metodu 

kullanılmıştır. Ayrıca, bileşiğin iki tautomer yapısının kristal fazında Quantum-Espresso 

paket programı ile periyodik sınır şartları (PBC) kullanılarak geometriksel parametreleri, örgü 

enerjileri ve frontier moleküler orbital enerjileri (FMO) incelenmiştir. Yapılan hesaplamalar 

ile elde edilen kararlı yapılarının x-ışınları yöntemiyle elde edilen yapıyla uyumlu olduğu 

görülmüştür. 

Anahtar Kelimeler: Gaussian 09, FMO, PBC 

 

ABSTRACT 

In this study, tautomer structures of a single isolated molecule of 2-fluoro-N-(1,3-thiazol-2-

yl)benzamide single crystal compound were investigated by IRC (Intrinsic Reaction 

Coordinate) analysis method. Gaussian 09 program and DFT/B3LYP/6-31G(d) method were 

used for this calculation. In addition, geometrical parameters, lattice energies and frontier 

molecular orbital energies (FMO) of the compound were investigated by using periodic 

boundary conditions (PBC) with the Quantum-Espresso package program in the crystal phase 

of the two tautomer structures of the compound. It was seen that the stable structures obtained 

by the calculations were compatible with the structure obtained by the x-ray method. 

Keywords: Gaussian 09, FMO, PBC 

 

1. GİRİŞ 

Tiyazol halkalı bileşikler ilginç bir yapı taşı olarak yararlılığı birçok doğal ve sentetik 

bileşikte görülebilmektedir. Tiyazoller, bilinen biyokimyasal reaksiyonlarla kolayca 

metabolize edilir ve doğada kanserojen olarak bulunmazlar [1]. Heterosiklik tiyazoller tıbbi 

kimyada çok önemli bir rol oynamakta ve bu nedenle şu anda en çok çalışılan 
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farmakoforlardan biridir [2]. Antimikrobiyal, antikanser ve antikonvülsan [3-6] ajanlar dahil 

olmak üzere biyolojik olarak aktif birçok bileşikte bulunabilir. Son çalışmalar, tiyazol 

türevlerinin serbest DPPH radikaline karşı antioksidan aktivite gösterebileceğini de 

göstermiştir [7-9]. Aminotiyazoller, eczacılıkta birçok ağrı kesici ve ateş düşürücü ilaçların 

sentezinde başlangıç maddesi olarak kullanıldıkları gibi anti-viral, anti-mikrobiyal ve anti-

bakteriyel özellikleri de birçok çalışmayla kanıtlanmıştır [10, 11]. Şekil 1’de gösterilen ve 

daha önce yayınlanmış 2-fluoro-N-(1,3-tiyazol-2-yl)benzamid (C10H7FN2OS) tek kristalinin 

tek bir formda (T1) sentezi ve x-ışını çalışmaları rapor edilmiştir [12]. Bu çalışmada ise bu 

bileşiğin, iki tautomer yapıda olabileceği (T1 ve T2) (Şekil 1) ve  bu yapıların kararlılık 

durumları incelenmiştir. T1 ve T2 yapılarını incelemek için, yapılar arasında bulunan tüm 

geçiş durumlarının veya eyer noktalarının birbirleriyle ilişkilendirilmesini ve molekülün geçiş 

durumunu (TS) açıklayabilen IRC [13] yöntemi kullanılmıştır. İzole tek bir molekül için iki 

tautomer yapıya karşılık gelen toplam enerji değerleri Gaussian 09 programı kullanılarak elde 

edilmiştir. Kristal fazında ise Periyodik Sınır Koşulları (PBC) kullanılarak, her iki forma ait 

birim hücre başına düşen toplam örgü enerjilerini hesaplamak için Quantum-Espresso 6.3 

paket programı kullanılmıştır.  

 

 

Şekil 1. C10H7FN2OS tek kristalinin tautomer yapıları 

 

2. MATERYAL VE YÖNTEMLER 

2.1 Teorik çalışmalar 

İzole moleküllere ait tüm hesaplamalar, Gaussian 09 [14] programı ve B3LYP [15, 16] /6-

31G(d)  [17] yöntemi ile yapılmıştır. Sonuç bilgilerini görselleştirmek için GaussView 5 [18] 

programı kullanılmıştır. Kristal fazındaki hesaplamalar ise, Quantum-Espresso programı ve 

Yoğunluk Fonksiyoneli Teorisi (DFT) [19, 20] ile Yerel Yoğunluk Yaklaşımı (LDA)  altında 

Perdew-Zunger (PZ) pseudopotansiyellere [21] dayanan, Quantum-Espresso’nun temel 

bileşenlerinden biri olan PWSCF (Düzlem Dalga Öz-Uyumlu Alan) [22]) program seti 

kullanılmıştır. 
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3. ARAŞTIRMA VE BULGULAR  

3.1. Kristalinin X-Işını Tautomerizm  

C10H7FN2OS kristalinin x-ışınları ile elde edilen [12] formunun, deneysel %20 olasılıklı 

elipsoitlerle çizilmiş bir diyagramı Şekil 2a-b’de gösterilmiştir. Şekil 2b’de asimetrik birimde 

T2 yapısındaki kristalin hidrojen atomu elektron yoğunluğu haritasına bakıldığında, N2 

atomuna hidrojen atomu eklendiğinde bu atom etrafında kırmızı renk elektron yoğunluğunun 

fazla olduğunu N1 atomu etrafındaki mavi renk ise elektron azlığını gösterir. Bu durum T2 

yapısındaki hidrojen atomunun yanlış bir pozisyonda olduğunu deneysel olarak kanıtlar. Şekil 

2a’da ise T1 yapısındaki hidrojen atomunun doğru konumlandığını ve x-ışınları ile 

aydınlatılan her iki yapı içinde T1 formunun daha kararlı olduğu deneysel olarak söylenebilir. 

Gaussian programı ile elde edilen optimize T1 yapısı Şekil 3’de, bu forma ait izole molekül 

ve kristal fazında deneysel ve teorik bazı bağ uzunlukları ve açılar da Tablo 1’de yer 

almaktadır. 

        

(a)                                                                                      (b) 

Şekil 2. X-ışınları ile elde edilen (a)T1 ve (b)T2 Tautomerlerine ait elektron yoğunluğu 

haritası 

 

 

 

Şekil 3. Kristalinin T1 formuna ait hesaplanmış optimize yapı 
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Tablo 1. C15H14N2O4 tek kristalinin iki tautomer formuna ait deneysel ve teorik parametreler 

Bağ Uzunlukları(Å) Deneysel [12] 

T1 

 

DFT(İzole) 

T1 

 

DFT (Kristal fazı) 

T1 

 S1-C8  1.728(17) 1.781 1.715 

S1-C10 1.717(2) 1.744 1.706 

F1-C2 1.355(2) 1.331 1.344 

C1-C2 1.387(2) 1.401 1.404 

C1-C7 1.497(2) 1.484 1.469 

C1-C6 1.388(3) 1.406 1.390 

O1-C7  1.223(19) 1.225 1.243 

C8-N1 1.380(2) 1.402 1.356 

C8-N2 1.303(2) 1.323 1.330 

N1-C7 1.356(2) 1.411 1.356 

C3-C2 1.376(2) 1.397 1.372 

C3-C4 1.375(3) 1.396 1.388 

N2-C9 1.382(2) 1.414 1.346 

C9-C10 1.342(2) 1.363 1.372 

Bağ Açıları (º)   

C10-S1-C8 88.48(8) 88.42 90.11 

C2-C1-C7 123.77(16) 123.46 124.92 

C2-C1-C6 117.15(17) 117.95 117.37 

C6-C1-C7 118.85(15) 118.52 116.67 

N1-C8-S1 123.49(12) 117.42 120.27 

N2-C8-S1 115.34(13) 114.97 113.56 

N2-C8-N1 121.12(15) 127.59 124.39 

O1-C7-C1 121.31(15) 125.44 122.16 

O1-C7-N1 121.94(16) 118.34 119.94 

 

3.2. Teoriksel Tautomerizm 

Yapılan teorik IRC hesaplamalarda bileşiğin iki tautomer yapısının kararlı durumları 

incelenmiştir. İki tautomer yapının ve molekülün geçiş durumuna (TS) ait toplam enerjiler 

hesaplanmıştır. Tablo 2’de iki tautomer yapıya ait toplam enerjiler, ileri-geri yönlü 

reaksiyonlara ait aktivasyon enerjileri verilmiştir.  TS durumuna, N1 ve N2 atomları arasında 

hareket eden protonun hareketine eşlik eden imajiner titreşim frekansının -1914 cm-1 olarak 

gözlenmesi geçiş durumunun gerçekleştiğini göstermektedir.  

Tablo 2. Molekülün tautomer yapılarına ait enerji parametreleri 

 

ET1(a.u.) 

 

ET2(a.u.) 

ETS(a.u.) ∆E(kJ mol-1) Ea(i) (kJ mol-1) Ea(g) (kJ mol-1) 

-1068.044114 -1068.016130 

 

-1067.961171 -73.4 144.3 217.8 

ET1=T1 formunun toplam enerjisi (a.u.),  ET2=T2 formunun toplam enerjisi (a.u.), ETS=geçiş 

durumu enerjisi (a.u.),Ea(i) = ileri yönlü  aktivasyon enerjisi (kJmol-1), Ea(g) = geri yönlü 

aktivasyon enerjisi (kJmol-1) 
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Proton transferi işleminin enerji profilinin gösterildiği Şekil 4’de, T1 ve T2 arasındaki enerji 

farkı   -73.4 kj/mol olarak hesaplanmış olup Şekil 4’ten de görüldüğü gibi T1 formu T2 

formundan daha stabildir. Geçiş durumu enerjisinin, T1 formuna göre relativ enerjisi 144.3 

kj/mol iken, geri reaksiyon bariyer enerjisi 217.8 kj/mol olarak hesaplanmıştır. Tablo 2'ye 

bakıldığında bu yüksek bariyer enerjileri, elverişsiz bir tautomerizm olduğunu [23] ve hem 

ileri hem de geri yönlü proton transferinin gerçekleşmesi için yüksek enerji gerekli olduğunu 

göstermektedir. Bütün bu sonuçlara göre T1 formunun, T2 formuna göre daha kararlı olduğu 

ve X-ışınları ile aydınlatılan yapıya daha yakın olduğu söylenebilir. 

 

Şekil 4. T1 – T2 tautomer yapıları için potansiyel enerji diyagramı 

 

3.3. Periyodik sınır hesaplamaları (PBC) ve Frontier Orbitaller 

T1 formundaki kristale ait birim hücre içinde 88 atomun koordinatları kullanılarak Quantum-

Espresso’nun VC-Relax (P21/c simetri grubu) yöntemi ile önceki yayınlarda rapor edilmiş 

hesaplamalarda kullanılanla karşılaştırılabilir bir kinetik enerji kesme değeri 49 Ry alınarak 

optimize edilmiştir (Şekil 5). T1 formunun, Tablo 3'de deneysel ve hesaplanmış optimize 

yapılarına ait birim hücre parametreleri verilmiştir. 
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Şekil 5. Bileşiğin QE-VC-Relax yöntemi ile elde edilen  

T1 formuna ait birim hücre içindeki atomların konumu 

Ayrıca her iki formun scf (self-consistent field method) yöntemi kullanılarak örgü enerji 

değerleri elde edilmiştir. Hesaplama sonucunda, T1 ve T2 formlarına ait örgü enerji değerleri 

sırasıyla -1613.97737612 ve -1613.85123469 Ry olarak hesaplanmıştır. Kristal fazında 

periyodik sınır şartları kullanılarak yapılan bu hesaplamalar sonucu elde edilen örgü enerjileri, 

T1 formunun T2 formuna göre daha kararlı bir yapıya sahip olduğunu gösterir. 

 

Tablo 3. Kristalin deneysel ve QE-VC-Relax yöntemi ile hesaplanan birim hücre 

parametrelerinin karşılaştırılması 

P21/c deneysel [12] P21/cQE-VC-Relax  

a = 12.2171 (8) Å a = 12.2465 Å 

b = 5.0741 (3) Å b = 4.4231 Å 

c = 15.7078 (10)Å c = 14.5516 Å 

α = 90o α = 90 o 

β = 98.820 (6)o β = 102.535o  

γ = 90o γ = 90o 

V= 962.22 (11) Å3 V= 769.44 Å3 

 

Her iki tautomer yapının, HOMO ve LUMO enerji değerleri hem izole molekül hem de kristal 

fazında incelenmiştir. HOMO ve LUMO enerji değerleri izole T1 formu için sırasıyla -8.99 

ve -1.07 eV, T2 yapısı için sırasıyla, -5.91 ve -1.37 eV (Şekil 6) hesaplanmış olup bu 

orbitaller arasındaki enerji farkları ise (ΔE=ELUMO-EHOMO), T1 formu için 3.15 eV, T2 formu 
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için ise 4.54 eV olarak hesaplanmıştır. Kiristal fazında ise bu değer (ΔE) T1 formu için 2.9, 

T2 formu için ise 3.0 eV değerlerinde elde edilmiştir. Görüldüğü gibi hesaplanan ΔE 

değerlerinin hem izole molekül hem de kristal fazlarında T1 formu için daha küçük çıkmıştır. 

Bu da T1 formunun daha kararlı bir yapıya sahip olduğunu göstermektedir (Karakurt 2018). 

 

                    

 

                  HOMO (-8.99 eV)                                                          LUMO (-1.07 eV)    

                                                        (a) 

                                    

 

HOMO (-5.91 eV)                                                   LUMO (-1.37 eV) 

 

(b) 

Şekil 6. Kristalin a) T1 b) T2 frontier orbitalleri ve enerjileri 

   

4. SONUÇLAR 

Bu çalışmada 2-fluoro-N-(1,3-tiyazol-2-yl)benzamid bileşiğinin tautomer formları izole tek bir 

molekül ve kristal fazları için incelenmiştir. Kristal fazında yapılan hesaplamalarda tautomer 

yapıların kristal örgü enerjileri hesaplanmış ve x-ışınları ile elde edilen T1 formu T2’ye göre 

daha düşük enerjiye sahip olduğu görülmüştür. IRC hesaplamasında da T1 yapısının daha 

kararlı olduğu gözlenmiştir. Son olarak, iki tautomer yapıya ait HOMO ve LUMO enerjileri 

arasındaki fark hesaplanmış ve yine T1 formunun daha kararlı olduğu görülmüştür. Sonuç 
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olarak yapılan tüm hesaplamalarda T1 formunun hem daha kararlı hem de X-ışınları ile elde 

edilen yapıyla daha uyumlu olduğu görülmüştür. 
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ABSTRACT 

Composite materials on based powder systems "copper – carbon nanotubes" with different 

carbon nanotubes (CNTs) contents ranging from 0 to 0,1 wt. % were prepared by a 

electrocontact sintering. Its has shown that this composites have anisotropic thermal and 

electrical conductivity. It has been found that during uniaxial molding, in the process of 

electrocontact sintering, carbon nanotubes are oriented in one direction, which leads to a change 

in the values of the studied characteristics in this direction. Dependences of the change in the 

electrical resistivity and the specific electrical conductivity of the composites on the content of 

the nanostructured filler are established. 

At the same time, with an increase in the concentration of CNTs in composites from 0.01 wt. % 

to 0.1 wt. % the values of the specific electrical resistance of composite materials increased: in 

the direction of the axis of molding from 1,95·10-8 Ohm·m to 9,9·10-8 Ohm·m; in the direction 

perpendicular to this axis from 1,95·10-8 Ohm·m to 9·10-8 Ohm·m. The electrical conductivity 

of these materials, determined in the direction of the molding, was in the range from 

5,13·107 S/m to 1,01·107 S/m, and in the direction perpendicular to the molding, 5,13·107 S/m 

to 1,11·107 S/m. It should be noted that the anisotropy of the electrical properties of powder 

composites begins at a CNTs content of 0,03 – 0,04 wt. %. 

The deterioration of the electrical properties of composites is explained by the low electrical 

conductive properties of CNTs in comparison with the copper matrix. So the specific electrical 

resistance of CNTs is 860·10-6 Ohm·m that is two orders of magnitude larger than that of 

copper. 

Keywords: Carbon nanotubes, composite material, copper powder, specific electrical 

resistance, specific electrical conductivity, thermal-conductivity coefficient, powder 

metallurgy, electrocontact sintering. 
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ABSTRACT 

The spin-s one dimensional Ising model is studied analytically within the framework of 

transfer matrix method. Exact results for some thermodynamical properties such as the 

internal energy, the entropy, the magnetization and the magnetic susceptibility are obtained 

for general spin-s in the absence (presence) of a magnetic field. The critical behavior of the 

thermodynamical properties are analyzed for some values of spin-s (1/2, 1 and 3/2) at 

different temperature and field. The asymptotic behavior of these properties are investigated 

especially close to the critical temperature 0T  and when T . 

Keywords: Ising model, Exact solution, Transfer matrix method, Thermodynamic and 

magnetic properties. 

 

1. INTRODUCTION 

During the past several decades, much effort has been devoted to investigate the phase 

transitions and critical phenomena. The various Ising systems, consisting of magnetic spins, is 

the simplest systems showing phase transitions and critical phenomena at finite temperature. 

These systems have been studied extensively, based on different approaches like mean-field 

approximation (MFA), effective-field theory (EFT), renormalization group (RG) techniques, 

 expansion series expansions, Monte Carlo simulations [1]-[4]. However, the transfer matrix 

method which was developed mainly by Kramers and Onsagar [5, 6] is the most extended 

technique due to its wide general use across many physical subjects [7]-[10]. Also it can be 

used to cover many interesting models as Ising model, Potts model [11]-[14]. But there is a 

lack of works when we take into account models of high order spin values. 

Here, we use the transfer matrix technique to study analytically the critical behavior of the 

Ising model with arbitrary spin s in the absence and presence of a magnetic field. Although 

the critical temperature of the one-dimensional Ising model is 0
C

T , it displays non-trivial 

features in its asymptotic critical behavior as the critical point is approached [15]-[18]. Our 

aim will be twofold; first, to study the affect of the order of spin s on the thermodynamic and 

the magnetic properties of the model, and second, to investigate the asymptotic behavior of 

these properties when the temperature 0T , i.e, close to the critical temperature 
C

T  and 

when T . 
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The paper is organized as follows. In section 2, we describe how the model can be formulated 

and solved for arbitrary spin. Our main results of the internal energy and the entropy in the 

absence of a magnetic field are given in Section 3. The asymptotic behavior of the 

magnetization and the susceptibility as a function of the temperature and the field is analyzed 

in section 4. The paper closes with a short discussion given in Section 5. 

 

2. THE MODEL 

The Ising model for of N spins ( Ni
i

,,1,  ) with ferromagnetic (J > 0) coupling 

between the nearest neighbors and with arbitrary spin s is defined in the presence of a 

magnetic field h, by the interaction energy 
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 ,1,,1,   and takes 2s + 1 values. As usual, the partition function 

of the Ising model is given by the sum over all spin configurations 
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B
k  is the Boltzmann constant and T is the absolute temperature). 

We can solve the model by using the method of Kramers-Wannier transfer method, in 

which one has to construct transfer-matrix and obtain the eigenvalues of this matrix. In the 

periodic case, the transfer matrix takes the form 
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where K = βJ and H = βh are the reduced nearest neighbor spin-spin coupling interactions and 

the reduced magnetic field, respectively. In this approach, the partition function is obtained by 

calculating the trace of the matrix product 
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where 
js ,

  denote the eigenvalues of the transfer matrix for arbitrary spin s. As we know, the 

critical behavior of the model appears in the thermodynamic limit ,N  so the bulk free 

energy is simply given by the largest transfer-matrix eigenvalue  

},,,max{
12,2,1,max 
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In this case all the bulk thermodynamical parameters such as internal energy u, entropy S, 

magnetization m and susceptibility χ can be construct in terms of  
max
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In the next section, using the formulas (5)-(7) we investigate the critical behavior of the 

internal energy and the entropy for the cases s = 1/2, s = 1 and s = 3/2 in the absence of the 

magnetic field (H = 0). 

 

3. CRITICAL BEHAVIOR IN THE ABSENCE OF THE FIELD 

By direct calculation of the eigenvalues of the transfer matrix, one obtains for s = 1/2 
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In the case of s = 1, the eigenvalues are 
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Finally, for s = 3/2, the eigenvalues are given by  
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where ),(),,(),,(),,(),(   for .4,3,2,1j  it can be checked by plotting 

the eigenvalues against K  that 
1,max s

  . 

Using the eigenvalues (10)-(12), one easily obtains the following exact expressions 
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Now, we were able to obtain the asymptotic behavior of the internal energy and the 

entropy when 0T  and T  
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The changes in the internal energy and the entropy of the model with respect to temperature 

for different spin (1/2, 1 and 3/2) are given in Figure 1. Results show that 

the internal energy converges to the zero at higher temperature values, while becomes 

constant (
2s ) as 0T . When the temperature increases, the entropy increases until 

reaches to )12ln( s  and goes to zero at low temperature. Also, We notice that the internal 

energy and the entropy are affected by increasing the order of spin s. 

 

Figure 1: (a) Internal energy (b) Entropy as a function of temperature for spin s=1/2,1 and 

3/2 in the absence of magnetic field 

 

4. Critical behavior in the presence of the external field 

The eigenvalue of the transfer matrix (3) in the presence of a magnetic field can be obtained 

analytically for some values of the spin s. Here, we investigate only the two cases for order of 

spin (s=1/2 and s=2). The eigenvalues take the expressions 
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Using the formulas (8)-(9) and (18)-(19) we can calculate the magnetization and susceptibility 

as a function of T and H. 

In the thermodynamic limit N , we obtain the well-known bulk magnetization 

and susceptibility for the system of spin-1/2 [19]: 
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The exact expressions for the magnetization and the magnetic susceptibility for the spin 1 and 

spin 3/2 are very cumbersome, so we will not bring them out here. For The other cases of spin 

s > 2, it would be very difficult to obtain the eigenvalues of the transfer matrix analytically. 

Therefore the partition function and the bulk free energy can be calculated numerically. 

The behavior of the magnetization and the magnetic susceptibility as a function of the 

temperature for the spin s = 1/2, 1 at fixed field h = 0.5 is plotted in Figure 2. It is clear that 

the maximum magnetization value for s = 1/2 system is 0.5, while the maximum 

magnetization value for s = 1 system is 1. The field dependence of the magnetization and the 

magnetic susceptibility is plotted for the spin-1 system in Figure 3 for some values of T = 1, 3 

and 5. We observe that the magnetization behaviour with the change of the magnetic field is 

more smooth with the increase of the temperature and becomes a step function in the limit of  

0T  corresponding to a ferromagnetic phase. The susceptibility peaks show that the 

maximum of χ(T,H) is larger for low temperature and diverges at H = 0 as 0T . We can 

see by computing the susceptibility for H = 0 and low T, that 

  ||),0(
C

TTTH                                           (23) 

Thus χ divergence as 0T  and hence the well defined value γ = 1 of the susceptibility 

exponent is obtained [15]. 
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Figure 2: (a) Magnetization (b) Susceptibility as a function of temperature for spin s=1/2 and 

1 at a magnetic field h=0.5. 

 

 

Figure 3: The field dependence (a) Magnetization (b) Susceptibility  for spin  s=1 at three 

values of temperature T=1,3 and 5. 

 

5. CONCLUSIONS 

We have considered the one dimensional Ising model with arbitrary spin in the absence 

(presence) of a magnetic field. The system was solved analytically by the transfer matrix 

technique. Exact analytical results have obtained for the free energy, the internal energy, the 

entropy, the magnetization and the magnetic susceptibility by computing the maximal 

eigenvalue of the transfer matrix for some values of the order spin s. 

In the absence of the magnetic field, we have studied the behavior of the internal energy and 

entropy for three values of the order spin s (1/2, 1 and 3/2). We have investigated the critical 

behavior of these properties as a function of temperature especially when 0T  and 
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T  (see (16),(17)). The behavior of the magnetization and the susceptibility has been 

analyzed as a function of the temperature and the magnetic field and investigated near the 

critical point 
C

T . Our results are consistent with the previous results for the one dimensional 

Ising system. 
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ABSTRACT 

Effect of rotation on Jeffery nanofluid layer in a porous medium which is heated from below 

is studied. Darcy model is employed for porous medium and Jeffrey fluid model is used as 

base fluid. The Navier-Stokes equations of motion of fluid are modified under the influence of 

Jeffrey parameter, naoparticles and rotation. The basic perturbation technique based on 

normal modes is applied to derive the dispersion relation for Rayleigh number. The effects of 

Taylor number, Jeffrey parameter, Lewis number, modified diffusivity ratio, nanoparticles 

Rayleigh number and Darcy number on the stationary convection of the physical system have 

been analyzed analytically and graphically. It is found that the Jeffrey parameter and Taylor 

number which is accounting for rotation have stabilizing effect on the stationary convection 

for both top/bottom-heavy configurations whereas the Lewis number, modified diffusivity 

ratio and nanoparticles Rayleigh number have destabilizing effect on the physical system for 

both the top/bottom-heavy distribution. The medium porosity postponed/advanced the 

stationary convection for bottom/top-heavy nanoparticles distribution. 

Keywords: Nanofluid, Convection, Jeffrey model, Rotation, Porous medium.  
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ABSTRACT 

Unveiling the nature of the Universe is a challenging problem in Cosmology. The difficulty in 

directly finding dark matter and dark energy and the known limitations of General Relativity 

lead to studies on alternative theories of gravity. In particular, a model which is an extension of 

the well-known f(R) theories presents a non-minimal matter-curvature coupling. This feature 

introduces an extra force term in the geodesics equation which allows for mimicking dark 

matter profiles at galaxies and clusters of galaxies, and accounts for the late time acceleration 

of the Universe. This model has a rich lore of implications both theoretical and observational, 

namely in what concerns the Boltzmann equation, the Jeans criterion for gravitational 

instability, the polarisation modes in gravitational waves, the inflationary dynamics, or the 

cosmic version of the virial theorem, to name a few. New features of this model in these contexts 

shall be discussed. 

 

1. INTRODUCTION 

Einstein’s works were fundamental advances in the knowledge of the world we live in. In 

particular, his General Theory of Relativity (GR) not only introduced a new way of thinking 

about gravity, but also allowed for the foundation of Modern Cosmology. From his theory, 

many phenomena in the universe were able to be understood and studied. 

However, there are some conundrums with the theory, namely the existence of singularities in 

the fabric of spacetime, and the lack of a fully consistent quantum version built from GR. In 

addition, astrophysical and cosmological observations points towards the introduction of two 

still unknown dark components, namely dark matter and dark energy, in order to preserve the 

theory and match the data. Since these dark components were not directly found so far, several 

alternative scenarios to generalise Einstein’s theory have been proposed in the literature. One 

of such attempts corresponds to the well-known f(R) theories 1,2. A further generalisation of the 

latter model accounts for a non-minimal matter-curvature coupling 3, which has several 

implications both theoretical and observational. It accounts for the mimicking of dark matter 

profiles in galaxies 4 and clusters of galaxies 5, it also accounts for the late time acceleration of 
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the universe 6. It has some bearing on numerical gravitational collapse 7,8, and can accommodate 

the Weyl gravity 9. 

The aim of the present work is to review some of the results of the non-minimal matter-

curvature coupling in the context of inflation, gravitational waves, cosmic virial theorem, and 

Boltzmann equation and Jeans’ criterion for gravitational instability. 

This work is organised as follows. In Section 2, we revise the general properties of the non-

minimal matter-curvature coupling model, so to discuss the consequences for the Layzer-Irvine 

equation, also known as the cosmic virial theorem in Section 3. Then, in the next section we 

discuss the nonminimally coupled version of the Boltzmann equation and the Jeans’ instability. 

We proceed to review the analysis of inflation with Planck data in Section 5. The next section 

deals with gravitational wave solutions. We draw some conclusions in Section 7. 

 

2. THE NON-MINIMAL MATTER CURVATURE COUPLING 

We star by considering the action functional 3: 

  , 

where g is the determinant of the metric,  is related to the speed of light, c, and the Planck 

mass, MP, the f1 and f2 are generic functions of the scalar curvature, R, and L is the matter 

Lagrangian density. 

Varying the action with respect to the metric, , yields the field equations: 

 , 

Where we defined the following quantities:  with capital F denoting 

derivatives with respect to the scalar curvature, and  . From the 

Bianchi identities it follows that the energy-momentum tensor of matter fields is covariantly 

non-conserved: 

  , 

Which introduces an extra force term in the geodesic equation that, for a perfect fluid, explicitly 

breaks the degeneracy in the matter Lagrangian density which occurred in GR. This extra force 

is responsible for mimicking the dark matter profile for galactic rotation curves, for instance. 

Let us now discuss the implications for the cosmic virial theorem, the so-called Layzer-Irvine 

equation, which was also independently derived by Zeldovich and Dmitriev. 
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3. THE COSMIC VIRIAL THEOREM 

The Layzer-Irvine equation regards gravitationally collapsed astrophysical objects, taking into 

consideration the evolution of the Universe. When the gravitationally bound object is 

sufficiently relaxed, then this equation reduces to the usual virial theorem, which measures a 

relation between the kinetic energy, K, and the potential energy, U, namely that 2K+U=0. From 

the deviation of the measured quantities such as mass, radius and velocity dispersion relatively 

to the virial ratio, we can test the existence of either dark components (see e.g. Refs. 10-12) or 

the effect of modified gravity. 

The Layzer-Irvine equation in GR can be expressed as: 

  , 

where H denotes the Hubble expansion parameter. 

When we include a non-minimal matter-curvature coupling, the matter fields exchange energy 

and momentum with curvature, hence leading to an additional potential energy term. This 

implies that the previous equation must be generalised to 13: 

  , 

Where the additional term is given in terms of cosmic fluctuations of the potential   . 

It is immediate to realise that for sufficiently relaxed gravitationally bound systems, the time 

derivative can be neglected and hence we find a departure from the usual virial theorem arising 

from the extra energy potential term. This can be used to look at data from the relaxed 

spherically symmetric galaxy cluster, that has not undergone any relevant merging process in 

the last few Gyrs, Abell 586 cluster, for instance and by assuming some density profiles for 

baryonic matter such as top-hat, Navarro-Frenk-White and isothermal spheres. This analysis 

renders a tool to test the consistency of the model. This provides a roadmap to test other relaxed 

astrophysical systems and ultimately get some insights on the nature of gravity at such scales. 

Another interesting astrophysical test of gravity theories concerns the Jeans’ instability for star 

formation in globules, for instance. In order to address such issues, let us start by reviewing the 

derivation of the Boltzmann equation from first principles. 

 

4. THE BOLTZMANN EQUATION AND THE JEANS INSTABILITY 

The Boltzmann equation can be derived from the Liouville equation for space phase and 

corresponds to a microscopic description of the evolution of the distribution function, f, in phase 

space in the presence of collisions. It is a partial integrodifferential equation, and its solutions 

are not trivially found: 
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 , 

where v denotes the velocity and a the acceleration. 

This equation can be generalised to either a quantum or a relativistic (and full relativistic) 

version. In particular, the general relativistic version accounts for the Levi-Civita connection in 

the force term above. It is easy to show that the NMC model introduces an extra force term in 

the Boltzmann equation, hence it can be cast in a relativistic form 14: 

   , 

where p is the 4-momentum vector, Σ is the extra force and τ is the proper time. 

From the Boltzmann equation important quantities can be computed, namely the energy-

momentum tensor or the 4-vector entropy flux. The latter is shown to be a non-decreasing vector 

function, which means that the Boltzmann H-theorem is preserved in these theories. 

Solutions of the nonminimally coupled version of the Boltzmann equation can be found under 

certain conditions and approximations. 

Moreover, we can find the Newtonian limit of this equation and compute the modified 

dispersion relation, from which the Jeans’ criterion for gravitational instabilities can be derived. 

This criterion allows for finding the limit when a gravitationally bound system becomes 

unstable and collapses due to gravity overcoming the internal pressure. This is the case for 

interstellar gas clouds where star formation occurs. 

For the NMC gravity model, the limit of instability is found to be given by 15: 

  , 

where k is the wavenumber, kJ is the Jeans wavenumber, G is Newton’s constant, and α, β, and 

γ are parameters of the model which depend upon the functions f1 and f2 and its derivatives 

evaluated at low curvatures. This can be solved for k, and the modified Jeans’ mass, M, is found 

to be  

. 

This criterion can be applied to Bok globules, which are nearby isolated and simple-shaped 

clouds of gas and dust that experience star formation. In fact, by requiring M/MJ=2/5, we can 

match the observed stability or instability of each Bok globules, hence providing constraints on 

the NMC model. 

We can also constrain the model from the Cosmic Microwave Background data, and the 

inflationary paradigm. 
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5. INFLATION 

Inflation corresponds to the early expansion epoch of the universe just after the Big Bang, and 

it is well studied from the Cosmic Microwave Background (CMB) data, which from Planck 

mission, for instance 16. It is then a pressing issue contrasting any alternative gravity model with 

such data in order to either constrain its free parameter or rule out some scenarios, even some 

exotic ones 17. This was done in the context of the NMC gravity model 18 and shall be briefly 

discussed here. 

In the presence of a homogeneous and isotropic scalar field, , the equations of motion from the 

NMC gravity model for that field read 18: 

  , 

where V is the potential, and the prime denotes derivative with respect to the argument, and the 

dot represents the time derivative. The right-hand side arises from the modification of gravity 

but has a negligible effect as it is of the order of the slow-roll parameter, ε, which measures the 

slope of the potential that during the inflationary expansion is negligible. 

In fact, during the so-called slow-roll inflation, the acceleration of the scalar field (second time 

derivative) is negligible, and the potential energy dominates over the kinetic energy. 

We can now set f1=R specify the form of the non-minimal coupling function to be of the power-

law type, that is, f2=1+(R/M2)n . A special situation occurs when n=2, namely that the modified 

Friedmann equation yields the same solution as the GR counterpart. But for increasing powers 

the behaviour is quite different (although similar for each n above 2), as there is a high energy 

limit for which R/M2 renders a constant solution, within the slow-roll approximation. 

 

Fig. 1. Solutions of the modified Friedmann equation for power-law non-minimal coupling 

function in terms of the energy density. The n=2 case is degenerate with the GR’s counterpart, 

whilst for powers higher than 2, there is a constant behaviour for the high density regime. 
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In order to compare with data, we can resort to commonly used scalar potentials, namely 

monomials, hilltop and Higgs-like. We graphically represent in Fig. 2 the case for a quadratic 

hilltop potential, which can be parametrised as  . 

 

Fig. 2. Comparison of the NMC gravity model prediction for the quadratic hilltop scalar 

potential in red, against its GR’s counterpart in blue, and the Planck’s data at 1 σ and 2 σ 

confidence levels. This is a representation on the plane of scalar index ns (measures the 

deviation from scale invariance on the power spectrum) vs the scalar-to-tensor ratio r (measures 

the amount of gravitational waves). 

 

Hence, the NMC model agrees with the most recent data from Planck. Although a relatively 

small upper bound on the amount of inflationary gravitational waves, these kinds of solutions 

can originate also from the collision of mergers from compact binaries. Thus, we shall discuss 

the gravitational waves solutions of this model in the next section. 

 

6. GRAVITATIONAL WAVES 

Gravitational waves are solutions of General Relativity, both at linear and full nonlinear regime. 

However, these solutions also appear in modified gravity theories, usually accompanied by new 

features, such as new polarisation states. It is well known that a general metric theory may 

present up to six modes, namely two tensor (likewise GR), two vector and two scalar modes 19. 

Usually, gravitational waves are treated in vacuum, however we can extend this analysis in 

order to account for matter fields by resorting to Green functions' method. Notwithstanding, 

other approaches are also possible and new results appear, namely the Campbell-Morgan 

formalism of GR 20, the cyclotron damping and Faraday rotation in collisionless magnetised 
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plasmas 21,22, or the loss of the residual gauge freedom in the field equations when the 

cosmological constant appear 23,24. 

In order to keep both f1 and f2 functions as general as possible, we shall consider two cases for 

the Lagrangian density, namely the cosmological constant and the dark energy-like fluid cases. 

In the first case, it is found that in addition to the tensor modes, in the Lambda gauge 25: 

  , 

where the metric was expanded around a Minkowskian spacetime,  , a scalar 

mode also appears: 

 . 

Similarly, for the case of a dark energy-like fluid, we get a similar wave equation for the 

excitation of the metric: 

  , 

However, under certain circumstances, the trace of the field equations leads to a scalar mode 

which can be decoupled into two mor fundamental modes: ω = ω(δR, δL). 

We can then ask for alternative approaches to gravitational waves solutions of gravity theories. 

In particular in GR, both metric and "Palatini" approaches lead to the same field equations, and 

polarisation modes. However, for alternative theories of gravity, this is not the case. For 

instance, metric f(R) theories may present up to six polarisation modes, whilst "Palatini" f(R) 

only exhibits two tensor modes, likewise GR.  

When matter is included one question arises: do matter fields feel the connection built from 

metric field or the independent connection (e.g., fermions)? Thus, three approaches are 

possible: metric, Palatini and metric-affine; the latter corresponding to the case where when 

matter fields also experience the independent connection. 

 

7. CONCLUSIONS 

In this work, we have reviewed some results of the non-minimal matter-curvature coupling 

alternative gravity model for relevant physical scenarios, such as the cosmic virial theorem, the 

Boltzmann equation and the Jeans’ criterion for instability, the early universe, namely inflation, 

and the gravitational waves solutions of the model. 

In fact, this model accounts for the dark matter profile mimicking at galaxies and clusters, and 

adds a potential energy term to the virial theorem. Given the covariant non-conservation of the 

energy-momentum tensor of matter fields, an extra force appears in the geodesics, which adds 

an extra force term in the Boltzmann equation although it preserves the H-theorem. The Jeans’ 
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criterion for gravitational instability was analysed and the deviations from its GR’s counterpart 

allow for matching the observational stability or instability of each Bok globules. In the early 

universe, the NMC gravity model is compatible with the latest data from Plank results and is in 

good agreement with LIGO and Virgo collaborations data for gravitational waves. 
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STRUCTURE PEROVSKITE DES SOLUTIONS SOLIDES : Pb1-xSrx (Zr0,52 ,Ti0,43 
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ABSTRACT 

The main  objective  of  our  work  is  the  synthesis,  structural  and  physical 

characterization of a ceramic material of PZT type and perovskite structure  ABO3. A series 

of  PZT  type  compositions  with  general  formula  Pb1-x Srx [(Zr0.52 

,Ti0.43)(Al0.5,Sb0.5)0.05]O3 where x takes the values 0, 0.2, 0.4, 0.6, 0.8 and 1 successively, 

were prepared  by  solid  state  process  then  sintered  in order  to  optimize  the sintering 

temperature. 

Rietveld structure refinements for the synthesized nanopowders were fulfilled with FullProf 

software packages and high quality collected XRD data in order to determine the fractional 

phase components percent as well as the various crystallographic properties .  

The complete description of the X-ray diffraction pattern was made by the Rietveld technique, 

including the background, shape, position, and intensities of the diffraction patterns observed 

using the structural model using the CIF file. The parameters of the model have been refined 

by least squares technique to obtain as good a match as possible between the observed and 

calculated diffractogramme. 

Keywords: FTIR, FullProf, perovskite, PZT, Refinement, XRD. 
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ÖZET  

V525 And örten çift yıldız sisteminin Wide Angle Search for Planets (WASP) gözlem projesi 

tarafından gözlenen ışık eğrisinin çözümü ilk defa bu çalışmada sunulmuştur. Çözüm 

sonucunda bu çift yıldız sisteminin ayrık bir örten çift yıldız sistemi olduğu sonucuna 

ulaşılmıştır. Sistemin mutlak parametreleri tahmin edilmiştir. Ayrıca, sistemin yörünge dönem 

değişimi analizi de ilk defa bu çalışmada sunulmuştur. Yörünge dönem analizinde O-C 

metodu kullanılmıştır. Sistemin yörünge döneminde bariz bir değişim tespit edilememiştir.      

Anahtar Kelimeler: Yıldızlar, örten çift yıldızlar, V525 And 

 

ABSTRACT 

Solution of light curve of eclipsing binary star system V525 And observed by the Wide Angle 

Search for Planets (WASP) observation project is presented for the first time in this study. As 

a result of the solution, it was concluded that this binary star system is a detached eclipsing 

binary star system. The absolute parameters of the system are estimated. Moreover, the 

analysis of the orbital period change of the system is presented for the first time in this study. 

The O-C method was used in the orbital period analysis. No obvious change was detected in 

the orbital period. 

Keywords: Stars, eclipsing binary stars, V525 And 

 

INTRODUCTION 

The eclipsing binary star system V525 And (GSC 02299-01028, TYC 2299-1028-1, 2MASS 

J01164808+3418103, Gaia DR2 320097079279036928, V=11.27 mag) is listed as an Algol 

type (EA) eclipsing binary star system candidate by Khruslov (2008). Other than the study 

presented by Khruslov (2008), there is no detailed photometric and/or spectral study about 

this system in the literature.  

In this study, the geometric parameters of the system were obtained by solving the light curve 

observed within the scope of the Wide Angle Search for Planets (WASP) (Butters et al. 2010) 
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observation project. The O-C analysis of the system was also made using all the minima times 

given in the literature and the times calculated in this study. Afterwards, the orbital period 

change of V525 And was discussed. Finally, the absolute physical parameters of the system 

are estimated and the results are discussed. 

 

OBSERVATIONS 

WASP observations of the V525 And system were made between 11 June 2004 and 22 July 

2008. The WASP CCD camera bandpass spans from 400 - 700 nm and is centered on the V-

band (central wavelength = 550 nm) (Butters et al. 2010). The observational error of the 

WASP observations range from 0.004 mag to 5.944 mag. In order to make a more sensitive 

light curve analysis of V525 And, observational points with an observational error value 

greater than 0.015 mag were not used in the light curve solution. The light curve used in the 

analysis is presented in Figure 1 below.  

 

 

Figure 1. The WASP light curve of V525 And.   

 

ORBITAL PERIOD ANALYSIS 

Orbital period variation analyses of V525 And was performed for the first time in this study. 

The O-C method was used in the analyses. 

In this study, a total of 4 timings were collected from the O-C Gateway database 

(http://var2.astro.cz/ocgate/). The data consist of minima times obtained from CCD and 

photoelectric (pe) observations. Moreover, 16 CCD timings were calculated from the WASP 

observations using the Kwee-van Woerden method (Kwee & van Woerden 1956).  The 
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eclipse timings data of V525 And can be requested in electronic or printed format from the 

author.  

 

 

Figure 2. (a) O-C diagram of V525 And. Linear fit to the O-C dataset is represented with 

dashed black line. (b) O-C diagram of the system after subtracting linear fit.  

 

The light elements used for the O–C analysis of V525 And is given below, where the 

conjunction time 𝑇0  =  2454388.61429 HJD is a primary minima time calculated in this 

study from WASP observations and the orbital period 𝑃 =  1.429020 days was taken from  

the database of Kreiner et al. (2001), respectively. 

 

𝐶(1,V525 And) =  HJD 2454388.61429 + 1d. 429020 × 𝐸 

 

The O-C diagram of V525 And is given in Figure 2. The updated linear light element was 

found as below: 

 

𝐶(2,V525 And)   =  HJD 2454388.61583(14) + 1d. 4290197(2) × 𝐸 

 

LIGHT CURVE ANALYSIS 

Since no spectroscopic observations have been carried out for V525 And, we estimated the 

effective temperature of the primary component using the method given by Tunçel Güçtekin 
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et al. (2016). In this method, the effective temperature of the primary is estimated from the 

intrinsic color index, (𝐵 − 𝑉 )0, of the binary system. The intrinsic color index is calculated 

to be (𝐵 − 𝑉 )0 = 0.63 ± 0.13 mag using the method.  Later, the effective temperature of the 

primary component was estimated to be 5800±200 K, according to Drilling & Landolt 

(2000)'s color index-effective temperature calibration for main sequence stars. 

The light curve was phased using the ephemerides obtained in the orbital period analysis. 

Wilson-Devinney (WD) code (Wilson & Devinney 1971, Wilson 2012) was used for the light 

curve analysis. The light curve solutions were made by assuming the effective wavelength of 

the observations to be 550 nm (Butters et al. 2010). The bolometric gravity darkening 

exponents and albedos for a convective atmosphere (T < 7200 K) were set to 0.32 from Lucy 

(1967) and were set to 0.5 from Ruciński (1969), respectively. The third light contribution 

was disregarded. We assumed that the components of the systems were rotating 

synchronously in circular orbits, (e = 0). 

 

Figure 3. Sum of squared residuals (∑(𝑂 − 𝐶)2 ) versus related mass ratio (q) values of V525 

And.  

 

The q-search method was carried out to obtain the photometric mass ratio of V525 And, since 

the spectroscopic mass ratio of the system has not been published in the literature. All 

parameters mentioned above, except the mass ratio, were set as free parameters during the q-

search procedure. Figure 3 shows the sum of the squared residuals ∑(𝑂 − 𝐶)2 of the light 

curve models with respect to the related mass ratio values. The minimum ∑(𝑂 − 𝐶)2 value 

was achieved at q = 0.45.  
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Therefore initial value of the mass ratio parameter was set to q = 0.45. The best model 

parameters obtained from the light curve solution are given in Table 1. The theoretical fit 

obtained from the model together with the observed light curve is shown in Figure 4. 

The Roche geometry of V525 And obtained from the derived light curve parameters in Figure 

5. According to the solution, while the primary component of V525 And fills 78 per cent of its 

Roche lobe, the secondary component fills 65 per cent of its Roche lobe. Therefore V525 And 

binary star system can be classified as a detached eclipsing binary star system. 

 

Table1. Parameters obtained from best W-D model fit to WASP light curve of V525 And. 

Parameter  Value 

Ø 

-0.0010 ± 

0.0002 

i(deg.)  80.1± 1.1 

T1(K) 5800 

T2(K) 5248 ± 189 

q(=M2/M1)  0.454± 0.085 

Ω1  3.885 ± 0.019 

Ω2 4.343 ± 0.016 

r1(vol.) 0.297 ± 0.004 

r2(vol.) 0.149 ± 0.005 

L1/Ltot 0.862 ± 0.007 

L2/Ltot 0.138 

∑(𝑂 − 𝐶)2  0.039 

 

 

209



 

 

 

Figure 4. Observed light curve of V525 And from WASP survey. Best theoretical fit is 

illustrated by solid green line. Green dots correspond to residuals obtained from the model fit. 

 

Figure 5. Roche geometry of V525 And obtained from light curve analysis.  

RESULTS AND DISCUSSIONS  

We estimated the absolute parameters of V525 And, as given in Table 2.  

Table 2. Estimated absolute parameters of V525 And. 

 Primary 

component 

Secondary 

component 

𝑑 (Rʘ) 6.05 ± 0.12 

𝑀(Mʘ) 1.00 ± 0.10 0.45 ± 0.13 

𝑅(Rʘ) 1.80 ± 0.15 0.90 ± 0.24 

log 𝑔 (cgs) 3.93 ± 0.09 4.19 ± 0.10 

𝑀𝑏𝑜𝑙 (mag) 3.46 ± 0.42 5.40 ± 0.70 
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The mass of the primary component was estimated using the calibrations of the color index, 

effective temperature, mass and spectral type for main-sequence stars given by Drilling & 

Landolt (2000). We appended a 10 percent error to the estimated masses of the primary 

components in order to estimate the errors of the remaining parameters given in Table 2. The 

mass of the secondary component of V525 And was calculated from the photometric mass 

ratio given in Table 1. The semi-major axes (d) were derived from Kepler's third law. The 

bolometric magnitudes (𝑀bol) and surface gravity (log g) values were estimated using the 

solar values (𝑇𝑒𝑓𝑓  =  5771.8 ± 0.7 K, 𝑀bol = 4.7554 ± 0.0004 mag, and 𝑔 =  27423.2 ±

 7.9 cm/s2) given by Pecaut & Mamajek (2013). 

Orbital period analysis of V525 And was performed using all timings published in the O-C 

Gateway database and the minima times estimated in this study. The linear light element was 

updated. In order to check the long term orbital period change of the system, future 

observations and precise minima times are required.  

Although Khruslov (2008) has listed the system as Algol type candidate, the system can be 

classified as detached eclipsing binary star system according to our light curve solution.  
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ABSTRACT 

The process of heat and mass transfer in boundary layer flow of a mixed convective and 

electrically conducting nanofluid with viscous dissipation and chemical reaction properties 

past a slender Riga plate is investigated in this study. Two distinct cases of boundary heating 

and concentration conditions are analyzed for heat and mass transfer. Viz, convective 

boundary condition and zero nanoparticle mass flux. The thermophoretic and Brownian 

aspects for nanoliquid are proposed using Buongiorno’s relations. With the aid of similarity 

conversion analysis, the governing formulated flow equations of heat and mass transfer have 

been translated into a system of nonlinear ordinary differential equations. Subsequently, 

optimal homotopy analysis method is employed to obtain the solutions to the reduced 

equations. The findings are graphically illustrated and discussed in view of the two cases of 

boundary conditions. One of the important observations of the present study is, for higher 

values of modified Hartmann number the velocity profile increases and temperature profile 

supreses and it is interesting to note that the contemporary numerical simulations offer 

confirmable accuracy in the existing literature, which authenticates the novelty of current 

investigation.  

 
Keywords: Coagulated riga plate, Nanofluid, Mixed convection, Viscous dissipation, 

Chemical reaction. 
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ABSTRACT 

The current studies have revealed that gold nanoparticles can heal and overwhelm cancer, the 

hazardous disease. These particles have a high atomic number that yields the heat and leads to 

malignancy tumours’ remedy. A motivation of this article is to study the double diffusive 

convection of the MHD peristaltic flow of Phan – Thien – Tanner with gold nanoparticles in 

the presence of the Hall effect and thermal radiation The fluid flows are formulated beneath 

the assumptions of long wavelength and low Reynolds number and non-dimensionalised using 

dimensionless parameters. The modelled governing equations are resolved using the 

perturbation technique. The expressions of velocity, temperature, and concentration are 

obtained, and the solutions of skin – friction coefficient, Nusselt number and Sherwood number 

at the wall are acquired. Moreover, embedded parameters on various physical extents of the 

fluid flow are studied in detail. The outcomes pointed out that the gold nanoparticles are 

operative for drug carrying and drug delivery systems as they control the velocity of the fluid 

flow through Brownian motion parameter and thermophoresis parameter. Also, the gold 

nanoparticles increase the temperature distribution, making them able to destroy cancer cells. 

The consequences may also be valid in the fluid peristaltic pump used in haemodialysis and 

are enormously supportive to carry out particle movement actions operated on cardiac surgery.   

Keywords: Peristaltic transport, Phan – Thien – Tanner nanofluid, heat transfer, mass transfer. 
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ABSTRACT  

Silicon is an abundant substance in nature. Since the 1950s, occupy an effective position in the 

field of electronics. Today it is used in devices, from the simplest transistors to the most 

complex microprocessors. This element was not chosen at random, but because it is linked to 

important applications in various fields:  Amorphous silicon used in the manufacture of optical 

instruments, laboratory equipment and fiberglass, Silica is one of the best electrical insulators 

on the market. For this reason, it is often used in silicon electrical circuits, simply by oxidizing 

the desired layers. 

The effects of irradiation with heavy ions in thick glassy silica (a-SiO2) or thin films are of 

great interest for various applications related to technological problems: 

 Storage glass for radioactive waste, Waveguides for optics as well as thin insulating films in 

the semiconductor industry, Space applications with cosmic rays, forming additional glass to 

reduce the melting temperature, there is also a primary interest, which is to allow an 

understanding of the creation of defects in an already amorphous structure. 

In the field of ion-matter interaction, the key issue is to know the behavior of the material with 

respect to irradiation. The mechanism by which the energy of the ionsis deposited in the 

material is the inescapable question in the phenomenon of irradiation. Several studies of the 

properties of a-SiO2 under irradiation with fast heavy ions of energy greater than 7 MeV / amu 

where the electrical stopping power is much higher than the nuclear stopping power. On the 

other hand, there is also a fundamental interest, that of allowing an understanding of the creation 

of defects in a structure which is already amorphous. 

The behavior of amorphous SiO2 irradiated with heavy ions in the electronic stopping power 

regime has been extensively studied in recent years [1]. By reducing the energy of the beam, 

Toulemonde et al. [2] have shown that there is a synergy of the loss of electron energy and the 

loss of nuclear energy in amorphous SiO2 irradiated by a gold beam of energy less than 15 MeV 

where the loss of electron energy is less than 3 keV / nm. 

The objective of this study is to study the behavior of vitreous silica (amorphous silicon dioxide 

a-SiO2) irradiated with heavy ions (75 KeV). At this energy considered low, the electronic 

stopping power is only three times greater than the nuclear stopping power. The aim of this 

215



work is to observe the competitiveness between the two electronic and nuclear stopping powers 

in the modification of the structure of this material, in a field where the electronic stopping 

power is close to the nuclear stopping power. The structural changes were characterized by 

FTIR. 

Keywords: Vitreous SiO2, Irradiation, Stopping power, FTIR, structural Modifications 
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WATER & WASTEWATER MANAGEMENT IN COGENERATION POWER & 

WATER PLANT (CASE STUDY) 
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ABSTRACT  

The Persian Gulf is a semi-enclosed marine system surrounded by eight countries. The marine 

environment in this region has been exposed to a wide range of destructive pollutants in recent 

years. This paper indicates the water & wastewater management in a cogeneration power & 

water plant. A Case study located in one of Iran’s island in Persian Gulf with the nominal 

capacity of 500 MW through 2 gas turbines and 1 back pressure steam turbines and 8000 m3/ 

day of distillate water through two MED-TVC units. Due to heavy oil traffic in the Persian 

Gulf, and the Gulf’s unique geographical location and sensitive biological nature, this sea could 

become the most polluted in the world unless strict measures are implemented and enforced. 

Since there are no standard criteria to drain the waste water to the sea in Iran, IDOE (Iran 

Department of Environment standard) for discharging effluents to surface water is considered 

in this paper.  

Key words: Persian Gulf, Cogeneration, Wastewater, Discharge, Standard. 
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ABSTRACT 

Transcranial photobiomodulation therapy (PBMT) also known as low-level laser therapy 

(LLLT) relies on the use of red/NIR light to stimulate, preserve and regenerate cells and 

tissues. In this review, we will present the most important laser types and sources used in the 

treatment of the brain, required energy densities to provide treatment, and laser delivery 

techniques to the brain through the cranium, eye, internal ear, and nostril. Various forms of 

light therapy have been practiced all over the world for many years. Among them, laser 

therapy has flourished in recent years. More and more laser equipment is being used in this 

area. The use of PBMT for neuronal stimulation has been studied in various animal and 

human models and has been shown to improve cerebral metabolic activity and blood flow and 

provide neuroprotection through anti-inflammatory and antioxidant pathways. In recent years, 

the concept of thermotherapy for the treatment of brain tumors has become more widespread. 

Traditionally, heat therapy is divided into hyperthermia, with a moderate increase in the 

temperature of the treated tissue above the physiological baseline level, and heat ablation, in 

which even higher temperatures are reached. Recently, intranasal light therapy, light delivery 

to the brain through the ear and other channels have become attractive and potential 

treatments for brain diseases. Here we summarize the various methods of delivering light 

through the nostrils and ear canals using lasers or light-emitting diodes (LEDs), which can be 

used alone or in combination with transcranial devices or (applied directly to the scalp) to 

treat a wide range of brain conditions such as the lungs cognitive impairment, Alzheimer's 

disease, Parkinson's disease, cerebrovascular disease, depression and anxiety, and insomnia. 

Evidence shows that low-intensity laser therapy improves blood rheology and cerebral blood 

flow, so there is no need to pierce blood vessels. 

Keywords: Brain; transcranial laser irradiation; optical transmission; laser light delivery; 

optical fluence rate; photobiomodulation therapy. 
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1.  INTRODUCTION  

Light in the visible and near-infrared spectrum makes up the major part of solar radiation and 

is also provided by artificial light sources. Since light is widely present throughout our world, 

approaches that harness it for medical treatment are hardly a new phenomenon. 

Photobiomodulation (PBM) involves the utilization of light from the visible and near-infrared 

portions of the spectrum at a relatively low power density that is insufficient to heat or burn 

tissue. Although PBM often uses lasers as the light source, its method of action is not thermal 

or ablative in any way. Rather, the photons themselves stimulate chemical changes within the 

cells, provoking biological reactions that benefit the body in a variety of ways - including the 

triggering of neuroprotective responses, improvements in metabolism, blood flow, and 

neurogenesis, and decreases in inflammation and oxidative stress [1-10].  

Generally, transcranial PBM (the name applied to PBM specifically when the light is applied 

to the head to treat neurological conditions) procedures involve the placement of a light 

source (or multiple light sources) on one or several areas of the head, to stimulate a certain 

part of the brain, which varies depending on the illness or disorder being treated. The light can 

originate from a laser or a light-emitting diode (LED) and can be pulsed or continuous. 

Several parameters are typically employed to fully describe PBM protocols. One is the 

wavelength of light being used. Wavelength is important, as only certain ranges have any 

effect. Light in the 700–750 nm range, for example, tends to have little impact, whereas the 

impact of light in the 600–690 nm or 760–900 nm is far greater. Another important parameter 

is the irradiance or power density (mW/cm2 ), which equals the power of the light source in 

Watts divided by the area over which the light hits the body. A similar concept is energy 

density (sometimes called the fluence), which is provided by Joules/area (J/cm2 ). It should be 

noted that if the spot is relatively small (<< 1 cm2 ), the power density and energy density are 

likely to be misleading. For instance if the spot is only 1 mm2, a calculation might lead to 

claims that 1W/cm2 was delivered from a 10 mW laser. Additionally it is important to note 

that the treatment duration, and the frequency of repetition can have influence on the success 

(or lack thereof). Finally there is some evidence that pulsing the light can have a better effect 

than continuous wave (CW) light [11, 12]. Parameters are of vital importance in PBM due to 

its characteristic biphasic dose response effect [13, 14]. That is, PBM can have vastly 

different effects depending on such factors as wavelength, irradiance, energy density, and 

treatment duration.  

As of now, transcranial PBM research remains in a state of relative infancy. While its positive 

effects have been demonstrated countless times in animal models, they have yet to be proven 

in broad-scope clinical testing. However, the research that does exist is very promising, 

strongly indicating that PBM could be a viable treatment option for a broad range of 

neurological diseases including stroke, traumatic brain injury, Parkinson’s disease, 

Alzheimer’s disease, and depression, in addition to providing cognitive enhancement for 

healthy subjects [10-17]. 
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2. IRRADIATION MODALITIES IN LOW-LEVEL LIGHT THERAPY 

Initially, low-level light therapy (LLLT) referred to the biostimulation effect of low-intensity 

laser light observed both in vitro and in vivo. The third L in LLLT stood for laser. However, 

with the upcoming of powerful light-emitting diodes (LEDs) and their successful use in 

photomedicine, the third L in LLLT became light. Today, the terms photobiomodulation 

(PBM) and photobiomodulation therapy are used by many authors for LLLT. PBM can be 

performed in both continuous wave (CW) and pulsed mode. For example, Keshri et al. 

documented the effect of 810 nm laser light (40 mW.cm-2, 22.6 J.cm-2 ) applied at frequencies 

of 10 and 100 Hz as well as in the CW mode on the healing dermal wounds in animals. As in 

other studies, it was found that the therapeutic effect of the pulsed mode was significantly 

superior to that of the CW mode [18]. Importantly, wound contraction was more pronounced 

at 10 Hz than at 100 Hz. This result correlates well with the biochemical picture, reflected in a 

significant increase in the adenosine triphosphate (ATP) levels at 10 Hz when compared to 

100 Hz or CW. The authors of the study interpret the maximum in ATP production at 10 Hz 

by assuming a greater absorption of 810 nm photons by mitochondrial complex-IV at this 

frequency. This hypothesis overlooks that the absorption of photons is an extremely fast 

process when compared to a pulse frequency of 10 Hz. In other words, it is not plausible that 

a frequency as low as 10 Hz could influence the process of absorption. In two studies 

exploring the effect of 830 nm laser light applied in the pulsed and CW mode–with 

everything else being equal–Ueda and Shimizu reported on cell proliferation and bone 

formation in vitro [19]. The biological effect of a frequency of 1 Hz was significantly superior 

to that of CW2 and that of 1–2 Hz was significantly superior to that of 8 Hz or CW [20]. 

Earlier, Miyamoto et al. used moderate levels of 514.5 nm laser light (100 mW.cm-2, 1–10 

J.cm-2, pulsed at 10 Hz and CW) in combination with a photosensitizer used in photodynamic 

therapy (PDT) to irradiate HeLa cells [21]. Notably, there was a characteristic difference in 

the modality of cell death: apoptosis in the pulsed mode and necrosis at CW. This finding 

indicated that in comparison with CW, a greater amount of photosensitizer entered the cells 

during pulsed irradiation. While the authors justified their conclusion based on the differences 

in DNA damage, a reason for the differences in the uptake of the PDT chemical was not 

provided [22-25]. 

 

3.1 INTRANASAL PHOTOBIOMODULATION THERAPY FROM THE NOSTRILS 

Nasal delivery is recognized as a promising way of delivering therapeutic agents for the 

treatment of nasal problems (eg, asthma, colds, coughs, and sinusitis). In addition, the nose 

serves as a direct route to the brain, so that intranasal administration is an effective and non-

invasive means of delivering exogenous therapeutic molecules to the CNS. Recently, 

attention has been paid to the nasal route of delivery of systemic therapeutic agents that enter 

the brain through systemic circulation. i-PBMT using nostrils involves the simple process of 

attaching a small laser diode or LED unilaterally / bilaterally to the nose [26-37]. 
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In the i-PBMT, pulsed (PW) irradiation has several advantages. First, because a light source 

in direct contact with the nasal cavity and tissues can cause excessive heating, PW can reduce 

the heat associated with lighting by suspending and cooling the tissues. Second, recent 

discoveries have shown beneficial neurobiological effects at specific frequencies of light, 

such as 10, 40, and 100 Hz. PBMT at 10 Hz PW has been shown to have neurotherapeutic 

effects in patients with cognitive and mood problems. Third, a pulse rate of 40 Hz can amplify 

gamma brain waves; a similar visible enhancement has been demonstrated and shown to 

reduce amyloid-β (Aβ) levels and tau phosphorylation in an animal model of AD. The i-

PBMT portable devices, specifically for the 40Hz PW mode, have been tested to improve 

concentration and cognitive function in AD patients and to modulate nerve vibrations in 

healthy subjects. Fourth, PD patients who received deep brain stimulation at 60 Hz showed 

significant improvement in swallowing and movement symptoms. iPBMT at 60 Hz PW 

should be further investigated for neurodegenerative diseases in clinical trials [38-42]. 

Concerning direct blood irradiation, the nasal cavity has a rich arterial blood supply, provided 

by both the internal and external carotid arteries. It is known that i-PBMT of blood from the 

nostrils improves oxygenation and leads to an increase in the level of adenosine triphosphate 

(ATP) in various tissues, including the brain. PBMT, absorbed into the blood using visible 

light as well as NIR, results in partial photochemical dissociation of hemoglobin-ligand 

complexes [eg O2, carbon dioxide, nitric oxide (NO)]. The result of light-induced 

oxyhemoglobin photodissociation is a decrease in arterial oxygen saturation (SpO2) in 

capillary blood vessels, followed by significant enrichment of local tissue oxygenation. The 

available data also indicate that hemoglobin can absorb photons with a wavelength of 660 nm 

and enhance the effect of laser radiation on blood lymphocytes [43-52]. 

3.2 THE HUMAN BRAIN REACTS TO TRANSCRANIAL EXTRAOCULAR LIGHT 

This study demonstrates that extraocular light affects the functioning of the human brain. 

Extraocular light modulated attention-related brain responses, especially those associated with 

the interaction of emotion and attention. This light canceled the emotional modulation of the 

central parietal response of the brain P300, which indicated extraocular photosensitivity of the 

brain. The light was able to penetrate the base of the skull and reach the temporal lobes of the 

brain. Lihua San et al. [53-60] confirmed by examining the skull of a human corpse that light 

can penetrate the human skull through the auditory canals and reach the temporal lobe of the 

brain. Since the brain floats in the cerebrospinal fluid, the transmitted light can be widely 

scattered, thus illuminating the basal surface of the temporal lobe. The mechanism by which 

extraocular light can affect the functioning of the human brain is unclear. There can be several 

mechanisms for the action of light on brain function, depending on the species, cell type, and 

physical properties of light [61-68]. 
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3.3 TRANSCRANIAL TREATMENT WITH BRIGHT LIGHT THROUGH THE EAR 

CANALS 

Jurvelin et al [69] investigated whether transcranial bright light passing through the ear canals 

has an antidepressant effect in the treatment of SAD. Over a four-week study period, 89 

patients (67 women; 22 men, 22 to 65 years old, mean age ± SD: 43.2 ± 10.9 years) with SAR 

were randomized to receive a 12-minute daily dose of photic energy in the amount of one 

person. three intensity levels (1 lumen / 0.72 mW / cm2; 4 lumens / 2.88 mW / cm2; 9 lumens 

/ 6.48 mW / cm2) through the ear canals. The light was produced using LEDs. Patients in all 

three groups showed significant reductions in BDI, HAMA, and SIGH-SAD scores. These 

results suggest that transcranial bright light treatment may have antidepressant and anxiolytic 

effects in patients with SAD, as depressive and anxiety symptoms assessed by both self and 

psychiatrist improved in all treatment groups see Fig 1. [70]. 

. 

                         

   (a)                                                                  (b) 

                  

 (c) (b*) 

Fig 1. Different approaches to light delivery to achieve photobiomodulation therapy. 

Photobiomodulation therapy can be applied using: a: through the nostril, b and b*: through 

the ear opening, and c: through the eye. 
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4. MECHANISMS OF ACTION OF PHOTOBIOMODULATION 

The most well-studied mechanism of action of PBM is centered around cytochrome c oxidase 

(CCO), which is the fourth unit of the mitochondrial respiratory chain responsible for the final 

reduction of oxygen to water using electrons generated by glucose metabolism. Theoretically, 

the activity of the CCO enzyme can be suppressed by nitric oxide (NO) (especially in hypoxic 

or damaged cells). This inhibitory NO can be dissociated by photons of light that are absorbed 

by CCO (which contains two heme and two copper centers with different absorption spectra). 

These absorption peaks are mainly found in the red (600-700 nm) and near-infrared (760-940 

nm) regions of the spectrum. When NO dissociates, the mitochondrial membrane potential 

increases, more oxygen is consumed, more glucose is metabolized, and more ATP is 

produced by mitochondria [71-84]. It has been shown that there is a transient increase in the 

number of reactive oxygen species (ROS) produced in mitochondria when they absorb 

photons delivered during PBM. The idea is that this ROS surge could trigger several 

mitochondrial signaling pathways leading to cytoprotective, antioxidant, and antiapoptotic 

effects in cells. NO, which is released by photodissociation, acts as a vasodilator as well as a 

lymphatic flow dilator. What's more, NO is also a potent signaling molecule and can activate 

several beneficial cellular pathways. Fig 2. illustrates these mechanisms [85-95]. 
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Fig 2. Brain Therapy Course by Transcranial photobiomodulation (PBM) also known as low-

level laser therapy (LLLT) relies on the use of red/NIR light to stimulate, preserve and 

regenerate cells and tissues. 

It is quite clear that there must be some other type of photo acceptor besides CCO, which is 

demonstrated by the fact that wavelengths well above the red / NIR wavelengths discussed 

above can also have a positive effect in some biological scenarios. It has been reported that 

wavelengths such as 980nm, 1064nm laser and 1072nm LED, and even broadband IR light, 

can cause PBM-type effects. Although the photoreceptor for these wavelengths has not been 

finally identified, the main hypothesis is that it is primarily water (possibly nanostructured 

water) located in thermal or photosensitive ion channels [96–102]. 

A wide variety of different light sources (lasers and LEDs) are used for tPBM. One of the 

most controversial issues that remain to be finally resolved is whether a coherent 

monochromatic laser is superior to incoherent LEDs, usually having a bandwidth of 30 nm 

(half-width at half maximum). Although the most commonly used wavelengths in the near-

infrared range (800-1100 nm), sometimes red wavelengths were used, either alone or in 

combination with the near-infrared range. Power levels also varied markedly from class IV 

lasers with a total output power of about 10 W to lasers with more modest power levels (about 

1 W). LEDs can also have a wide range of total power levels depending on the size of the 

array, the number, and the power of the individual diodes. The power density can also vary 

quite significantly from the Photothera laser and other class IV lasers, which required active 

cooling (~ 700 mW / cm2), to LEDs in the range of 10–30 mW / cm2 [103-105]. Table 1. 

shows the types of light sources used in the treatment of different diseases of the human and 

animal brain, during different periods, with different wavelengths and energy density as well. 

Table 1. Statistical table of different brain diseases and their treatment with light and laser 

sources with different wavelengths and low energy density and for different treatment 

periods. 

increase in reactive 

oxygen species (ROS) 

absorb the photons 

delivered during PBM 

 or LLLT. 

224



 

 

 

225



 

 

5. CONCLUSIONS 

Photobiomodulation (PBM) also known as low-level laser therapy (LLLT) describes the use 

of red or near-infrared light to stimulate, heal, regenerate, and protect tissues that have either 

been damaged, degenerated, or at risk of death. One of the organ systems of the human body 

that is most essential for life and the optimal functioning of which is of the greatest concern to 

humanity as a whole is the brain. The brain suffers from many different disorders, and there is 

some evidence that all of these seemingly diverse conditions can be positively influenced by 

shining light on the head. There is even a possibility that PBM could be used to improve 

cognitive function in normal, healthy individuals. In this transcranial PBM (tPBM) 

application, near-infrared (NIR) light is often applied to the forehead due to better penetration 

(no hair, longer wavelength). Some workers have used lasers, but the recent advent of 

inexpensive LED arrays has allowed the development of light-emitting helmets or "headgear". 
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ABSTRACT 

Nowadays, ultrasonic horn considered to be one of the most acoustical tools which is 

performed for machining processes, through vibrating and transferring sufficient energy from 

transducer to the working area. A horn with proper design will help to solve issues and to 

minimize damage to the vibration system and generator. This work presents a modal analysis 

of two different horn profiles with different materials (steel, aluminium and titanium), using 

finite element based ANSIS software code. The result reveal higher natural frequencies for all 

vibrational modes of titanium horn for both exponential solid and circular hollow profiles. 

While circular hollow profile with all materials shows lower at first and second modes and 

after that increase at third and fourth mode shapes while it back to decrease at fifth and sixth 

mode shape. The titanium material shown better acoustic properties compared with 

aluminium and steel.  

Keywords: Ultrasonic horn ; USM; Finite Element Simulation; modal analysis; steel; 

aluminum; natural frequency; mode shape  

 

INTRODUCTION 

Modern industries are mostly depending on machining of hard and brittle materials with high 

accuracy in order to match the requirement of applications. Ultra Sonic Machining (USM) 

considers one of these modernized processes which are recommended in industries due to 

their non-thermal and stress free machining. USM is a mechanical type of advanced 

machining process which is typically advantageous for machining of material having hardness 

more than 45 Rc. The high velocity longitudinal waves are normally used in USM because it 

propagates easily in solids, liquid and gases. The high frequency vibration produced by 

transducer do not possesses adequate amplitude needed to remove the material from the work 

piece. The amplitude of 5-10 µm needs to be amplified to approximately 100 µm for effective 

machining. Therefore horn is used not only to amplify the vibration but also to transmit the 

vibration from the transducer to the work piece. Effective machining using USM requires the 

horn to be in resonance with the transducer. The material removal takes place in USM by 

combination of three different modes. Mechanical abrasion due to localized hammering of the 

abrasive grain between the tool and work piece is the prime reason. Micro chipping by free 
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impact of abrasive particle and erosion of work surface by cavitations is also responsible for 

material removal during USM. The vibrating tool transfer the energy to the abrasive grains 

and thus removes the material in a precise reverse form of the tool shape. The shape or profile 

of horn decides the extent of vibrational energy magnification. Since the vibration of energy 

remains same throughout the length of the horn therefore the decrease of cross section area 

increases the energy density. In actual practice horns of different profiles like conical, stepped 

or exponential are used in USM. The stepped profile produce high amplitude but it is prone to 

breakage due to large vibration stress. The conical profile is the most widely used horn design 

due to its ease of manufacturing and good amplitude magnification. Horn of exponential 

profile is most difficult to manufacture but it has good amplification ability. The calculation 

of resonant length is a critical aspect of horn design and it must be equal to multiple of half 

wavelength of the system so that maximum vibration can be obtained at the tool end of the 

horn. A CAD based design procedure was proposed by Amin et al. [1]. The authors found that 

horn profile with conical shape at the upper end and cylindrical shape at the lower end 

provide maximum magnification factor. Nad [2] investigated the dynamic properties of 

different horn profiles. It was observed that the resonance frequency and the amplification 

factor are the two most critical parameters for the selection of horn. The amplification factor 

decreases with the increase of cross-section area and slenderness ratio. Seah et al. [3] 

investigated the effect of the change in design variables on the frequencies and stress 

concentration in the conical and stepped horns using ANSYS. Nad and Cicmancova [4] 

analyzed the influence of geometrical parameters on dynamic properties of different horn 

profiles like exponential, stepped, and conical. They found that the resonance frequency must 

be more than 20 kHz and amplification factor must be greater than unity for effective 

machining. Yadava and Deoghare [5] developed FEM based design procedure for sonotrode 

of rotary ultrasonic machining (RUM). The authors obtained the various stress components in 

the horn and found that the stress components varies linearly along the radial length and the 

stress obtained at the resonant frequency is considerably smaller than the stress obtained at 

other frequencies. Youssef and El-Hofy [6] developed a design methodology to determine the 

horn contour using the general empirical formula. Analysis and design of acoustics horn were 

performed by Shu et al. [7] using ANSYS software. Modal analysis and harmonic analysis 

were performed to find the natural frequencies and amplitude amplification of different horn 

profiles. FEM was used by Nanu and Marinescu [8] to investigate the effect of step length, 

diameter and corners radius size on stepped horn profile during ultrasonic assisted EDM 

machining. Roy and Jagdish [9] designed a circular hollow horn for USM using ANSYS. 

Modal analysis and harmonic analysis was performed and it was observed that circular hollow 

horn provides better magnification factor compared to conical and exponential horns and the 

developed stress is comparatively less than the stepped, conical, and exponential horns. The 

above literature review reveals that even though modal analysis using FEM has been 

performed for various horn profiles but a comparative analysis for solid and hollow 

exponential profiles has not been reported. Moreover, the analysis of these two horns for two 
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different horn materials is very sparse. Therefore in this study modal analysis for solid and 

hollow exponential horn profiles for two different materials have been performed using FEM 

based ANSYS software. 

FINITE ELEMENT MODELING 

Numeric analysis based on finite element method is preferred for analysis of horn design 

compared to analytical and experimental methods because the solution of wave equation 

through analytical method is very difficult and experimental approach is not reproducible and 

time consuming. Axial vibration of an elastic member with varying cross section is the basis 

of horn design for USM. Since the frequency of fixed-fixed case is similar to free-free case 

therefore in this modal analysis the FEM analysis has been performed for fixed-fixed 

condition because the free-free condition is semi-indefinite in nature [13]. USM is based on 

propagation of longitudinal wave through ultrasonic horn therefore generalized wave equation 

can be applied for modal analysis [12]. The resonant frequency and resonant length are the 

two most critical parameters affect the magnification factor of USM. Since the tool is very 

light in weight and do not affect the resonance condition of horn therefore in this analysis the 

tool has not been taken into consideration. In this study the dimension of the solid exponential 

and circular hollow exponential horn with circular cross section in the transverse direction has 

been taken from the reference [15] respectively with the exception that in case of exponential 

horn solid profile has been taken unlike the hollow profile considered in reference [15]. The 

length of the exponential solid and circular hollow exponential horn considered for the 

analysis is 121.0 mm both. Material properties of steel, aluminium and titanium are shown in 

Table 1.  

Table 1: Material properties of steel and Alum. 

Materials Young 

Modulus 

(GN/m2) 

Poisson’s 

ratio 

( - ) 

Density 

(Kg/m3) 

Steel 200 0.3 7800 

Aluminum 71.0 0.33 2700 

Titanium 113.8 0.34 4430 

 

Since a 3D model has been developed for both the geometry (Figure 1), analysis has been 

performed for six nodes. Modal analysis reveals the resonant frequency of the geometry [13]. 

Mode shapes indicate that structure will oscillates within a particular frequency [14]. There 

may be multiple modes for a structure and each mode shape occurs at a particular frequency 
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known as natural frequency of the mode at which all the available energy supplied by 

excitation is absorbed by the horn. Discrimination of geometry has been done using 3D 

tetrahedron element and number of nodes obtained after convergence test for each horn 

profile is shown in Table 2. 

Table 2: Horn profiles with number of elements and nodes 

Types of Horn 

exponential  dimension 
Nodes Elements 

Solid 2033 1066 

Hollow 36282 25256 

 

 

(a) Exponential solid horn 

 

(b) Hollow exponential horn 

Figure 1: Sketch of parts dimension for solid exponential horn and hollow exponential horn 

 

Each node of the element has three translational degrees of freedom so that the element can 

deform in all three directions in space. After post processing, the natural frequency have been 

obtained for different modes. Mesh generation analysis were carried out for the both horn 

types as shown in Figure 2. 
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Figure 2: Mesh generation of solid and hollow exponential horns 

 

RESULTS AND DISCUSSION 

1.1 3.1 Modal analysis of solid exponential ultrasonic horn 

The ultrasonic machining; take place at frequency greater than 20 kHz. In this analysis six 

modes has been generated and the frequency obtained for steel and aluminium is shown in 

Figure 3. It can be observed from Figure 4, that natural frequency of titanium solid 

exponential horn is higher compared with aluminium and steel for the solid exponential horn 

for all the six different modes. 

 

 

 

Figure 3: Modal analysis of solid exponential horns with different profiles 
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Figure 4: Natural frequency produced in solid exponential horn of titanium, aluminum and 

steel 

1. 3.2 Modal analysis of hollow exponential ultrasonic horn 

 

 

Figure 5: Modal analysis of hollow exponential horn with different profiles  
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Figure 6: Natural frequency produced in hollow exponential horn of titanium, aluminum and 

steel 

CONCLUSIONS 

Modal analysis of two different horn profiles which are usually difficult to manufacture has 

been performed for solid exponential and circular hollow exponential profile using FEM 

based ANSYS software. The following salient conclusions have been drawn from the analysis. 

The study reveals that different frequencies are generated at different modes and the desired 

mode at which longitudinal mode of vibration is created is the 6th mode for both solid 

exponential and circular hollow exponential horn profile. Natural frequency of titanium horn 

is always higher for all the six modes for both solid exponential and circular hollow 

exponential horn profile, compared with aluminium and steel that reveals lower in vibration 

modes.Initially, the natural frequency is higher in 1st and 2nd mode shape for solid 

exponential, then reduce in 3rd and 4th mode shape and again increase in the 5th and 6th 

mode shapes. For the two types of horn, titanium materials exhibit better acoustic properties 

in providing high natural frequencies along several modes, compared with horns that made 

from aluminium and steel, that shown lower values of natural frequencies and mode shapes.   
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ABSTRACT 

We study the existence, uniqueness and stability solutions of new Volterra integro-differential 

equations of the second order by using Picard approximation method, Banach fixed point 

theorem. Theorems on the existence, uniqueness and stability solutions are established under 

some necessary and sufficient conditions on closed and bounded domains. Furthermore, the 

study of such nonlinear of Volterra integro-differential equations leads us to improve and 

extend the above methods. Also the study become more general and detailed than those 

introduced some results by Butris[4].  

Key words: Existence, uniqueness and stability solution, Integro-differential equation, Picard 

approximation method, Banach fixed point theorem.   

 

I. INTRODUCTION 

Integro-differential equations anise quite frequently as mathematical models in diverse 

disciplines. The origins of the study of integral and integro-differential 

equations may be traced to the work of Abel, Lotka, Fredholm, Malthus, Verhulst and Volterra 

on problems in mechanics, mathematical biology and Economics [2,3,4,5,6,8,10]. The work of 

Volterra on the problem of competing species is of fundamental importance for the 

development of mathematical modeling of real-world problems. From those beginnings, the 

theory and applications of Volterra integro-differential equations with bounded and unbounded 

delays have emerged as new areas of investigation []3,4,5,6]. This continuous process of 

development during the past few decades is reflected in the large number of research papers 

and books covering some of these areas. None of the available books, however, is exclusively 

devoted to the theory and applications of integro-differential equations as a subject in itself. 

The present monograph is intended to fulfill this existing need. It provides the basic theory and 

qualitative properties of solutions of Volterra integro-differential equations, together with a 

large number of applications, and consists of five chapters. Chapter 1 is concerned with the 

basic theory, namely existence, uniqueness, theory of inequalities, comparison results, 

continuous dependence and differentiability of solutions with respect to the initial data, linear 

and nonlinear variation of parameters, and monotone iterative techniques. Several numerical 

methods for solving linear and nonlinear integro-differential equations have been presented. In 

most methods, a set of basis functions and an appropriate projection method such as Galerkin, 
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Picard, collocation, etc [1,9,11,12,13,15]. These methods often transform an integro-differential 

equation to a linear or nonlinear system of algebraic equations which can be solved by direct or 

iterative methods. In general, generating this system needs calculation of a large number of 

integrations. It is well known that linear and nonlinear Volterra integral equations arise in many 

scientific fields such as the population dynamics, and spread of epidemics. Volterra started 

working on integral equations in 1884, but his serious study began in 1896. The name integral 

equation was given by du Bois-Reymond in 1888. Volterra published papers on partial 

differential equations, particularly th equation of cylindrical waves. His most famous work was 

done on integral equations. He published many papers on what is now called 'an integral 

equations of Volterra and Fredholm types [14,16,17,18,19,20].    

Definition 𝟏. A continuous function 𝑓 satisfy a Lipchitz condition on the domain 𝐺 =

{(𝑡, 𝑥): 𝑎 ≤ 𝑡 ≤ 𝑏, 𝑐 ≤ 𝑥 ≤ 𝑑} in the variable 𝑥 on 𝐺 if for all 𝐾 > 0 and (𝑡, 𝑥1), (𝑡, 𝑥2) ∈ 𝐺, 

such that:- 

 |𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2)| ≤ 𝐾|𝑥1 − 𝑥2| 

 Definition 𝟐. A solution 𝑥(𝑡) is said to be stable if for each 𝜖 > 0, there exist a 𝛿 > 0 such 

that any solution �̅�(𝑡) which satisfies ‖�̅�(𝑡0) − 𝑥(𝑡0)‖ < 𝛿 for some 𝑡0, also satisfies 

‖�̅�(𝑡) − 𝑥(𝑡)‖ < 𝜖, for all 𝑡 ≥ 𝑡0. 

 Definition 𝟑. Let (𝐸, ‖. ‖) be a norm space. If  𝑇 map into itself we say that 𝑇 is a contraction 

mapping on 𝐸 if there exists 𝛼 ∈ 𝑅 with 0 < 𝛼 < 1 such that:- 

‖𝑇𝑥 − 𝑇𝑦‖ ≤ 𝛼‖𝑥 − 𝑦‖  , 𝑥, 𝑦 ∈ 𝐸.  

Theorem1. (Banach Fixed Point Theorem). Let (𝑬, ‖. ‖) be   complete metric space with a 

contraction mapping T: E → E. Then T   a unique fixed-point  x in E (i.e., Tx =x). (For the 

definitions and theorem see [3, 4, 5,6]). 

In this paper, we study the system of nonlinear Volterra integro-differential equations of the 

second order which has the following form:- 

         

𝑑2𝑥

𝑑𝑡2
= 𝐴𝑥 + 𝑓 (𝑡, 𝑥, �̇�, 𝑦, �̇�, ∫ 𝑅(𝑡 − 𝑠)𝑥(𝑠)𝑑𝑠

𝑡

−∞
)

𝑑2𝑦

𝑑𝑡2
= 𝐵𝑦 + 𝑔 (𝑡, 𝑥, �̇�, 𝑦, �̇�, ∫ 𝐻(𝑡 − 𝑠)𝑦(𝑠)𝑑𝑠

𝑡

−∞
)
}                                                    (1) 

Let the vector functions𝑓(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) and 𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣)are defined and continuous on 

the domains: - 

(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) ∈ 𝑅1 × 𝐷 × 𝐷1 × 𝐷2 × 𝐷3 × 𝐷𝑧
 (𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣) ∈ 𝑅1 × 𝐷 × 𝐷1 × 𝐷2 × 𝐷3 × 𝐷𝑣 

}                                                           (2) 

where 𝐷, is closed and bounded domain subset of Euclidean space 𝑅𝑛 . and 𝐷1, 𝐷2, 𝐷3 𝐷𝑧, 𝐷𝑣 

are bounded domains subset of the Euclidean space 𝑅𝑚. 

 Assume that the vector functions 𝑓 (𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) and 𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣)satisfy the following 

inequalities: - 
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‖𝑓(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧)‖ ≤ 𝑀

‖𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣)‖ ≤ 𝑁
}                                                                                                 (3) 

‖𝑓(𝑡, 𝑥1, �̇�1, 𝑦1, �̇�1, 𝑧1) − 𝑓(𝑡, 𝑥2, �̇�2, 𝑦2, �̇�2, 𝑧2)‖         

≤ 𝐿1‖𝑥1 − 𝑥2‖ + 𝐿2‖�̇�1 − �̇�2‖ + 𝐿3‖𝑦1 − 𝑦2‖ + 𝐿4‖�̇�1 − �̇�2‖

+ 𝐿5‖𝑧1 − 𝑧2‖                                                                                              (4) 

‖𝑔(𝑡, 𝑥1, �̇�1, 𝑦1, �̇�1, 𝑣1) − 𝑔(𝑡, 𝑥2, �̇�2, 𝑦2, �̇�2, 𝑣2)‖         

≤ 𝑄1‖𝑥1 − 𝑥2‖ + 𝑄2‖�̇�1 − �̇�2‖ + 𝑄3‖𝑦1 − 𝑦2‖ + 𝑄4‖�̇�1 − �̇�2‖

+ 𝑄5‖𝑣1 − 𝑣2‖                                                                                             (5) 

for all 𝑡 ∈ 𝑅1, 𝑥, 𝑥1, 𝑥2 ∈ 𝐷, �̇�, �̇�1, �̇�2 ∈ 𝐷1, 𝑦, 𝑦1, 𝑦2 ∈ 𝐷2, �̇�, �̇�1, �̇�2 ∈ 𝐷3, 𝑧, 𝑧1, 𝑧2 ∈ 𝐷𝑧 and 

𝑣, 𝑣1, 𝑣2 ∈ 𝐷𝑣.     

 where  𝑀,𝑁, 𝐿1𝐿2, 𝐿3, 𝐿4, 𝐿5, 𝑄1, 𝑄2, 𝑄3, 𝑄4  and 𝑄5 are a positive constant. 

          Let  𝐴 = [𝐴𝑖𝑗] and 𝐵 = [𝐵𝑖𝑗] are 𝑛 × 𝑛 positive matrices which are continuous in 𝑡, and 

satisfy the following inequalities: - 

‖𝑒𝐴(𝑡−𝑠)‖ ≤ 𝛿𝑒−𝜆(𝑡−𝑠)                                                                                                   (6) 

‖𝑒𝐵(𝑡−𝑠)‖ ≤ 휀𝑒−Ϫ(𝑡−𝑠)                                                                                                    (7) 

‖𝑅(𝑡 − 𝑠)‖ ≤ 𝑐
𝑒−𝜆(𝑡−𝑠)

(𝑡 − 𝑠)1−𝛼
                                                                                          (8) 

‖𝐻(𝑡 − 𝑠)‖ ≤ 𝑑
𝑒−Ϫ(𝑡−𝑠)

(𝑡 − 𝑠)1−𝛽
                                                                                       (9) 

where  0 < 𝛼, 𝛽 ≤ 1 and 𝛿, 𝜆, 휀, Ϫ, 𝑐, 𝑑 are positive constants. 

   We define the non-empty sets as follows:- 

𝐷𝑓 = 𝐷 −
𝛿

𝜆
𝑀 (𝑇 −

1

𝜆
𝑒−𝜆𝑇) + ‖�̇�0𝑇‖

𝐷1𝑓 = 𝐷1 −
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)𝑀 + ‖�̇�0𝑇‖

𝐷𝑔 = 𝐷2 −
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)𝑁

𝐷1𝑔 = 𝐷3 −
휀

Ϫ
(1 − 𝑒−Ϫ𝑇)𝑁 }

 
 
 

 
 
 

                                                                    (10)              

     Furthermore, we assume that the largest eigen-value of the matrix 

𝑄 = (

𝜔1      𝜔2    𝜔3      𝜔4 
𝜗1       𝜗2       𝜗3       𝜗4
𝜔5     𝜔6     𝜔7     𝜔8
𝜗5      𝜗6       𝜗7      𝜗8

)  less than one i.e. 

𝜆𝑚𝑎𝑥(𝑄) =
𝛾1 +√𝛾1

2 − 4𝛾2
2

< 1                                                                               (11) 
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where 𝛾1 = 𝜔1 + 𝜃2 + 𝜔7 + 𝜗8,   𝛾2 = 𝜔1𝜗8 + 𝜔1𝜗2 + 𝜔3𝜗6  + 𝜔7𝜗8 + 𝜔8𝜗7 + 𝜔6𝜗3 −

𝜔2𝜗2 − 𝜔8𝜗1 

𝜔1 =
𝛿

𝜆
(𝑇 −

1

𝜆
𝑒−𝜆𝑇) [𝐿1 + 𝐿5

𝑐

𝜆2𝑇1−𝛼
)] , 𝜔2 =

𝛿

𝜆
𝐿2 (𝑇 −

1

𝜆
𝑒−𝜆𝑇) 

𝜔3 =
𝛿

𝜆
𝐿3 (𝑇 −

1

𝜆
𝑒−𝜆𝑇) , 𝜔4 =

𝛿

𝜆
𝐿4 (𝑇 −

1

𝜆
𝑒−𝜆𝑇) 

𝜔5 =
𝛿

𝜆
(𝐼 − 𝑒−𝜆𝑇)[𝐿1 + 𝐿5

𝑐

𝜆2𝑇1−𝛼
)], 𝜔6 =

𝛿

𝜆
𝐿2(1 − 𝑒

−𝜆𝑇) 

𝜔7 =
𝛿

𝜆
𝐿3(1 − 𝑒

−𝜆𝑇), 𝜔8 =
𝛿

𝜆
𝐿4(1 − 𝑒

−𝜆𝑇) 

𝜗1 =
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)𝑄1 ,  𝜗2 =

휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)𝑄2 

𝜗3 =
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇) [𝑄3 + 𝑄5

𝑑

Ϫ2𝑇1−𝛽
], 𝜗4 =

휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)𝑄4 

𝜗5 =
휀

Ϫ
(𝐼 − 𝑒−Ϫ𝑇)𝑄1, 𝜗6 =

휀

Ϫ
(𝐼 − 𝑒−Ϫ𝑇)𝑄2 

𝜗7 =
휀

Ϫ
(𝐼 − 𝑒−Ϫ𝑇) [𝑄3 + 𝑄5

𝑑

Ϫ2𝑇1−𝛽
] , 𝜗8 =

휀

Ϫ
(𝐼 − 𝑒−Ϫ𝑇)𝑄4 

     We define the sequence of functions {𝑥𝑚(𝑡), 𝑦𝑚(𝑡)}𝑚=0
∞ on the domains (2) by the 

following: - 

𝑥𝑚+1(𝑡) = 𝑥0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥𝑚(𝑠), �̇�𝑚(𝑠), 𝑦𝑚(𝑠), �̇�𝑚(𝑠), ∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)𝑥𝑚(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                                (12) 

 with 𝑥0(0) = 𝑥0 , for all 𝑚 = 0,1,2, … 

where 

�̇�𝑚+1(𝑡) = �̇�0 +∫ 𝑒𝐴(𝑡−𝑠)[
𝑡

0

𝑓(𝑠, 𝑥𝑚(𝑠), �̇�𝑚(𝑠), 𝑦𝑚(𝑠), �̇�𝑚(𝑠), ∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)𝑥𝑚(𝜏)𝑑𝜏]𝑑𝑠                                                                                    (13) 

with �̇�0(0) = �̇�0 , for all 𝑚 = 0,1,2, … 

and 

𝑦𝑚+1(𝑡) = 𝑦0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥𝑚(𝑠), �̇�𝑚(𝑠), 𝑦𝑚(𝑠), �̇�𝑚(𝑠), ∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)𝑦𝑚(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (14) 

with 𝑦0(0) = 𝑦0 , for all 𝑚 = 0,1,2,… 
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where 

�̇�𝑚+1(𝑡) = �̇�0 +∫ 𝑒𝐵(𝑡−𝑠)[
𝑡

0

𝑔(𝑠, 𝑥𝑚(𝑠), �̇�𝑚(𝑠), 𝑦𝑚(𝑠), �̇�𝑚(𝑠), ∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)𝑦𝑚(𝜏)𝑑𝜏]𝑑𝑠                                                                               (15) 

with �̇�0(0) = �̇�0 , for all 𝑚 = 0,1,2, … 

 

II. EXISTENCE AND UNIQUENESS THEOREM (PICARD APPROXIMATION 

METHOD).  

In this section, we prove the existence and uniqueness theorem for equation (1) by using 

Picard approximation method. 

Theorem 𝟐. Let the vector functions 𝑓 (𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) and 𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣)are defined and 

continuous on the domain (2) satisfy the inequalities from (3) to (9) and condition (10). Then 

there exist the sequence of functions (12) and (14) convergent uniformly on the domain:- 

(𝑡, 𝑥0, �̇�0, 𝑦0, �̇�0) ∈ 𝑅
1 × 𝐷𝑓 × 𝐷1𝑓 × 𝐷𝑔 × 𝐷1𝑔                                               (16) 

to the limit functions (𝑥(𝑡)
𝑦(𝑡)

) which satisfy the following integral equations:- 

𝑥(𝑡) = 𝑥0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)𝑥(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (17) 

and 

𝑦(𝑡) = 𝑦0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)𝑦(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                             (18) 

And it’s a unique solution of(1),   provided that 

(

 

‖𝑥𝑚(𝑡) − 𝑥0‖

‖�̇�𝑚(𝑡) − �̇�0‖

‖𝑦𝑚(𝑡) − 𝑦0‖

‖�̇�𝑚(𝑡) − �̇�0‖)

 ≤

(

 
 
 
 

𝛿
𝜆
𝑀 (𝑇 −

1
𝜆
𝑒−𝜆𝑇) + ‖�̇�0𝑇‖

𝛿
𝜆
(1 − 𝑒−𝜆𝑇)𝑀

휀
Ϫ
𝑁 (𝑇 −

1
Ϫ
𝑒−Ϫ𝑇) + ‖�̇�0𝑇‖

휀
Ϫ
𝑁(1 − 𝑒−Ϫ𝑇)

)

 
 
 
 

                                                    (19) 

and 
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(

 

‖𝑥(𝑡) − 𝑥𝑚(𝑡)‖

‖�̇�(𝑡) − �̇�𝑚(𝑡)‖

‖𝑦(𝑡) − 𝑦𝑚(𝑡)‖

‖�̇�(𝑡) − �̇�𝑚(𝑡)‖)

 ≤ 𝑄𝑚(𝐸 − 𝑄)−1Ω1                                                                   (20) 

Proof. By using sequence of function𝑠(12) when  𝑚 = 0, we get 

‖𝑥1(𝑡) − 𝑥0‖ ≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

‖
𝑡

0

𝑓(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝑅(𝑠 − 𝜏)𝑥0𝑑𝜏]‖𝑑𝑠
𝑠

−∞

 𝑑𝑠       

≤
𝛿

𝜆
𝑀∫ (1 − 𝑒−𝜆𝑠)𝑑𝑠

𝑡

0

 

≤
𝛿

𝜆
𝑀(𝑡 −

1

𝜆
𝑒−𝜆𝑡)  ,for all 𝑡 ∈ [0, 𝑇] 

Hence, 

‖𝑥1(𝑡) − 𝑥0‖ ≤
𝛿

𝜆
𝑀(𝑇 −

1

𝜆
𝑒−𝜆𝑇) + ‖�̇�0𝑇‖   

i.e. 𝑥1(𝑡) ∈ 𝐷, for all 𝑡 ∈ [0, 𝑇], 𝑥0 ∈ 𝐷𝑓 

Also, by induction we obtain that:- 

‖𝑥𝑚(𝑡) − 𝑥0‖ ≤
𝛿

𝜆
𝑀(𝑇 −

1

𝜆
𝑒−𝜆𝑇) + ‖�̇�0𝑇‖                                                   (21)   

i.e. 𝑥𝑚(𝑡) ∈ 𝐷,  for all 𝑡 ∈ [0, 𝑇], 𝑥0 ∈ 𝐷𝑓 

By sequence of function𝑠(13), when 𝑚 = 0, we get 

‖�̇�1(𝑡) − �̇�0‖ ≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖‖
𝑡

0

𝑓(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝑅(𝑠 − 𝜏)𝑥0𝑑𝜏]‖𝑑𝑠
𝑠

−∞

        

≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑡)𝑀  ,for all 𝑡 ∈ [0, 𝑇] 

and hence 

‖�̇�1(𝑡) − �̇�0‖ ≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)𝑀   

Therefore �̇�1(𝑡) ∈ 𝐷1, for all 𝑡 ∈ [0, 𝑇] and �̇�0 ∈ 𝐷1𝑓. 

 Also, by induction we have  

‖�̇�𝑚(𝑡) − �̇�0‖ ≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)𝑀                                                                       (22) 

i.e. �̇�𝑚(𝑡) ∈ 𝐷1,  for all 𝑡 ∈ [0, 𝑇] �̇�0 ∈ 𝐷1𝑓 

Similar way, when 𝑚 = 0 in (14) and (15), we have 

‖𝑦1(𝑡) − 𝑦0‖ ≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

‖
𝑡

0

𝑔(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝐻(𝑠 − 𝜏)𝑦0𝑑𝜏]‖𝑑𝑠
𝑠

−∞

 𝑑𝑠       
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≤
휀

Ϫ
𝑁∫ (1 − 𝑒−Ϫ𝑠)𝑑𝑠

𝑡

0

 

≤
Ϫ
𝑁(𝑡 −

1

Ϫ
𝑒−Ϫ𝑡)  ,for all 𝑡 ∈ [0, 𝑇] 

Thus 

‖𝑦1(𝑡) − 𝑦0‖ ≤ Ϫ
𝑁(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)  +‖�̇�0𝑇‖   

i.e., 𝑦1(𝑡) ∈ 𝐷2, for all 𝑡 ∈ [0, 𝑇], 𝑦0 ∈ 𝐷𝑔 

 by induction we obtain that  

‖𝑦𝑚(𝑡) − 𝑦0‖ ≤ Ϫ
𝑁(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)   + ‖�̇�0𝑇‖                                                   (23)   

i.e., 𝑦𝑚(𝑡) ∈ 𝐷2,  for all 𝑡 ∈ [0, 𝑇], 𝑦0 ∈ 𝐷𝑔 

and 

‖�̇�1(𝑡) − �̇�0‖ ≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖‖
𝑡

0

𝑔(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝐻(𝑠 − 𝜏)𝑦0𝑑𝜏]‖𝑑𝑠
𝑠

−∞

        

≤
Ϫ
𝑁(1 − 𝑒−Ϫ𝑡)  ,for all 𝑡 ∈ [0, 𝑇] 

 So 

‖�̇�1(𝑡) − �̇�0‖ ≤
휀

Ϫ
𝑁(1 − 𝑒−Ϫ𝑇)   

‖�̇�1(𝑡) − �̇�0‖ ≤
휀

Ϫ
𝑁(1 − 𝑒−Ϫ𝑇)   

Therefore �̇�1(𝑡) ∈ 𝐷3, for all 𝑡 ∈ [0, 𝑇] and �̇�0 ∈ 𝐷1𝑔. 

 Also, by induction we have  

‖�̇�𝑚(𝑡) − �̇�0‖ ≤
휀

Ϫ
𝑁(1 − 𝑒−Ϫ𝑇)                                                                        (24) 

i.e., �̇�𝑚(𝑡) ∈ 𝐷3,  for all 𝑡 ∈ [0, 𝑇] �̇�0 ∈ 𝐷1𝑔 

 Rewrite the inequalities (21), (22), (23) and (24) by the vector form, we get (19). 

     We claim that the sequence of functions (1) uniformly convergent on the domain (2). 

Now, when 𝑚 = 1 in (12), we get 

 

‖𝑥2(𝑡) − 𝑥1(𝑡)‖

≤ ‖∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥1(𝑠), �̇�1(𝑠), 𝑦1(𝑠), �̇�1(𝑠), ∫ 𝑅(𝑠 − 𝜏)𝑥1(𝜏)𝑑𝜏]𝑑𝑠𝑑𝑠
𝑠

−∞

−∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝑅(𝑠 − 𝜏)𝑥0𝑑𝜏]𝑑𝑠𝑑𝑠
𝑠

−∞

 ‖ 
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≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥1(𝑠) − 𝑥0‖ + 𝐿2‖�̇�1(𝑠) − �̇�0‖ + 𝐿3‖𝑦1(𝑠) − 𝑦0‖ + 𝐿4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥1(𝜏) − 𝑥0‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥1(𝑠) − 𝑥0‖ + 𝐿2‖�̇�1(𝑠) − �̇�0‖ + 𝐿3‖𝑦1(𝑠) − 𝑦0‖ + 𝐿4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥1(𝑠) − 𝑥0‖]𝑑𝑠𝑑𝑠 

≤
𝛿

𝜆
(𝑇 −

1

𝜆
𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥1(𝑡) − 𝑥0‖ + 𝐿2‖�̇�1(𝑡) − �̇�0‖ + 𝐿3‖𝑦1(𝑡) − 𝑦0‖

+ 𝐿4‖�̇�1(𝑡) − �̇�0‖] 

So  

‖𝑥2(𝑡) − 𝑥1(𝑡)‖

≤ 𝜔1‖𝑥1(𝑡) − 𝑥0‖ + 𝜔2‖�̇�1(𝑡) − �̇�0‖ + 𝜔3‖𝑦1(𝑡) − 𝑦0‖ + 𝜔4‖�̇�1(𝑡) − �̇�0‖ 

and by using (13), we have 

  

‖�̇�2(𝑡) − �̇�1(𝑡)‖

≤ ‖∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[𝑓(𝑠, 𝑥1(𝑠), �̇�1(𝑠), 𝑦1(𝑠), �̇�1(𝑠),∫ 𝑅(𝑠 − 𝜏)𝑥1(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

−∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[𝑓(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝑅(𝑠 − 𝜏)𝑥0𝑑𝜏]𝑑𝑠
𝑠

−∞

 ‖ 

≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥1(𝑠) − 𝑥0‖ + 𝐿2‖�̇�1(𝑠) − �̇�0‖ + 𝐿3‖𝑦1(𝑠) − 𝑦0‖ + 𝐿4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥1(𝜏) − 𝑥0‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥1(𝑠) − 𝑥0‖ + 𝐿2‖�̇�1(𝑠) − �̇�0‖ + 𝐿3‖𝑦1(𝑠) − 𝑦0‖ + 𝐿4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥1(𝑠) − 𝑥0‖]𝑑𝑠 

≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑇) [(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥1(𝑡) − 𝑥0‖ + 𝐿2‖�̇�1(𝑡) − �̇�0‖ + 𝐿3‖𝑦1(𝑡) − 𝑦0‖]

+ 𝐿4‖�̇�1(𝑡) − �̇�0‖ 

Therefore  

‖�̇�2(𝑡) − �̇�1(𝑡)‖

≤ 𝜔5‖𝑥1(𝑡) − 𝑥0‖ + 𝜔6‖�̇�1(𝑡) − �̇�0‖ + 𝜔7‖𝑦1(𝑡) − 𝑦0‖ + 𝜔8‖�̇�1(𝑡) − �̇�0‖ 

From (14), when 𝑚 = 1, we will get 
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‖𝑦2(𝑡) − 𝑦1(𝑡)‖

≤ ‖∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥1(𝑠), �̇�1(𝑠), 𝑦1(𝑠), �̇�1(𝑠), ∫ 𝐻(𝑠 − 𝜏)𝑦1(𝜏)𝑑𝜏]𝑑𝑠𝑑𝑠
𝑠

−∞

−∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝐻(𝑠 − 𝜏)𝑦0𝑑𝜏]𝑑𝑠𝑑𝑠
𝑠

−∞

‖ 

≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥1(𝑠) − 𝑥0‖ + 𝑄2‖�̇�1(𝑠) − �̇�0‖ + 𝑄3‖𝑦1(𝑠) − 𝑦0‖
𝑡

0

+ 𝑄4‖�̇�1(𝑠) − �̇�0‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦1(𝜏) − 𝑦0‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥1(𝑠) − 𝑥0‖ + 𝑄2‖�̇�1(𝑠) − �̇�0‖ + 𝑄3‖𝑦1(𝑠) − 𝑦0‖
𝑡

0

+ 𝑄4‖�̇�1(𝑠) − �̇�0‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦1(𝑠) − 𝑦0‖]𝑑𝑠𝑑𝑠 

≤
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)[𝑄1‖𝑥1(𝑡) − 𝑥0‖ + 𝑄2‖�̇�1(𝑡) − �̇�0‖ + [𝑍3 + 𝑄5

𝑑

2Ϫ𝑇1−𝛽
]‖𝑦1(𝑡) − 𝑦0‖

+ 𝑄4‖�̇�1(𝑡) − �̇�0‖] 

and hence 

‖𝑦2(𝑡) − 𝑦1(𝑡)‖ ≤ 𝜗1‖𝑥1(𝑡) − 𝑥0‖ + 𝜗2‖�̇�1(𝑡) − �̇�0‖ + 𝜗3‖𝑦1(𝑡) − 𝑦0‖ + 𝜗4‖�̇�1(𝑡) − �̇�0‖ 

By using (15), we have 

  

‖�̇�2(𝑡) − �̇�1(𝑡)‖

≤ ‖∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[𝑔(𝑠, 𝑥1(𝑠), �̇�1(𝑠), 𝑦1(𝑠), �̇�1(𝑠), ∫ 𝐻(𝑠 − 𝜏)𝑦1(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

−∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[𝑔(𝑠, 𝑥0, �̇�0, 𝑦0, �̇�0, ∫ 𝐻(𝑠 − 𝜏)𝑦0𝑑𝜏]𝑑𝑠
𝑠

−∞

‖ 

≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥1(𝑠) − 𝑥0‖ + 𝑄2‖�̇�1(𝑠) − �̇�0‖ + 𝑄3‖𝑦1(𝑠) − 𝑦0‖ + 𝑄4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦1(𝜏) − 𝑦0‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥1(𝑠) − 𝑥0‖ + 𝑄2‖�̇�1(𝑠) − �̇�0‖ + 𝑄3‖𝑦1(𝑠) − 𝑦0‖ + 𝑄4‖�̇�1(𝑠) − �̇�0‖
𝑡

0

+ 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦1(𝑠) − 𝑦0‖]𝑑𝑠 

≤
휀

Ϫ
(1 − 𝑒−Ϫ𝑇) [𝑄3‖𝑥1(𝑡) − 𝑥0‖ + 𝑄2‖�̇�1(𝑡) − �̇�0‖ + (𝑄3 + 𝑍5

𝑑

2Ϫ𝑇1−𝛽
) ‖𝑦1(𝑡) − 𝑦0‖]

+ 𝑄4‖�̇�1(𝑡) − �̇�0‖ 

Therefore  
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‖�̇�2(𝑡) − �̇�1(𝑡)‖ ≤ 𝜗5‖𝑥1(𝑡) − 𝑥0‖ + 𝜗6‖�̇�1(𝑡) − �̇�0‖ + 𝜗7‖𝑦1(𝑡) − 𝑦0‖ + 𝜗8‖�̇�1(𝑡) − �̇�0‖ 

By induction we get  

‖𝑥𝑚+1(𝑡) − 𝑥𝑚(𝑡)‖

≤ 𝜔1‖𝑥𝑚(𝑡) − 𝑥𝑚−1(𝑡)‖ + 𝜔2‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖ + 𝜔3‖𝑦𝑚(𝑡) − 𝑦𝑚−1(𝑡)‖

+ 𝜔4‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖                      (25) 

‖�̇�𝑚+1(𝑡) − �̇�𝑚(𝑡)‖

≤ 𝜔5‖𝑥𝑚(𝑡) − 𝑥𝑚−1(𝑡)‖ + 𝜔6‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖ + 𝜔7‖𝑦𝑚(𝑡) − 𝑦𝑚−1(𝑡)‖

+ 𝜔8‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖                        (26) 

for all 𝑡 ∈ [0, 𝑇],  𝑥0 ∈ 𝐷𝑓 , 𝑦0 ∈ 𝐷𝑔, �̇�0 ∈ 𝐷1𝑓 , �̇�0 ∈ 𝐷1𝑔. 

‖𝑦𝑚+1(𝑡) − 𝑦𝑚(𝑡)‖

≤ 𝜗1‖𝑥𝑚(𝑡) − 𝑥𝑚−1(𝑡)‖ + 𝜗2‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖ + 𝜗3‖𝑦𝑚(𝑡) − 𝑦𝑚−1(𝑡)‖

+ 𝜗4‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖                         (27) 

‖�̇�𝑚+1(𝑡) − �̇�𝑚(𝑡)‖

≤ 𝜗5‖𝑥𝑚(𝑡) − 𝑥𝑚−1(𝑡)‖ + 𝜗6‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖ + 𝜗7‖𝑦𝑚(𝑡) − 𝑦𝑚−1(𝑡)‖

+ 𝜗8‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖                        (28) 

for all 𝑡 ∈ [0, 𝑇],  𝑥0 ∈ 𝐷𝑓 , 𝑦0 ∈ 𝐷𝑔, �̇�0 ∈ 𝐷1𝑓 , �̇�0 ∈ 𝐷1𝑔. 

Rewrite the inequalities (25). (26), (27) and (28) in vector form taking the maximal value of 

both sides , we have 

Ω𝑚+1  ≤ 𝑄 Ω𝑚                                                                                                               (29) 

where 

Ω𝑚+1  =

(

 
 
‖𝑥𝑚+1(𝑡) − 𝑥𝑚(𝑡)‖

‖𝑦𝑚+1(𝑡) − 𝑦𝑚(𝑡)‖

‖�̇�𝑚+1(𝑡) − �̇�𝑚(𝑡)‖

‖�̇�𝑚+1(𝑡) − �̇�𝑚(𝑡)‖)

 
 
,Ω𝑚  =

(

 
 
‖𝑥𝑚(𝑡) − 𝑥𝑚−1(𝑡)‖

‖𝑦𝑚(𝑡) − 𝑦𝑚−1(𝑡)‖

‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖

‖�̇�𝑚(𝑡) − �̇�𝑚−1(𝑡)‖)

 
 

 

       

𝑄 = (

𝜔1      𝜔2    𝜔3      𝜔4 
𝜗1       𝜗2       𝜗3       𝜗4
𝜔5     𝜔6     𝜔7     𝜔8
𝜗5      𝜗6       𝜗7      𝜗8

) ,      Ω1  =

(

 
 
 
 

𝛿
𝜆
𝑀 (𝑇 −

1
𝜆
𝑒−𝜆𝑇) + ‖�̇�0𝑇‖

𝛿
𝜆
(1 − 𝑒−𝜆𝑇)𝑀

휀
Ϫ
𝑁 (𝑇 −

1
Ϫ
𝑒−Ϫ𝑇) + ‖�̇�0𝑇‖

휀
Ϫ
𝑁(1 − 𝑒−Ϫ𝑇)

)

 
 
 
 

 

                                                                                                

where 𝑄 = max
𝑡∈[0,𝑇]

𝑄(𝑡) 

By iteration inequality(29), we have 
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Ω𝑚+1 ≤ 𝑄
𝑚Ω1                                                                                                                  (30)  

which leads to the estimate 

∑Ω𝑖 ≤∑𝑄𝑖−1Ω1

𝑚

𝑖=1

𝑚

𝑖=1

                                                                                                     (31) 

By using (11), then the series (31) is uniformly convergent that is 

lim
𝑚→∞

∑𝑄𝑖−1Ω1 =∑𝑄𝑖−1Ω1

∞

𝑖=1

𝑚

𝑖=1

 = (𝐸 − 𝑄)−1Ω1                                                    (32) 

The limiting relation (32) signifies a uniform convergent of the sequences  of functions(12) 

and(13) . Let  
 lim
𝑚→∞

𝑥𝑚(𝑡) = 𝑥
0(𝑡)

lim
𝑚→∞

𝑦𝑚(𝑡) = 𝑦
0(𝑡)

}                                                                                      (33) 

By inequality (29), we have 

(
‖𝑥0(𝑡) − 𝑥𝑚(𝑡)‖

‖𝑦0(𝑡) − 𝑦𝑚(𝑡)‖
) ≤ 𝑄𝑚(𝐸 − 𝑄)−1Ω1                                                            (34) 

hold for all 𝑚 ≥ 0. 

Theorem 3. (Uniqueness Theorem). if the solution of the problem (1) satisfies the 

inequalities and all conditions of the theorem 1, then the solutions (
𝑥(𝑡)
𝑦(𝑡)

) is a unique on the 

domain (2). 

Proof. Suppose that (
�̂�(𝑡)
�̂�(𝑡)

) is another continuous solution of (1), then 

where 

�̂�(𝑡) = 𝑥0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, �̂�(𝑠), �̇̂�(𝑠), �̂�(𝑠), �̇̂�(𝑠),∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)�̂�(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (35) 

�̂�(𝑡) = 𝑦0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, �̂�(𝑠), �̇̂�(𝑠), �̂�(𝑠), �̇̂�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)�̂�(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (36) 

and 

�̇̂�(𝑡) = �̇�0 +∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[𝑓(𝑠, �̂�(𝑠), �̇̂�(𝑠), �̂�(𝑠), �̇̂�(𝑠), ∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)�̂�(𝜏)𝑑𝜏]𝑑𝑠                                                                                 (37) 
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�̇̂�(𝑡) = �̇�0 +∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[𝑔(𝑠, �̂�(𝑠), �̇̂�(𝑠), �̂�(𝑠), �̇̂�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)�̂�(𝜏)𝑑𝜏]𝑑𝑠                                                                                (38) 

Taking, 

‖𝑥(𝑡) − �̂�(𝑡)‖ ≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏) − �̂�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠  

≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̂�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤
𝛿

𝜆
(𝑇 −

1

𝜆
𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝐿3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝐿4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

So, 

‖𝑥(𝑡) − �̂�(𝑡)‖ ≤ 𝜔1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜔2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜔3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜔4‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (39) 

and also 

 

  

‖�̇�(𝑡) − �̇̂�(𝑡)‖ ≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏) − �̂�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̂�(𝑠)‖]𝑑𝑠 

≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝐿3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝐿4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

Thus, 

‖�̇�(𝑡) − �̇̂�(𝑡)‖ ≤ 𝜔5‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜔6‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜔7‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜔8‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (40) 
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Similarly, we find 

‖𝑦(𝑡) − �̂�(𝑡)‖ ≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏) − �̂�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̂�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + (𝑍3 + 𝑄5

𝑐

2Ϫ𝑇1−𝛼
)‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝑄4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

So, 

‖𝑦(𝑡) − �̂�(𝑡)‖ ≤ 𝜗1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜗2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜗3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜗4‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (41) 

By the same way 

‖�̇�(𝑡) − �̇̂�(𝑡)‖ ≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏) − �̂�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̂�(𝑠)‖]𝑑𝑠 

≤
휀

Ϫ
(1 − 𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + (𝑄3 + 𝑄5

𝑑

2Ϫ𝑇1−𝛽
)‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝑄4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

Therefore, 

‖�̇�(𝑡) − �̇̂�(𝑡)‖ ≤ 𝜗5‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜗6‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜗7‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜗8‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (42) 

Rewrite the inequalities (39), (40), (41) and (42) in a vector form:- 

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)

 
 
≤ (

𝜔1      𝜔2    𝜔3      𝜔4 
𝜗1       𝜗2       𝜗3       𝜗4
𝜔5     𝜔6     𝜔7     𝜔8
𝜗5      𝜗6       𝜗7      𝜗8

)

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)
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By the condition (11), then 

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)

 
 
<

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)

 
 

 

We get contradiction and hence 

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)

 
 
= (

0
0
0
0
) 

Therefore 𝑥(𝑡) = �̂�(𝑡), 𝑦(𝑡) = �̂�(𝑡), �̇�(𝑡) = �̇̂�(𝑡) and �̇�(𝑡) = �̇̂�(𝑡). thus (
𝑥(𝑡)
𝑦(𝑡)

)is a unique 

solution of (1). 

 

III. STABILITY SOLUTION OF (1).  

 In this section, we study the stability solution of the problem(1) by the following   theorem: - 

Theorem 𝟒. Under the hypothesis and conditions of theorem1, (
�̅�(𝑡)
�̅�(𝑡)

) be anther solutions of 

(1), then the solutions are stable if satisfies the inequality: - 

(

 

‖𝑥(𝑡) − �̅�(𝑡)‖
‖𝑦(𝑡) − �̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖)

 ≤ (

𝜖1
𝜖2
𝜖3
𝜖4

), for all 𝜖1, 𝜖2, 𝜖3, 𝜖4 > 0 

where 

�̅�(𝑡) = �̅�0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, �̅�(𝑠), �̇̅�(𝑠), �̅�(𝑠), �̇̅�(𝑠),∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)�̅�(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (43) 

�̅�(𝑡) = �̅�0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, �̅�(𝑠), �̇̅�(𝑠), �̅�(𝑠), �̇̅�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)�̅�(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                            (44) 

and 

�̇̅�(𝑡) = �̇̅�0 +∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[𝑓(𝑠, �̅�(𝑠), �̇̅�(𝑠), �̅�(𝑠), �̇̅�(𝑠), ∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)�̅�(𝜏)𝑑𝜏]𝑑𝑠                                                                                 (45) 
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�̇̅�(𝑡) = �̇̅�0 +∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[𝑔(𝑠, �̅�(𝑠), �̇̅�(𝑠), �̅�(𝑠), �̇̅�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)�̅�(𝜏)𝑑𝜏]𝑑𝑠                                                                                  (46) 

Proof. Taking 

‖𝑥(𝑡) − �̅�(𝑡)‖ ≤ ‖𝑥0 − �̅�0‖

+ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏) − �̅�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

≤ ‖𝑥0 − �̅�0‖ + ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̅�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤ ‖𝑥0 − �̅�0‖ +
𝛿

𝜆
(𝑇 −

1

𝜆
𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̅�(𝑡)‖

+ 𝐿3‖𝑦(𝑡) − �̅�(𝑡)‖ + 𝐿4‖�̇�(𝑡) − �̇̅�(𝑡)‖] 

By the definition of stability for ‖𝑥0 − �̅�0‖ ≤ 𝛿1, we get 

‖𝑥(𝑡) − �̅�(𝑡)‖ ≤ 𝛿1 + 𝜔1‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝜔2‖�̇�(𝑡) − �̇̅�(𝑡)‖ + 𝜔3‖𝑦(𝑡) − �̅�(𝑡)‖

+ 𝜔4‖�̇�(𝑡) − �̇̅�(𝑡)‖                                                                           (47) 

and also  

‖�̇�(𝑡) − �̇̅�(𝑡)‖ ≤ ‖𝑥0̇ − �̇̅�0‖

+ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏) − �̅�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ‖𝑥0̇ − �̇̅�0‖ + ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̅�(𝑠)‖]𝑑𝑠 

≤ ‖𝑥0̇ − �̇̅�0‖ +
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̅�(𝑡)‖

+ 𝐿3‖𝑦(𝑡) − �̅�(𝑡)‖ + 𝐿4‖�̇�(𝑡) − �̇̅�(𝑡)‖] 

Also, by the definition of stability ‖𝑥0̇ − �̇̅�0‖ ≤ 𝛿2, we have 

‖�̇�(𝑡) − �̇̂�(𝑡)‖ ≤ 𝛿2 + 𝜔5‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝜔6‖�̇�(𝑡) − �̇̅�(𝑡)‖ + 𝜔7‖𝑦(𝑡) − �̅�(𝑡)‖

+ 𝜔8‖�̇�(𝑡) − �̇̅�(𝑡)‖                                                                           (48) 

Similarly, we find 
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‖𝑦(𝑡) − �̅�(𝑡)‖ ≤ ‖𝑦0 − �̅�0‖

+ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏) − �̅�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

≤ ‖𝑦0 − �̅�0‖ + ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̅�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤ ‖𝑦0 − �̅�0‖ +
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̅�(𝑡)‖ + (𝑄3

+ 𝑄5
𝑐

2Ϫ𝑇1−𝛼
)‖𝑦(𝑡) − �̅�(𝑡)‖ + 𝑄4‖�̇�(𝑡) − �̇̅�(𝑡)‖] 

So, by the definition of stability ‖𝑦0 − �̅�0‖ ≤ 𝛿3, we get 

‖𝑦(𝑡) − �̅�(𝑡)‖ ≤ 𝛿3 + 𝜗1‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝜗2‖�̇�(𝑡) − �̇̅�(𝑡)‖ + 𝜗3‖𝑦(𝑡) − �̅�(𝑡)‖

+ 𝜗4‖�̇�(𝑡) − �̇̅�(𝑡)‖                                                                                   (49) 

By the same way 

‖�̇�(𝑡) − �̇̅�(𝑡)‖ ≤ ‖𝑦0̇ − �̇̅�0‖

+ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏) − �̅�(𝜏)‖𝑑𝜏]𝑑𝑠
𝑠

−∞

 

≤ ‖𝑦0̇ − �̇̅�0‖ + ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̅�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̅�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̅�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̅�(𝑠)‖]𝑑𝑠 

≤ ‖𝑦0̇ − �̇̅�0‖ +
휀

Ϫ
(1 − 𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̅�(𝑡)‖ + (𝑄3

+ 𝑄5
𝑑

2Ϫ𝑇1−𝛽
)‖𝑦(𝑡) − �̅�(𝑡)‖ + 𝑄4‖�̇�(𝑡) − �̇̅�(𝑡)‖] 

Also, by the definition of stability ‖𝑦0̇ − �̇̅�0‖ ≤ 𝛿4, we have 

‖�̇�(𝑡) − �̇̅�(𝑡)‖ ≤ 𝛿4 + 𝜗5‖𝑥(𝑡) − �̅�(𝑡)‖ + 𝜗6‖�̇�(𝑡) − �̇̅�(𝑡)‖ + 𝜗7‖𝑦(𝑡) − �̅�(𝑡)‖

+ 𝜗8‖�̇�(𝑡) − �̇̅�(𝑡)‖                                                                           (50) 

Rewrite the inequalities (48), (49), (50) and (51) in a vector form:- 

(

 

‖𝑥(𝑡) − �̅�(𝑡)‖
‖𝑦(𝑡) − �̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖)

 ≤ (

𝛿1
𝛿2
𝛿3
𝛿4

)+ (

𝜔1      𝜔2    𝜔3      𝜔4 
𝜗1       𝜗2       𝜗3       𝜗4
𝜔5     𝜔6     𝜔7     𝜔8
𝜗5      𝜗6       𝜗7      𝜗8

)

(

 

‖𝑥(𝑡) − �̅�(𝑡)‖
‖𝑦(𝑡) − �̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖)
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By the condition (11), we have 

(

 

‖𝑥(𝑡) − �̅�(𝑡)‖
‖𝑦(𝑡) − �̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖

‖�̇�(𝑡) − �̇̅�(𝑡)‖)

 < (

𝜖1
𝜖2
𝜖3
𝜖4

), for all 𝜖1, 𝜖2, 𝜖3, 𝜖4 > 0 

So, that the solutions of (1) are stable for all 𝑡 ∈ [0, 𝑇]. 

 

V. EXISTENCE AND UNIQUENESS SOLUTION OF (𝟏). 

In this section, we prove the existence uniqueness theorem of the problem (1) by using 

Banach fixed point theorem. 

Theorem 4.(Banach Fixed Point Theorem). Let the vector functions   𝑓(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) and 

𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣) are defined and continuous on the domain (2) and satisfies all assumptions 

and conditions of theorem 1. Then the problem(1) has a unique continuous solution on the 

domain (2). 

Proof. Let (∁[0, 𝑇), ‖. ‖) be a Banach space and 𝑇∗ be a mapping on ∁[0, 𝑇) as follows:- 

 𝑇∗𝑥(𝑡) = 𝑥0 + �̇�0𝑡 

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)𝑥(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                           (51) 

𝑇∗�̇�(𝑡) = �̇�0 +∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[𝑓(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝑅(𝑠
𝑠

−∞

− 𝜏)𝑥(𝜏)𝑑𝜏]𝑑𝑠                                                                                (52)   

and 

𝑇∗𝑦(𝑡) = 𝑦0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)𝑦(𝜏)𝑑𝜏]𝑑𝑠 𝑑𝑠                                                                             (53) 

𝑇∗�̇�(𝑡) = �̇�0 +∫ 𝑒𝐵(𝑡−𝑠)
𝑡

0

[𝑔(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠), ∫ 𝐻(𝑠
𝑠

−∞

− 𝜏)𝑦(𝜏)𝑑𝜏]𝑑𝑠                                                                               (54) 

Since 𝑓(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑧) and 𝑔(𝑡, 𝑥, �̇�, 𝑦, �̇�, 𝑣) are continuous in the interval [0, 𝑇] and 𝑥0, 𝑦0are 

fixed points then  

∫ 𝑒𝐴(𝑡−𝑠)[
𝑡

0

𝑓(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝑅(𝑠 − 𝜏)𝑥(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

  

and 
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∫ 𝑒𝐵(𝑡−𝑠)[
𝑡

0

𝑔(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝐻(𝑠 − 𝜏)𝑦(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

  

Are continuous functions on ∁[0, 𝑇] 

Therefore 

𝑇∗: ∁[0, 𝑇] → ∁[0, 𝑇] 

Now, we shall to prove that 𝑇∗ is a contraction mapping on 𝐶[0, 𝑇]. 

Let 𝑥(𝑡), �̂�(𝑡), 𝑦(𝑡) and �̂�(𝑡) are vector functions on C [0, 𝑇], then 

 ‖𝑇∗𝑥(𝑡) − 𝑇∗�̂�(𝑡)‖

≤ max
𝑡∈[0,𝑇]

∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖
𝑡

0

+ 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖ + 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏)
𝑠

−∞

− �̂�(𝜏)‖𝑑𝜏]𝑑𝑠 𝑑𝑠 

≤ ∫ ∫ ‖𝑒𝐴(𝑡−𝑠)‖
𝑡

0

[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̂�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤
𝛿

𝜆
(𝑇 −

1

𝜆
𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝐿3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝐿4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

So  

‖𝑇∗𝑥(𝑡) − 𝑇∗�̂�(𝑡)‖

≤ 𝜔1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜔2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜔3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜔4‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (55) 

and also 

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖

≤ max
𝑡∈[0,𝑇]

∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖
𝑡

0

+ 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖ + 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5∫ ‖𝑅(𝑠 − 𝜏)‖‖𝑥(𝜏)
𝑠

−∞

− �̂�(𝜏)‖𝑑𝜏]𝑑𝑠 

≤ ∫ ‖𝑒𝐴(𝑡−𝑠)‖[𝐿1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝐿2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝐿4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝐿5
𝑐

2𝜆𝑇1−𝛼
‖𝑥(𝑠) − �̂�(𝑠)‖]𝑑𝑠 
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≤
𝛿

𝜆
(1 − 𝑒−𝜆𝑇)[(𝐿1 + 𝐿5

𝑐

2𝜆𝑇1−𝛼
) ‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝐿2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝐿3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝐿4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

Thus  

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖

≤ 𝜔5‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜔6‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜔7‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜔8‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (56) 

Similarly, we find 

‖𝑇∗𝑦(𝑡) − 𝑇∗�̂�(𝑡)‖

≤ max
𝑡∈[0,𝑇]

∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖
𝑡

0

+ 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖ + 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏)
𝑠

−∞

− �̂�(𝜏)‖𝑑𝜏]𝑑𝑠 𝑑𝑠 

≤ ∫ ∫ ‖𝑒𝐵(𝑡−𝑠)‖
𝑡

0

[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑍3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̂�(𝑠)‖]𝑑𝑠𝑑𝑠 

≤
휀

Ϫ
(𝑇 −

1

Ϫ
𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + (𝑄3 + 𝑄5

𝑐

2Ϫ𝑇1−𝛼
)‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝑄4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

So  

‖𝑇∗𝑦(𝑡) − 𝑇∗�̂�(𝑡)‖

≤ 𝜗1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜗2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜗3‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜗4‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (57) 

By the same way 

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖

≤ max
𝑡∈[0,𝑇]

∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇�(𝑠)‖
𝑡

0

+ 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖ + 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5∫ ‖𝐻(𝑠 − 𝜏)‖‖𝑦(𝜏)
𝑠

−∞

− �̂�(𝜏)‖𝑑𝜏]𝑑𝑠 

≤ ∫ ‖𝑒𝐵(𝑡−𝑠)‖[𝑄1‖𝑥(𝑠) − �̂�(𝑠)‖ + 𝑄2‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄3‖𝑦(𝑠) − �̂�(𝑠)‖
𝑡

0

+ 𝑄4‖�̇�(𝑠) − �̇̂�(𝑠)‖ + 𝑄5
𝑑

2Ϫ𝑇1−𝛽
‖𝑦(𝑠) − �̂�(𝑠)‖]𝑑𝑠 
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≤
휀

Ϫ
(1 − 𝑒−Ϫ𝑇)[𝑄1‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝑄2‖�̇�(𝑡) − �̇̂�(𝑡)‖ + (𝑄3 + 𝑄5

𝑑

2Ϫ𝑇1−𝛽
)‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝑄4‖�̇�(𝑡) − �̇̂�(𝑡)‖] 

Therefore  

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖

≤ 𝜗5‖𝑥(𝑡) − �̂�(𝑡)‖ + 𝜗6‖�̇�(𝑡) − �̇̂�(𝑡)‖ + 𝜗7‖𝑦(𝑡) − �̂�(𝑡)‖

+ 𝜗8‖�̇�(𝑡) − �̇̂�(𝑡)‖                                                                           (58) 

Rewrite the inequalities (55), (56), (57) and (58) in a vector form:- 

(

 
 

‖𝑇∗𝑥(𝑡) − 𝑇∗�̂�(𝑡)‖
‖𝑇∗𝑦(𝑡) − 𝑇∗�̂�(𝑡)‖

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖

‖𝑇∗�̇�(𝑡) − 𝑇∗�̇̂�(𝑡)‖)

 
 
≤ (

𝜔1      𝜔2    𝜔3      𝜔4 
𝜗1       𝜗2       𝜗3       𝜗4
𝜔5     𝜔6     𝜔7     𝜔8
𝜗5      𝜗6       𝜗7      𝜗8

)

(

 
 

‖𝑥(𝑡) − �̂�(𝑡)‖
‖𝑦(𝑡) − �̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖

‖�̇�(𝑡) − �̇̂�(𝑡)‖)

 
 

 

By the condition (11), then𝑇∗ is contraction mapping on ∁[0, 𝑇]. 

Therefore  

𝑇∗𝑥(𝑡) = 𝑥(𝑡) = 𝑥0+�̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑓(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝑅(𝑠 − 𝜏)𝑥(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

and 

𝑇∗𝑦(𝑡) = 𝑦(𝑡) = 𝑦0 + �̇�0𝑡

+ ∫ ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

[
𝑡

0

𝑔(𝑠, 𝑥(𝑠), �̇�(𝑠), 𝑦(𝑠), �̇�(𝑠),∫ 𝐻(𝑠 − 𝜏)𝑦(𝜏)𝑑𝜏]𝑑𝑠
𝑠

−∞

𝑑𝑠 

So, (
𝑥(𝑡)
𝑦(𝑡)

) is a unique solution of (1). 

 

VI. CONCLUSION 

This paper provided the existence, uniqueness and stability solutions of new integro-differential 

equations of the second order by using both method Picard approximation and Banach fixed 

point theorem. Theorems on the existence, uniqueness and stability solutions are established 

under some necessary and sufficient conditions on a compact space.  

Remark. The Picard approximation method given global solution but Banach fixed point 

theorem give us the local solution of  integro-differential equations of the second order (1). 
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ABSTRACT 

Herein, the structural and magnetic characteristics of sol-gel derived Zn0.99La0.01S ve 

Zn0.97La0.03S thin films have been studied. The films have have been fabricated on the glass 

sample holder by sol-gel dip coating method. The films have polycrystalline nature with 

hexagonal crystal structure as proved by XRD analysis. Compared to the Zn0.99La0.01S thin 

film the  Zn0.97La0.03S has higher crystalline quality. The film surface of the both film samples 

are nearly homogeneous and smooth as seen in SEM investigations. The presence of the Zn, 

La and S has been observed in the EDX analysis. Magnetic analysis exhibited that the 

substitution of the La into ZnS induces magnetic moment without any distortion in the lattice 

system, showing ferromagnetic coupling. Additionally, the room temperature ferromagnetism 

has been observed for the film samples. 

Keywords: Sol-gel, Thin film, Zn0.99La0.01S, Zn0.97La0.03S, Crystallite size, Ferromagnetism. 

 

1. GİRİŞ 

ZnS yarıiletkenine çeşitli katkı atomları ilave edilerek, onun elektronik, spintronik ve 

optoelektronik devre elemanlarında kullanım verimliliğini daha da arttırabliliriz. Bu 

yarıiletkenin değişik elementlerle katkılandırılmasıyla yapısal ve manyetik özellikleri ciddi 

manda değiştirilebilir. Bu değişim bu yarıiletken bileşiğin sahip olduğu geniş yasak enerji 

bant aralığı (3.7 eV) ve yüksek eksitonik bağlanma enerjisine bağlanılmaktadır[1-2]. İlaveten, 

önemli bir lüminesans yarıiletken bileşiği olan ZnS, infrared göstergelerde, hareketli 

panellerde ve sensör imalatı gibi endüstriyel/teknoljik alanda önemli bir işlev yapmaktadır 

[3].  

Sol-jel üretimli Zn0.99La0.01S ve Zn0.97La0.03S nanoyapılı ince filmlerin yapısal ve magnetik 

karakteristikleri ulaşılabilir literatürde nadiren çalışılmıştır. Çözelti yöntemine dayalı sol-jel 

metodu ince film elde etmek için son zamanlarda sıkça kullanılmaktadır. Bu metod, diğer 

yaygın metodlarla karşılaştırıldığında daha az maliyetli, kontrolü kolay, geniş ve farklı yüzey 

biçimlerine sahip malzemelere rahatlıkla kaplanabilirliği, ona üstün olma avantajları 

sağlamaktadır. İlave olarak, bu yöntemde kaplamalar daldırma, döndürme, püskürtme ve 

boyama v. b. tekniklerle de kolaylıkla elde edilebilir. Ayrıca, bu metodla üretilen çözeltilerin 
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pH’ı, viskozitesi, kullanılan başlangıç kimyasallarının çeşidi ve atmosferin basıncı/nemi gibi 

değişkenler,  filmlerin kimyasal ve fiziksel özelliklerini ciddi miktarda etkilemektedir [4-6].  

Bu çalışmada, % 1 ve % 3 La katkı miktarının sol-jel daldırma metodu ile cam üstüne 

büyütülen nanoyapılı ZnS ince filmlerin yapısal, yüzeysel ve magnetik özelliklerine etkisi 

incelendi. 

 

2. DENEYSEL YÖNTEM 

Zn0.99La0.01S ve Zn0.97La0.03S nano yapılı ince filmleri sol-jel daldırma tekniğiyle cam alt 

taşlar üstüne kaplandı. Zn asetat, La asetat  ve tiyoüre kimyasaları metanolde belirli molar 

oranda çözündürüldü. Elde edilen çözeltiler manyetik karıştırıcı ile karıştırlarak homojen ve 

seffaf hale getirildi. Çözeltilerde Zn/S molar oranı 1/3’e ayarlandı. pH ayarı etanolamin 

kullanılarak yaklaşık 10’a ayarlandı. Elde edilen son çözelti 24 saat oda koşullarında 

karıştırılarak yaşlanması sağlandı. Cam alttaşlar saf su, aseton, ve ultrasonik su banyosu 

kullanılarak temizlendi. Temiz cam altlıklar, elde edilen son çözelti kullanılarak, daldırma 

metodu ile 300 oC’de kaplandı. Ayrıca kaplı cam alttaşların yüzeyindeki filmlerin kristalize 

olması için, filmler argon ortamında 600 oC’de 45 dakika tavlandı.  

Hazırlanan nanoyapılı ince filmlerin kristalik yapılarını ve film içinde ikincil fazların olup 

olmadığını araştırmak için XRD (Rigaku Ultima III (40 kV, 40 mA and 1.54 A◦)) ve yüzey 

morfolojilerini incelemek için ise SEM (Zeiss Evo 50, 200 kV) ölçüm cihazları kullanıldı. 

Manyetik özelliklerin saptanması için ayrıca numune titreşimli magntometer, VSM (PPMS, 

Quantum Design Corp.) kullanıldı. 

 

3. SONUÇ VE TARTIŞMALAR 

3.1. XRD ve SEM Ölçümleri 

Yapılan XRD analizlerine göre Zn0.99La0.01S ve Zn0.97La0.03S ince filmlerinin hekzagonal ZnS 

kristal yapısında kristallendiği ve örgü yapısında herhangi bir safsızlık olmadığını 

gözlemlendi [7]. Hazırlanan nano yapılı film örneklerinin, (002) kristal düzlemi yönünde 

büyüdüğü ve doğal polikristal yapısında olduğu Şekil-1’de görülmektedir. 
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Şekil-1. Zn0.99La0.01S ve Zn0.97La0.03S ince filmlerinin XRD spektrumları 

 

Zn0.99La0.01S ve Zn0.97La0.03S ince filmlerinin ortalama kristal boyutları Debye Scherrer 

förmülü kullanılarak, yaklaşık 8 ve 12 nm olduğu hesaplandı. Bu sonuç,  Zn0.99La0.01S ve 

Zn0.97La0.03S ince filmlerinin nano yapıya sahip olduğunu ve  Zn0.97La0.03S ince filminin daha 

büyük ortalama kristal boyutuna sahip olduğunu göstermektedir.  

Zn0.99La0.01S ve Zn0.97La0.03S ince filmlerinin yüzey morfolojilerinin yoğun ve homojen 

olduğu SEM yüzey analizlerinde görülmektedir (Şekil-2). Şekil-2, nanoyapılı Zn0.97La0.03S 

ince film yüzeyinin daha homojen, yoğun ve pürüzsüz olmasıyla birlikte daha büyük tane  

boyutlarına sahip olduğu anlaşılmaktadır. Elde edilen bulgular, XRD ölçümleri ile son derece 

uyumludur.  

 

 

Şekil-2. Zn0.99La0.01S ve Zn0.97La0.03S ince filmlerinin SEM yüzey görüntüleri 

 

Zn0.99La0.01S İnce film örneğine ait EDX spektrumları Şekil-3’te verilmiştir. Analiz spektrumu 

film örneğin Zn, La, Si, S ve Au atomlarını içerdiği görülmektedir. Sırasıyla Si pikinin varlığı 

kullanılan cam altlıklardan ve Au ölçüm için yapılan kontaklardan kaynaklanmaktadır. Şekil 

267



içindeki Tablo ’da sözü edilen film numunenin elementsel analiz sonuçları verilmiştir. 

Sonuçlar filmde gerçekten Zn, La ve S atomlarının varlığı ispatlanmıştır. 

 

Şekil-3. Zn0.99La0.01S ince filminin EDX spektrum ve elementsel analizi 

 

3.2. VSM Ölçümleri 

Zn0.99La0.01S ve Zn0.97La0.03S nano yapılı ince filmlerinin sıcaklık bağımlı (5-300 K) magnetik 

davranışları 0.5 T manyetik alan altında Şekil-4’te verilmiştir. Şekil-4b’den görüldüğü gibi 

filmler 300 K’de zayıf da olsa ferromagnetik davranış sergilemişlerdir. Zn0.97La0.03S film 

örneği, Zn0.99La0.01S ince film örneğinden daha yüksek ferromagnetik davranış göstermiştir. 

Bu sonuç sıcaklık bağımlı manyetik davranıştanda görülmektedir (Fig. 4a). Bu davranış 

teoriksel olarak La ve Zn iyonları arasında değiş-tokuş etkileşimine bağlanabilir [8]. 

Gözlemlenen zayıf ferromanyetik davranış film yüzeylerindeki rastgele dağılmış olan 

düzensiz spin manyetik monetlerden kaynaklanabilir [9] 

 

     Şekil-4. Zn0.99La0.01S ve Zn0.97La0.03S nano yapılı ince filmlerinin sıcaklık (a) ve alan (b) 

bağımlı eğrileri. 
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4. SONUÇLAR 

Sol-jel daldırma yöntemiyle üretilen nanoyapılı Zn0.99La0.01S ve Zn0.97La0.03S ince filmleri 

(002) düzleminde yönelen ZnS hekzagonal yapısında kristalize olduğu saptandı. Nanoyapılı 

Zn0.97La0.03S ince filminin XRD ve SEM ölçümleri onun, nanoyapılı Zn0.97La0.03S ince filmine 

nazaran daha iyi kristalize olduğu, yüzey morfolojisinin daha yoğun ve kristal tanelerinin 

daha iri olduğunu ispatladı. Elementsel analizler filmlerin Zn, La ve S atomlarını içerdiğini 

belirledi. Magnetik ölçümler elde edilen nanoyapilı ince filmlerin zayıf da olasa oda sıcaklığı 

ferromanyetizamasına sahip olsuğunu kanıtladı. Yapılan M-T ve M-H eğrilerine göre, 

nanoyapılı Zn0.97La0.03S ince filminin daha yüksek ferromagnetik tepkiye sahip olduğu 

anlaşıldı. Tüm sonuçlar hazırlanan nano yapılı ince filmlerin, spintronik devre elemanları ve 

uygulamaları için uygun olabileceğini ortaya koymuştur. 
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ABSTRACT 

Recently, a novel type of two-dimensional (2D) graphene-like materials named penta-graphene 

was proposed by Zhang et al. [1]. Different from the hexagon ring graphene, the penta-graphene 

possesses carbon pentagon rings, forming a 2D bulking structure. Since the discovery of the 

pentagon ring structure, tremendous attention on penta-sheets has been given to rationally 

design and fabricate these newly developed penta-2D materials with special properties. These 

penta-2D materials express novel properties [2, 3]. In contrast to graphene, penta-graphene was 

demonstrated displaying direct band gap, which has great potential applications for designing 

optoelectronic devices. The age of effort to narrow down to one-dimensional (1D) nanoribbon 

is attracting current interest, which is considered as a promising approach not only to surmount 

the fundamental limits of current electronic device technology in energy loss and dissipation 

but also to observe emergent exotic phenomena arising from the size confinement of electron 

and increased importance of edge states [4-7]. Here, we report on the electronic and optical 

properties of some vacance penta-graphene nanoribbons (PGNRs) by carrying out first-

principles calculations. We find that the vacancies have a negligible impact on the transport and 

absorption spectrum of  the PGNRs. 

Keywords: Density functional theory (DFT), High Performance Computing (HPC), Electronic 

properties, Optical properties, Penta-graphene nanoribbons. 
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ABSTRACT 

With the expansion of various industries and applications of trace elements, environmental 

pollution, especially water, has spread to these elements. Groundwater is also exposed to this 

type of pollution, and many people who use this type of water for drinking and agriculture are 

also more vulnerable to poisoning with these elements. In various studies, hair and nail 

biomarkers have been used to investigate the possibility of contamination of people with these 

elements. Epidermal derivatives (hair and nails) contain useful information because they 

reflect the composition and ratio of trace materials and elements accumulated during the 

growth process. In the present article, a review of studies on the relationship between 

groundwater pollution and its amount in the human body using hair and nail biomarkers in 

several countries has been done. Also, the relationship between these contaminants 

accumulated in hair and nail biomarkers with gender, age and habits of people such as 

smoking has been studied and finally, suggestions to prevent groundwater contamination with 

trace elements have been presented. 

Keywords: biomarker / trace elements / environmental pollution / water resources 

 

INTRODUCTION 

Trace elements are elements with very different properties that in low and high concentrations 

have opposite effects on human health and ecosystem. With the expansion of different 

industries and applications of these elements, environmental pollution, especially water, 

became widespread. Due to the widespread human use of groundwater for drinking, industry 

and agriculture, the possibility of poisoning with these elements has also increased. 

Before the onset of symptoms of poisoning, its introduction can sometimes be guessed using 

biomarkers, and the most important biomarkers can be human hair and nails. 

According to Savinov et al. 2020 Epidermal derivatives (hair and nails) contain useful 

information because they reflect the composition and ratio of trace elements and elements 

accumulated during the growth process. However, blood and urine samples show the current 

condition of the human body and do not show a history.  

272

https://scholar.google.com/citations?view_op=view_org&hl=fa&org=10261705153902055704
https://scholar.google.com/citations?view_op=view_org&hl=fa&org=10261705153902055704
https://scholar.google.com/citations?view_op=view_org&hl=fa&org=10261705153902055704


 

For the proper use of biomarkers, the following factors can also affect the concentration of 

elements in the body, such as: gender, age, diet, economic status, exposure to infection, 

genetic diversity and susceptibility of individuals (Savinov et al . 2020). 

Also, trace elements are not degradable in water and remain in it for a long time, so they must 

be carefully controlled. Therefore, identifying resources and assessing the risks of ecosystem 

pollution to trace elements in water resources is necessary to manage these resources and limit 

the potential for harmful consequences (Li et al. 2014). 

There are a number of chemical analyzes and biological approaches to understanding the 

effect of gender and age on pollutants and their effects in humans, but no systematic studies 

have been performed to evaluate the effect of such factors on trace element concentrations. It 

should also be noted that the most important cause of arsenic exposure is through drinking 

water and diet (Evjen, C. 2011). 

Today, research is underway to identify new biomarkers for the status of trace elements to 

provide a more reliable description of these elements and individual health status. On the 

other hand, there are several technical limitations to measuring them. Therefore, the 

assessment of trace elements is limited to the relationship between trace elements 

consumption in water and diet, and health, which provides a basis for determining the level of 

trace elements in healthy and sick individuals (Bornhorst et al. 2018). 

In this article, a summary of research on the relationship between biomarkers of human hair 

and nails and water pollution with these elements is included. Finally, the shortcomings, 

shortcomings and how to use the studies for future research are reviewed and suggested. 

 

METHODOLOGY 

The method of this research was to collect information from the articles in the references 

section and to review the studies conducted in the field of application of biomarkers in the 

diagnosis of groundwater contamination with heavy elements. In other words, the study of 

research conducted in this field and the summary and classification of research along with 

their comparison and the results obtained in this research has been done. Obviously, such a 

study paves the way for future studies in order to complete and find the optimal solution for 

similar research. 

In order to achieve the objectives of this study, the relationship between the influencing 

factors and the concentration of trace elements in hair and nail biomarkers is investigated. In 

the following, the researches that exist in different countries regarding the concentration of 

trace elements in hair and nails with the water of the region have been reviewed and 

summarized. These researches are very diverse and have worked on different elements. In 

some cases, only studies on the amount of these elements in groundwater have been presented 

and the help of biomarkers as an indicator of human community health has been introduced as 

a complementary research. A summary of measurement methods, reasons for using 
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biomarkers - for example, the use of long hair to study the history of aggregation of an 

element -, sampling standards, and finally proposed solutions are presented. 

 

HAIR AND NAILS AS A BIOMARKER  

Nails have several advantages for the analysis of trace elements: their sampling is non-

invasive (compared to blood and tissue sampling). Samples are easy to carry and can be 

stored for a long time without special conditions. Short-term and long-term effects can be 

evaluated and the dynamics of material accumulation can be identified based on these 

samples. Nails have advantages over hair because the initial composition of the hair depends 

on the color, which should be considered in a comparative analysis (Savinov et al. 2020). 

Analysis of trace elements in human hair can be a trace of past information about a person's 

nutritional status and exposure to contamination. Because trace elements are stored in the hair 

during the growth process, the longitudinal sections of the hair may reflect the load of 

contamination during the growth period (Gellein et al. 2008). 

Hair is exposed to external pollutants such as air pollutants, water, sweat and cosmetics such 

as hair dye. As a result, trace elements in the hair can have both internal and external roots. 

Various washing methods have been proposed and used to reduce the problem of surface 

contamination. Because no standard hair washing method has been widely adopted, the results 

from different laboratories are not easily comparable (Gellein et al. 2008). 

 

STUDIES AND RESULTS 

The study by Li et al in 2014 aimed to assess pollution, identify trace metal sources, analyze 

the impact of surface and groundwater interactions on the distribution of trace metals, and 

propose immediate management strategies for trace metals in an agricultural region in China. 

The results of their study can be summarized as follows: 

 Contamination of trace metals in surface waters has been more serious than in 

groundwater. 

 The distribution of trace metals shows a certain relationship with the direction of water 

flow. 

 Agricultural and industrial activities due to the presence of pollutants containing trace 

elements, increase the level of contamination of trace metals in groundwater. 

Concentrations of trace elements in water, sediment and fish samples from Lake Tuskegee in 

the southeastern United States in a study by Ikem et al. Done in 2003. According to the study, 

the current human health risks for heavy metals in fish caught from Lake Tuskegee are low, 

and regardless of the source of the fish, the concentration of metals in muscle tissue has all 

been below the FDA recommended limits. 

274



 

According to research by Kim et al. In 2011 in Thailand, arsenic was never found naturally in 

groundwater, but the contamination came from tin mining activities and entered the 

groundwater. Therefore, these researchers, along with several other studies, have studied the 

level of drinking water pollution in Thailand and several other countries in Southeast Asia. 

Phan et al. In 2014, they studied the levels of arsenic in groundwater, rice and nails in a region 

of Cambodia. 

Table 1 shows the information about the people sampled. 

Table 1- Summary of gender, age, weight, water and rice consumption in the study area (Phan 

et al. 2014) 

11 men 12 women   

Max  Min  Mean  Average  Max  Min  Mean  Average  

76 21 41 42.273 79 7 31 34.083 age 

66 48 56 55.364 59 13 45 42.5 Weight to 

Kg 

167 155 163 162.091 165 100 155 151.33 Height to cm 

2 1 2 1.818 2 1 1.25 1.375 Water 

consumption 

per liter per 

day 

10 3 7 6.273 10 2 6.5 6.25 Education 

level by year 

450 450 450 450 450 200 450 429.167 Consumption 

of rice per 

gram per day 

 

Table 2 also shows the relationship between the concentration of arsenic in groundwater, rice, 

nails and the dose entering the body of these people. 
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Table 2 - Relationship between arsenic concentration in groundwater, rice, nails and body 

dose (Phan et al. 2014) 

The amount 

of arsenic 

entering the 

body 

Consumption 

of rice  

Water 

consumption  

nail rice  

0.847 0.164 0.971 0.455 0.563 Groundwater  

0.749 0.646 0.563 0.355 - Rice  

0.555 0.406 0.542 - - Nail  

0.893 0.238 - - - Water 

consumption 

0.576 - - - - Rice 

consumption 

 

As can be seen, the highest amount of arsenic is consumed by the body through direct 

consumption of water. 

On the other hand, the methods of measuring these elements in different samples are also very 

important in the accuracy of the research. The following are the proposed methods used to 

measure the concentration of trace elements in hair and nail biomarkers (Gellein et al. 2008): 

1- micro-PIXE 

2- laser ablation ICP-DRCMS 

3- LA- ICP-SFMS 

4- coupled plasma mass spectrometry (HR-ICP-MS) 

Restrictions on the use of hair and nail biomarkers include the following: 

Hair as a biomarker is generally exposed to the absorption of arsenic and selenium. Of all the 

elements measured, manganese in the hair appears to be the least reflective of the in vivo dose 

(Skroder et al. 2017). 

It also seems that there are different reasons for the results obtained in different studies. For 

example, the lack of standard washing methods and the possibility of external contamination 

on biomarkers (Evjen, C. 2011). 

With the help of indicators such as pollution coefficient and pollution load index, the 

pollution of the region has been studied and it has been determined that there is no pollution 
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for human health (Sulaiman et al. 2019). Definitely, if the contamination was more than the 

allowable limit, it was necessary to proceed to sampling humans in the next step. 

 

 

 

 

 

 

 

 

Figure 1- Strontium concentration per gram of human hair per microgram (Gellein et al. 2008) 

 

In another study conducted in Norway, a sample of long hair from a vegetarian and non-

smoker woman was tested for the element strontium, the result of which is shown in Figure 1 

(Gellein et al. 2008). 

As can be seen, the concentration has increased over time, which indicates the accumulation 

of this substance in a person's hair. Obviously, if the person sampled was omnivorous, a 

higher dose of strontium would enter his or her body. 

A summary of the above studies can be seen in Table 3. 
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Table 3 - Summary of researches 

Reference  Result  Biomarker  Number  

Savinov et al. 

2020 

A positive correlation was found between the 

concentrations of a number of elements, in 

particular, Mg / Ca, Cu / Zn, Cu / Al, Cu / 

Mg, and Cd / Pb, and a negative correlation 

for Ca / Cd. 

Human nail 1 

Sulaiman et al. 

2019 

With the help of indicators such as pollution 

coefficient and pollution load index, the 

pollution of the region has been studied and it 

has been determined that there is no pollution 

for human health. 

Water and 

soil samples 

in wet and 

dry seasons 

2 

Murphy et al. 

2018 

The relationship between water and rice 

toxicity regarding arsenic is linear. 

Water and 

rice samples 

3 

Skroder et al. 

2017 

Hair is exposed to As and Se as a biomarker. 

Of all the elements measured, hair manganese 

appears to be the least reflective of the 

internal dose. 

Human hair 4 

Phan et al. 2014 A direct relationship was observed between 

the presence of arsenic, rice and the 

accumulation of mineral arsenic in human 

nails. 

Water, rice, 

nail 

5 

Phan et al. 2013 The main pollutant in the water of the area, 

which has also entered the hair of individuals, 

is arsenic. 

Groundwater, 

human hair 

6 

Evjen, C. 2011 Various results of the relationship between the 

elements, age, gender and habits of 

individuals were observed, which are 

summarized in the results section. 

Water, 

human hair, 

nail, blood 

7 

Kim et al. 2011 The contaminant was found in some areas. Groundwater  8 

Khan et al. 

2010 

Zinc and aluminum have been reported to be 

excessive in some areas. 

Groundwater 9 
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Berner at al. 

2008 

Groundwater flow is affected by seasonally 

variable slopes developed between rivers and 

inland lagoon basins. Shallow sediments are 

also a major source of arsenic accumulation. 

Groundwater 10 

Gellein et al. 

2008 

Successful measurement of these elements in 

human hair: Ag, As, Au, Cd, Cu, Hg, Fe, Pb, 

Se, Sr, U and Zn 

Human hair 11 

 

CONCLUSION AND DISCUSSION 

The combination of using biomarkers along with water sampling helps a lot in analyzing the 

environmental health conditions of each region. For example, if a contaminant is observed in 

water, the use of a supplementary study of biomarkers will determine the health status of the 

community and the amount of contamination transmitted from water to the body. 

Gender and age affect the concentrations of As, Pb, Cu and Th in hair as biomarkers, but do 

not affect nails. As concentrations in men were affected by age and smoking for hair and 

nails, respectively. However, the accumulation of trace elements seems to be more affected by 

the village of residence than any other factor. Correlations were found between hair and nail 

samples for the elements As, Cd, Zn and Th (Evjen, C.2011). 

Factors that affect the concentration of trace elements: The concentration of As in the hair is 

affected by gender, and the level of As was higher in men than women. Similar studies have 

shown higher concentrations of arsenic in men's hair (Evjen, C.2011). 

However, in Evjen study, C.2011, no significant relationship was observed between arsenic in 

nails and their gender. Also in the same study, it was observed that arsenic is the only trace 

element in men's hair and nails, the concentration of which is the effect of smoking. In other 

words, the concentration of arsenic in the hair and nails of smokers was higher than non-

smokers. In the same study, the relationship between As, Cd, Zn and Th concentrations in hair 

and nails was observed. 

It is suggested that future studies also consider the effects of age, sex and smoking habits to 

identify the interaction of toxic trace elements (Evjen, C.2011). Deficiencies of some 

elements may also exacerbate the toxicity of some trace elements. For example, in Evjen, 

C.2011, zinc and manganese deficiency has been shown to increase arsenic toxicity. 

Due to the high need for groundwater, some of the proposed solutions to prevent 

contamination of this type of water with trace elements are as follows: 

Old pipes, still used in wells and hand pumps, should be replaced with new pipes. 
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Shallow hand pumps should be replaced with deep hand pumps to prevent contamination of 

contaminated shallow aquifers. 

It is necessary to check the quality of groundwater periodically. 

There is an urgent need to check the quality of effluent from industries. Because the effluent 

of some industries contains highly trace elements and in case of improper discharge can 

contaminate groundwater and consequently poison humans and other living parts of the 

ecosystem (Khan et al. 2010). 

For future research, it is suggested that in coastal industrial areas, water sampling be done 

along with sampling of hair and nails. And try to find the relationship between water samples 

and biomarkers. In other words, if there is a connection, it seems necessary to find that 

connection. In most studies, only hair or nails have been studied, and research that considers 

both is limited, so both types of biomarkers can be used for future research. 

It is also possible to simultaneously sample farmers' hair and nails exposed to toxins and 

fertilizers and compare them with non-farmers living in the same area. 
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ABSTRACT 

Understanding the compartment fire behavior has a vital importance for fire protection 

engineers. For design purposes, whether to use a prescriptive code or performance based on 

design, life safety and property protection issues are required to be assessed. The use of design 

fires in computer modelling is the general method to determine fire safety. However, these 

computer models are generally limited to the input of one design fire, with consideration of the 

complex interaction between fuel packages and the compartment environment being 

simplified. Of particular interest is the Heat Release Rate, HRR, as this is the commonly 

prescribed design parameter for fire modelling. If the HRR is not accurate then it can be 

subsequently argued that the design scenario may be flawed. Therefore, the selection of the 

most appropriate fire design scenario is critical, and an increased level of understanding of 

compartment behavior is an invaluable aid to fire engineering assumptions. This thesis study 3 

type of pool fire geometry to enhance the understanding of the impact and interaction that the 

size and location of pool fires within an enclosure have upon the compartment fire behaviour, 

also Ethanol pool fires were used. In this present work, we have carried out to analysis the 

effect of water to extinguish the fire and it and it's tested in 4 different ways with and without 

water. Also in the result, we can see the effect of water to visibility and also the concentration 

of air. 

Keywords: CFD, FSE, fire, burning, Temperature Distribution, Tunnel model 
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ABSTRACT 

Inverse problems in image processing involve estimating parameters or data from inadequate 

observations where observations are often noisy and contain incomplete information about the 

target parameter or data due to physical limitations of the measurement devices. 

Consequently, solutions to inverse problems are non-unique. In this paper we give review of 

compressed sensing MRI problem as an inverse problem, and based on the well-known total 

variation functional, an optimization algorithm to solve this problem is proposed. 

Keywords: Inverse problems; Total variation; Optimization; Medical imaging, Magnetic 

resonance imaging. 

 

1. INTRODUCTION 

Many problems in image processing can be formulated by the inverse problems. To explain 

the concept of inverse problem, we give a familiar example; as we know, if focus is not 

adjusted properly during the photography or the object is moving, the resulting image may be 

blurred. This criterion can be formulated mathematically as a blurring operator (linear or 

nonlinear) that operates on a clean image and turns it into a blurred image. This process is 

named image blurring and the inverse problem aiming to restore the clean image from a 

given blurred image is called deblurring. Various problems in image processing such as 

denoising, upscaling, deconvolution and MRI restoration problems can be formulated as 

inverse problems. In this paper, we introduce an inverse problemfor solving compressed 

sensing MRI problem and we also explain how these problems may be formulated as convex 

optimization problems. Finally, some popular numerical algorithms to solve such problems 

will be discussed. 

The contribution of the paper is as follows. In Section 2, a brief review on compressed 

sensing MRI is given and the problem is formulated as an inverse problem and total variation 

is applied for solving compressed sensing MRI problem and a primal-dual optimization 

algorithm is proposed for solving it and finally in Section 3, a conclusion is given. 
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2. RESEARCH AND FINDINGS 

2.1.Compressed sensing MRI problem as an inverse problem 

Magnetic resonance imaging (MRI) (Lustig et el., 2007 ), is a medical imaging technique 

used in radiology to form pictures of the anatomy and the physiological processes of the body. 

MRI scanners use strong magnetic fields, magnetic field gradients, and radio waves to 

generate images of the organs in the body. However, it has its own drawbacks, most notably 

the slow acquisition process, which weighs on both the patient (a long time spent inside an 

enclosed magnet) and the clinic (extended power consumption, wear and tear, etc.).MRI can 

be formulated by Fourier transform of the clean image containing some noises.Now, we 

express the mathematical formulation of the MRI. Assume 𝑥 ∈ 𝑅𝑛is the clean image in the 

spatial domain, Ϝ∈   𝐶𝑛×𝑛 is Fourier transform operator, and 𝑀 ∈ 𝑑𝑖𝑎𝑔(𝑛, 𝑛),  𝑀(𝑖, 𝑖) =

0 𝑜𝑟 1,  𝑖 = 1, ⋯ , 𝑛 is a sampling mask. Then, 𝑀𝐹𝑥  is sampled Fourier transform of the 

clean image, then MRI direct process leads to the following observed data which is the 

sampled Fourier transform of 𝑥 added with some noises, that is  

𝑦 = 𝑀𝐹𝑥 + 𝜈,   𝜈, 𝑦 ∈ 𝑅𝑛×𝑛,                                                  (1) 

where𝜈 is some kind of noise vector. We call this problem, the direct problem associated to 

MRI (see Fig. 1).  

 

Figure 1: MRI as a compressed sensing problem. Direct process: (a) is a clean image, (b), (c) 

effect of magnetic field on the clean image, (d) obtained MRI image.  

 

Note that we only observe “𝑦", and clean image "𝑥" is unknown. Compressed sensing MRI 

problem is restoring vector"𝑥", which is the inverse problem, corresponding to (1).  The first 

way may be arise in mind, to find the solution, is operating inverse Fourier transform on 

observed data. This solution is called zero filled solution which is 𝑍𝐹 = Ϝ−1𝑦. In Fig. 2, for a 
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brain MRI problem, sampling mask, clean image and zero filled solution are shown. It can be 

seen that, the zero filled solutions contains some artifacts, such as noises and blurs and it is 

not a reliable solution.  

 

Figure 2: (a) a sampling mask, (b) clean image, (c) zero filled solution for compressed 

sensing MRI problem. 

Usually, compressed sensing MRI is an ill-posed problem and in order to solve it, we are 

inevitable to apply a suitable regularization functional, and for representation of the obtained 

signal with a sparse vector, a sparsifying operator can be inserted to the problem.  This 

problem can be formulated by the following optimization problem 

min||Ψ𝑥||
1

+ 𝜆 𝑅(𝑥), 

s. t.    ||𝑦 − 𝑀Ϝ𝑥||
2

2
≤ 𝜖. 

Where 𝑅, is a regularizer. The equivalent form of this problem is 

min
1

2
||𝑦 − 𝑀Ϝ𝑥||

2

2
+ 𝛼𝑅(𝑥) + 𝛽||Ψ𝑥||

1
,                                       (2) 

where, 𝛼, 𝛽 are some scalars and Ψis a wavelet operator which is used for sparsification. In 

section 3, we review a suitable regularization functional that can play the role of𝑅 in (2). 

2.2.Total variation as a regularization functional and a primal-dual algorithm 

Now, definition of a well-known regularization functional; total variation (Chambole et al., 

2010), is expressed, and this functional is applied in the compressed sensing MRI problem 

(2). 

Definition 1:  Assume 𝑢 ∈ 𝐿𝑙𝑜𝑐 
1 (Ω),  Ω ⊂ ℜ𝑁, then total variation of  𝑢 is defined by  

𝐽(𝑢) = sup{− ∫ 𝑢div 𝜙𝑑𝑥: 𝜙 ∈
Ω

𝐷(Ω),  |𝜙(𝑥)| ≤ 1, ∀𝑥 ∈ Ω}. 

Moreover, assume 𝑢 ∈ 𝐶1(Ω) 𝑜𝑟 𝑢 ∈ 𝑊1,1 (Ω),then𝐽(𝑢) = ∫ |𝛻𝑢|𝑑𝑥
Ω

. 

Assume in (3), 𝑅 = 𝐽, then, we use primal-dual algorithm (Algorithm 1) (Esser, 2009), to 

solve problem (2). 

285



__________________________________________________________________________

__ 

Algorithm 1: primal-dual algorithm for solving problem (2) 

• Initialization: choose 𝑥0 = 𝑥0̅̅ ̅,   𝑦0 arbitrary; 

• For 𝑛 ≥ 0, until the primal value is not equal to the dual value, do: 

• 𝑦𝑛+1 = Prox𝜎𝐹∗(𝑦𝑛 + 𝜎𝐴 𝑥𝑛̅̅̅̅ ), 

• 𝑥𝑛+1 = 𝑥𝑛 − 𝜏𝐴∗𝑦𝑛+1, 

• 𝑥𝑛+1̅̅ ̅̅ ̅̅ = 2𝑥𝑛+1 − 𝑥𝑛. 

__________________________________________________________________________

__ 

The functions and operators in Algorithm 1, are defined as the following 

 𝐹(𝑦1, 𝑦2, 𝑦3) =
1

2
||𝑧 − 𝑦1||

2

2
+ 𝛼||𝑦2 ||

2,1
+ 𝛽||𝑦3||

1
, 𝐺(𝑢) = 0, 

 𝐴 = (𝑀Ϝ,  ∇,  Ψ) ,  𝑦 = (𝑦1, 𝑦2, 𝑦3)𝑡 → 𝐹(𝐴𝑢) = 𝐸(𝑢), 

 𝐴∗ = (𝐹∗𝑀𝑡 ,  − div,  Ψ∗)𝑡, 𝑝 = (𝑝1, 𝑝2),  div 𝑝(𝑖, 𝑗) = 𝐷𝑥
−𝑝1(𝑖, 𝑗) + 𝐷𝑦

−𝑝2(𝑖, 𝑗)  

                                        =  (𝑝1(𝑖, 𝑗) − 𝑝1(𝑖 − 1, 𝑗)) + (𝑝2(𝑖, 𝑗) − 𝑝2(𝑖, 𝑗 − 1)), 

 𝐹∗(𝑣) = 𝐹∗(𝑣1, 𝑣2, 𝑣3) = (𝑧, 𝑣1) +
1

2
||𝑣1||

2

2
+ 𝐼

{||𝑣2||
2,∞

≤𝛼, ||𝑣3||
∞

≤𝛽}
(𝑣), 

 Prox𝜎𝐹∗(𝑤1, 𝑤2, 𝑤3) = (
𝑤1−𝜎𝑧

2
,  {

𝑤2,  ||𝑤2||
2,∞

≤ 𝛼
𝛼𝑤2

||𝑤2||
2,∞

,  otherwise 
, {

𝑤3,  ||𝑤3||
∞

≤ 𝛽
𝛼𝑤3

||𝑤3||
∞

,  otherwise 
). 

The results of this algorithm, applying a suitable wavelet transform Ψ is shown in Fig. 3. It is 

obvious that the obtained result contains small artifacts and the noises are attenuated in 

comparison with the zero filled solution. Moreover the restored image is close to the clean 

image in sense of psnr and ssim criteria (the details are not given here). 
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Figure 3: (a) a sampling mask, (b) clean image, (c) zero filled solution, (d) obtained 

solution by means of Algorithm 1. 

3. CONCLUSION 

In this paper, compressed sensing MRI problem is formulated as an inverse problem. A well-

known regularization functional is employed to reformulate it to a convex minimization 

problem and a primal-dual algorithm is proposed to solve this problem. The numerical 

simulations show the effect of variational models on imaging problems, whereas the artifacts 

can be attenuated and the obtained image is a good approximation for the clean image. 
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SOLVING NONSMOOTH OPTIMIZATION PROBLEMS VIA CIRCUIT MODELS 

BASED ON RECURRENT NEURAL NETWORKS 
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Tehran, P.O. Box 14115-175, Tehran, Iran 

 

ABSTRACT 

In this talk, a one layer recurrent neural network is proposed to solve nonsmooth optimization 

problems with general constraints. This model is an approach which is based on projected 

gradient descent optimization, using neural networks tools.  The model is convergent and the 

transient state reaches to steady state, at the finite time. In comparison with the similar 

models to solve optimization problems with nonsmooth objective functions, in the proposed 

model, no penalty parameter exists and the model has simple structure. Moreover, the optimal 

solution of the original optimization problem is equivalent to the equilibrium point of the 

proposed neural network. Finally an analog circuit for the introduced recurrent neural 

network is designed, based on the idea of the analog circuit to solve optimization problems 

that using a devoted electrical circuit that simulates both the objective and constraint 

functions. 

Keywords: Neural Network; Nonsmooth Optimization; Analog Circuit; Gradient Descent. 
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ABSTRACT 

One of the most important methods for solving large linear system equations is successive over-

relaxation (SOR). Fluid dynamics, mathematical programming, linear elasticity, and machine 

learning are just a few of the areas where it can be used. The study of steady heat conduction, 

turbulent flows, boundary layer flows, or chemically reactive flows are examples of SOR 

applications in Dynamics. As a result, both scholars and corporate policymakers should use the 

SOR method.  Time is always valuable in the real world, and no one wants to waste it; while 

solving systems of equations, it is sometimes preferable to have a near approximation of the 

solution rather than the precise solution for this reason, among others. The sequential over-

relaxation approach (SOR) can help in this situation. Gaussian elimination, the industry 

standard for discovering accurate techniques, requires roughly 𝒏 × 𝒏 operations to solve the 

system, which becomes time demanding as n grows larger. While SOR just provides an 

approximation, it does so significantly faster than Gaussian elimination. David Young and H. 

Frankel created SOR in 1950 for use on digital computers. In this paper, we will apply the 

successive over-relaxation (SOR) method to the thermal conductivity equation for copper. 

Copper is a chemical element that is included in the composition of many alloys. For example, 

it is added to gold in small quantities to give gold sufficient hardness in the manufacture of 

jewelry. An alloy with zinc is also made of it with zinc called brass or brass, and it was made 

from it in the Middle Ages, military shields, some devices, and musical equipment. Because it 

is a good conductor of electricity, copper is used today in the manufacture of electrical wires 

and cables, and electronic devices, and is used in building materials because of its corrosion 

resistance and is also used in the manufacture of coins and jewelry. 

Keywords: Method of Successive Over Relaxation, Heat Equation, Thermal Conductivity of 

Copper, MATLAB. 
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1Department of Physics, College of Science, Kerbala University, Kerbala, Iraq 

 

ABSTRACT   

The radioactive field is one of the most important areas of human health. It must be studied to 

see the changes in the doses of human exposure. In this present work, alpha emitters in the 

twenty soil samples of Kerbala University in Al-Mothafeen sites were measured using the 

CN-85 detectors. The results show that annual effective dose were varied from10.2±0.3 

mSv/y to2.1±0.1 mSv/y with a mean value of 4.1±0.2 mSv/y, radium content were varied 

from0.3±0.06 Bq/kg-1 to 0.06 ± 0.02Bq/kg-1with a mean value of 0.12±0.03Bq/kg-1, and 

uranium Contractions were varied from9.29±0.33Bq/kg to 1.90±0.15 Bq/kg with an average 

of 3.72±0.21 Bq/kg. The results were within the normal limits of radiation, according to The 

International Commission on Radiological Protection (ICRP). 

Keywords: Annual effective dose,226Ra,238U, Soil, CN-85, Kerbala university  

 

1. INTRODUCTION  

Environmental pollution means the presence of materials in the air in such concentration, 

which are harmful to man. The various environment sources of pollution, such as radioactive 

substances, which are released by nuclear explosions and explosives are extremely harmful to 

health [1].The sources of radioactivity in the environment permanently include natural or 

made man sources. The natural sources include cosmic rays (from the sun, planets and stars 

are starting to pour down on the earth at all times reach the earth and interacts with the earth's 

atmosphere and produce different isotopes), environment (terrestrial sources rocks, air, and 

water) and living organisms (internal) [2]. Made man sources which Produced by the 

bombing of the nuclei of stable isotopes of different types of nuclear particles [3]. 

Radionuclides are found in the earth's crust since the beginning of creation and remain 

radioactive until now. They decay automatically without exposure to any external effect. They 

are either single or in the form of chains [4]. The chains are a group of radioactive elements 

formed as a result of the sequential series of radiological decay starting the mother nucleus 

and the end of the stable nucleus (daughter nucleus). The determination of radionuclides in 

soil samples is a crucial task in relation to the protection of human health. Therefore, several 

techniques appeared to calculate the concentrations of radioactive materials in the soil 

samples and the impact of these materials on living organisms [5]. The background radiation 
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(alpha, beta, and gamma) can be detected by detectors of nuclear radiations known (Geiger 

counter, Gamma Rays Spectrometry, X-Rays Fluorescence, Neutron Activation Analysis, 

Solid State Nuclear Track Detectors) [6]. There are many unstable nuclei that undergo 

transformations accompanied by the emission of energetic that called parent atom, alpha 

particle (4He), can be emitted from parent atom and product nucleus which contains less than 

a parent in two protons and two neutrons[7]. Alpha particles are one type of ionizing 

radiation, which is the least penetrating of the radiations emitted from unstable heavy metal 

[7]. These particles are harmful to living tissues than other types of ionizing radiation because 

of the more massive and highly charged these particles. Alpha particles are emitted from 

radioactive sources. There are three natural radioactive series called uranium, Thorium, and 

Actinium series. All three series contain alpha emitters. Many researchers have studied the 

emission of radionuclides (alpha emitters) in soil samples by using the plastic nuclear track 

detector in some Iraqi areas [8-10]. The aim of this study was to measure the annual effective 

dose due to radon and radioactivity for radium and uranium of soil samples Kerbala university 

in Al-Mothafeen sites. This is done by measuring the concentration of radon in the soil 

samples. Finally, the map of 222Rn, 226Ra, and 238U concentrations in the study area using the 

GIS technique was drawn as a reference to be used in future studies. 

 

2. STUDY AREAS 

 Kerbala University in Al-Mothafeen sites of Kerbala governorate lies between the longitude 

of (44° 00' E) latitude of (32°36′ N)., It has consisted of six colleges, Medicine, Applied 

Medical, Dentistry, Pharmacy, Sciences, and Nursing, Sports Sciences and Physical 

Education. The soil was of Sandy type: It contains small particles of rocks and minerals, and 

usually, the composition and structure of that soil is composed of sand consisting of rocks 

broken down by erosion factors, as it contains either a high or low percentage of organic 

matter and includes sand formation to more than 35% and less than 15%  of Clay and silt as it 

has a high rough texture and it should be noted that the percentage of sand, clay, and silt is 

determined after disposal of organic matter in the soil. Soil characteristics dry and suffers 

from a lack of nutrients and quick-drying and, it has a light texture, which leads to its rapid 

drainage and low ability to save water, which leads to lower fertility rates in the soil, but with 

the addition of fertilizers and rotting leaves to it, it can be addressed to provide a satisfactory 

growth process for the plant. 

 

3. MATERIALS AND METHODS 

Twenty soil samples were collected from different locations University Kerbala in the Al-

Mothafeen site. The sample sites were determined by GPS which is shown in Fig. 1 and Table 

1. The sealed can technique was utilized to measure the alpha radioactivity in this study. 

Twenty soil samples were taken at depth of 15 cm from the ground surface of each site.  Soil 
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samples were dried at 120 °C for 3 hours in an oven to ensure complete moisture removal. All 

samples were crushed to a fine powder form, and the samples were crushed. To eliminate the 

larger grain size and make them more homogeneous, they were then sieved through a small 

mesh size. fine powder form, the crushed samples were then sieved through a small mesh size 

to remove the larger grains size and render them more homogenous. Dried samples (92 g) 

were placed at the bottom of a cylindrical sealed can of 7 cm height and 5 cm in diameter 

following the sealed cup technique as shown in Fig. 2. Solid-State Nuclear Track Detector 

(SSNTD) with sheet thickness 12μm was used in this study, which is usually known as a CN-

85 plastic detector. A piece of a detector of size 1cm ×1cm was fixed on the top of the inner 

surface of the Can, in such a way, that it is a sensitive surface always facing the soil sample. 

The Can is sealed airtight with adhesive tape and kept for exposure of about 172 days (from 

23-12-2019 to 06-07- 2020) [11, 12]. During the exposure period, the sensitive side of the 

detector always faced the sample and is exposed freely to the emergent radon from the water 

sample in the can, so that it could record alpha particles resulting from the decay of radon in 

the remaining volume of the can[13]. Radon and its daughters reach equilibrium in about four 

weeks and hence the equilibrium activity of emergent radon could be obtained from the 

geometry of the can and time of the exposure. The detectors were collected and chemically 

etched using (2.5N) NaOH at 70 C° for 3 h after exposure. These (SSNTDs) were dried and 

scanned after this chemical procedure, using an optical microscope (A.KRÜSS-optronic) at a 

magnification of (400X)to count the number of tracks per cm2 in each detector.       
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Fig 1. Map of samples’ locations of the (Al-Mothafeen-site) in Kerbala university. 
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 TABLE 1. Locations of the soil samples collected from different sits of Kerbala University. 

No Location name 
Sample 

code 
Coordinates 

1 
In front of the faculty of physical 

education 
U  1 

3236'31.36''N 

4400'05.58''E 

2 Near the faculty of physical education U 2 
3236'32.95''N 

4400'06.04''E 

3 
In front of the Deanship of the college of 

pharmacy 
U 3 

3236'33.25''N 

4400'07.16''E 

4 In front of the college of pharmacy U 4 
3236'33.85''N 

4400'15.42''E 

5 Near the college OF ENGINEERING U 5 
3236'31.16N 

4400'03.9''E 

6 
In front of the college OF 

ENGINEERING 
U 6 

3236'29.25''N 

4400'04.75''E 

7 Deanship of the college of engineering U 7 
3236'29.94''N 

4400'04.7''E 

8 Behind of the college of engineering U 8 
3236'27.51''N 

4400''30.57''E 

9 In front of the faculty of applied sciences U 9 
3236'33.65''N 

4400'08.93''E 

10 Behind the faculty of applied sciences U 10 
3236'35.63''N 

4400'09.28''E 

11 Near the faculty of applied sciences U 11 
3236'35.63''N 

4400'09.28''E 

12 Near the college of Nursing U 12 3236'33.43''N 
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4400'12.83''E 

13 In front of the college of Dentistry U 13 
3236'33.43''N 

4400'11.94''E 

14 In front of the college of Dentistry U 14 
3236'32.69''N 

440010.35''E 

15 Near of the college of Dentistry U 15 
3236'37.23''N 

4400'10.3''E 

16 In front of the faculty of medicine U 16 
3236'35.2''N 

4400'15.33''E 

17 Near of the faculty of medicine U 17 
3236'35.07''N 

4400'14.87''E 

18 Behind the faculty of medicine U 18 
3236'36.83''N 

4400'13.39''E 

19 Near the gate U 19 
3236'34.68''N 

4400'15.17''E 

20 In front of  the gate U 20 
3236'33.67''N 

4400'15.1 ''E 

                     .                                                                                                                                                                                             

 

Figure 2. A test tube technique used in the study. 
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4. THEORETICAL EQUATIONS 

The radon concentration in the airspace of the tube (C) was calculated from the formula [8]: 

𝐶 (
𝐵𝑞

𝑚3
) =

𝜌

𝐾 𝑡
          (1)                                                                                                                     

ρ is number of track in standard sample and (t) is the exposure time in days (172d). Where K 

was a calibration factor of  CN-85 plastic track detector, (which was 0.256 track.cm-2/Bq.m-

3.d) [14]. The concentration in sample CRn was calculated following [15].     

         𝐶𝑅𝑛
(

𝐵𝑞

𝑚3) = 𝐶 (
𝜆ℎ𝑡

𝐿
)           (2)         

Where, C Rn: concentration radon gas in sample (Bq/m3), λ: The radon constant decays and 

equals to 0.1814 days -1. And h: thickness of the sample (3.5cm) and L: distance between 

sample to detector(3.5cm). 

In this work, an effective radiation balance (about 98%) between radium and radon had to be 

reached within 4 weeks in the decay series given that the half-life of radium and radon. Once 

the auditory balance was reached, alpha-radon decomposition can be used to determine the 

concentration of radium activity, radon concentration increases over time, after closing of the 

can, According to the following equation[16]                                                                    .                                                                                                                                               

          𝐶𝑅𝑛=𝐶𝑅𝑎(1−𝑒−𝜆𝑅𝑛𝑇)                         (3)                                                                                                         

The annual effective dose (AED) in terms of (mSv /y) units was obtained using the relation  

[17, 18]. 

AED (m Sv/y) = C × F × H × T × D …………… (4) 

Where, F was the equilibrium factor (0.4), T is the time in hours in a year T = 8760 h / y H Is 

the occupancy factor which is equal to (0.8), and D is the dose conversion factor that is equal 

to [9×10-6 (m Sv)/(Bq.h.m-3)]  

The radium content of the samples soil Using the ''Can technique” can be calculated by the 

relation [16] 

𝐶𝑅𝑎(𝐵𝑞.kg−1)=(
𝜌

𝐾𝑇𝑒
 ) (

ℎ𝐴

𝑀
)                         (5) 

 where, C𝑅𝑎 was the effective radium content of soil (Bq/kg), M was the mass of soil sample, 

A was the area of cross section of the cylindrical can, h was the distance between the detector 

and top of the solid samples and (Teff) was the time of actual exposure. Te the real exposure 

time T and the constant of decay 𝜆𝑅𝑛   for 222Rn was computed following[19]    

Teff=[ 𝑇 − 𝜆𝑅𝑛   
−1 (1 − 𝑒−𝜆𝑅𝑛  𝑇)]                           (6) 

Further, The mass exhalation rate (EM) of the samples soil for release of the radon gas was 

calculated by using the expression[20]. 
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               EM =
CVλ

MTeff
               (7)       

The surface exhalation rate of (𝐸A) of the samples soil for release of radon gas was calculated 

following [20]. 

          EA =
CVλ

ATeff
                               (8) 

The concentration of uranium CU of soil samples was calculated by using the formula[20]. 

 (9) 

    Where(WU) is the weight of uranium in sample soil , and  (WS) is the weight of sample And 

Uranium Concentration unit to activity unit in Bq.kg-1 of 238U [21] 

1 ppm of Uranium = 12.35 Bq. kg‾1                        (10) 

 

 

5. RESULTS AND DISCUSSION 

5.1   Radon concentration and Annual effective dose  

The results of radon concentration and annual effective dose in soil samples are presented in 

Table 2. The radon gas concentrations was found from (406.97 ±2.24) Bq·m3in U14 to 

(83.57±1.01) Bq·m3in U18 with a mean value of (163.15±3.37).  The results of radon 

concentration in soil was found from (12698 ±12.52) Bq·m3 in U14 to (2607.62 ±5.67) Bq·m3 

in U18 with a mean value of (5090.54±155.31) figure.3 shows the geographical distribution 

of CRn for the present study that, it was drawn using the GIS technique. The concentrations of 

radon were classified into six ranges of color according to radon concentrations, where 

different colors were used to differentiate between high, medium, and low concentrations. 

Also, the annual effective dose varies from the highest value is (10.26±0.35) mSv/y in U14 to 

the lowest values (2.10±0.16) mSv/yin U18 with a mean value of (4.11±0.22) mSv/y. From 

the measurement results in the studied are So the soil radon concentration are lower than the 

So the value of all samples are lower than the accordable limit, usually ranges from 0.4 to 40 

kBq/m3 [22]. The latter indices values are found to be slightly smaller than the levels of 3–10 

mSv/y recommended by ICRP (1993) [23]                                                 .                                                            

5.2 Effective radium content and Radon exhalation rates 

The values of radium content in terms of mass and radon exhalation rates in terms of area and 

the Uranium concentration in the sample are presented in Table 3. The radium activity varies 

from the highest value is (0.31±0.06) Bq/kg in U14 to the lowest values (0.06 ±0.02)  Bq/kg 

in U18 with a mean value of (0.125±0.03). At the geographical distribution of CRa at the Al-

Mothafeen site Fig.4, different range of concentrations were used to differentiate between 

high, medium, and low concentrations using the GIS technique, The values of radon 

297



exhalation rate at mass varied from (2.37 ±0.17) mBq/kg.h in U14 to (0.48±0.07) mBq/kg.h in 

U18 with an average of (0.95±8.64) mBq/kg.h Similarly, the values of radon exhalation rate 

at surfaces varied from (111.22±1.17) mBq/m2.h in U14  to (22.84±0.53) mBq·m2·h in U18 

with an average of (44.59±0.79) mBq·m2 ·h. Figure.5and Fig.6 have shown the distribution 

values of mass and surface exhalation rates of radon for all soil samples, respectively. The 

values of radium content in samples were less than the level permissible limit of 370 Bq·kg-1 

which was recommended by(OECD)[24].The values of radon exhalation rate in terms of mass 

and radon exhalation rate in terms of area of radon for the study was much less than the world 

average of 57.6 Bq·m-2·h [25].  

5.3 Uranium Concentration  

Uranium Concentration varies from the highest value is (9.29±0.33) in U14 to the lowest 

values (1.90±0.15) in U18 with a mean value of (3.72±0.21). The specific activities of 238U 

uranium in samples soil are less than the allowed limit (33) Bq/kg from UNSCEAR [24]. Fig. 

7showed the geographical distribution of CU at the Al-Mothafeen site, the concentrations of 

radon were classified into six ranges according to radon concentrations.  where different 

colors were used to differentiate between high, medium, and low concentrations.   

 

TABLE 2. Track density ρ, Radon concentration C, the Radon concentration in soil sample 

CRn, and annual effective dose AED, for the soil samples under study.   

Sample ρ Track/cm2 C Bq/m3 CRn Bq/m3 AED mSv/y 

U1 5280±8.07 119.91±1.21 3741.37±6.79 3.02±0.19 

U2 4800±7.69 109.01±1.16 3401.25±6.48 2.75±0.18 

U3 6080±    8.66  138.08 ±1.30 4308.25±7.29 3.48±0.20 

U4 5120 ±7.95 116.27±1.19 3628±6.69 2.93±0.19 

U5 11360±11.84 257.99 ±1.78 8049.62±9.96 6.50±0.28 

U6 7200±9.42 163.51±1.42 5101.87 ±7.93 4.12±0.22 

U7 7200  ± 9.42 163.51±1.42 5101.87±7.93 4.12±0.22 

U8 5120 ±7.95 116.27±1.19 3628±6.69 2.93±0.19 

U9 7200 ±9.42 163.51±1.42 5101.87±7.93 4.12±0.22 

U10 7680±9.73 174.41±1.46 5442±8.19 4.40±0.23 
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U11 10400±11.33 236.19±1.70 7369.37±9.53 5.95±0.27 

U12 9120 ±10.61 207.12±1.59 6462.37±8.93 5.22±0.25 

U13 9440±10.79 214.39±1.62 6689.12±9.08 5.40±0.25 

U14 17920±14.87 406.97±2.24 12698±12.52 10.26±0.35 

U15 3840±6.88 87.20±1.03 2721±5.796 2.20±0.16 

U16 4480± 7.43 101.74±1.12 3174.50±6.26 2.56±0.17 

U17 5760±8.43 130.81 ±1.27 4081.50±7.09 3.30±0.20 

U18 3680±6.74 83.57±1.01 2607.62±5.67 2.10±0.16 

U19 6400±8.88 145.34±1.34 4535 ±7.48 3.66±0.21 

U20 5600 ±8.31 127.18 ±1.25 3968.12±6.99 3.20 ±0.19 

Max 17920±14.87 406.97 ±2.24 12698 ±12.52 10.26±0.35 

Min 3680±6.74 83.57±1.01 2607.62 ±5.67 2.10±0.16 

Average ±S.D 7184±8.75 163.15±3.37 5090.54±155.3 4.11±0.22 

 

TABLE 3. Radium activity CRa, surface ES, and mass EM exhalation rates, uranium 

concentration CU for the soil samples under study. 

Sample CRa Bq/kg EMmBq/kgh ES mBq/m2.h CU Bq/kg 

U1 0.093±0.03 0.69±0.09 32.77±0.63 2.73±.0.18 

U2 0.084 ±0.03 0.63±0.08 29.79 ±0.60 2.48±0.17 

U3 0.107±0.03 0.80±0.10 37.73±0.68 3.15±0.19 

U4 0.090 ±0.03 0.67±0.09 31.77±0.62 2.65±0.18 

U5 0.199 ±0.05 1.50±0.13 70.51±0.93 5.88±0.27 

U6 0.126±0.03 0.95± 0.10 44.68±0.74 3.73±0.21 

U7 0.126±0.03 0.95± 0.10 44.68± 0.74 3.73±0.21 
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U8 0.090 ±0.03 0.67 ± 0.09 31.77±0.62 2.65±0.18 

U9 0.126 ±0.03 0.95 ±0.10 44.68±0.74 3.73±0.21 

U10 0.135± 0.04 1.01±0.11 47.66± 0.76 3.98±0.22 

U11 0.182 ±0.04 1.37± 0.13 64.55± 0.89 5.39±0.25 

U12 0.160±0.04 1.20 ±0.12 56.60 ±0.83 4.72±0.24 

U13 0.165±0.04 1.25 ± 0.12 58.59± 0.85 4.89±0.24 

U14 0.314±0.06 2.37±0.17 111.2 ±1.17 9.29±.33 

U15 0.067±0.02 0.50± 0.07 23.83±0.54 1.99±0.15 

U16 0.079± 0.03 0.59±0.08 27.80± 0.58 2.32±0.16 

U17 0.101± 0.03 0.76 ±0 .09 35.7±2.66 2.98±0.19 

U18 0.064 ±0.02 0.48±0.07 22.84± 0.53 1.9 ±0.15 

U19 0.112 ±0.03 0.84±0.10 39.72±0.70 3.31±0.20 

U20 0.098 ±0.03 0.74 ±0.09 34.75± 0.65 2.90±0.18 

Max 0.31±0.06 2.37 ±0.17 111.22±1.17 9.29±0.33 

Min 0.06 ±0.02 0.48±0.07 22.84±0.53 1.90±0.15 

Average ±S.D 0.125±0.03 0.95±8.64 44.59±0.79 3.72±0.21 
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                 Fig.3 The choropleth maps of the values of CRn for different soil samples. 
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Fig 4. The choropleth maps of the values of CRa for different soil samples 
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                      Fig .5 Mass exhalation rate of radon for different soil samples 

 

 

Fig .6 Surface exhalation rate of radon for different soil sample 

 

 

0

0,5

1

1,5

2

2,5

U
1

U
2

U
3

U
4

U
5

U
6

U
7

U
8

U
9

U
1

0

U
1

1

U
1

2

U
1

3

U
1

4

U
1

5

U
1

6

U
1

7

U
1

8

U
1

9

U
2

0

0,690,63

0,8
0,67

1,5

0,950,95

0,67

0,951,01

1,37

1,2 1,25

2,37

0,5
0,59

0,76

0,48

0,84
0,74

m
as

s 
e

xh
al

at
io

n
 r

at
e

 m
B

q
/k

g.
h

 

sample Code

32,77
29,79

37,73
31,77

70,51

44,6844,68

31,77

44,68
47,66

64,55

56,658,59

111,2

23,83
27,8

35,7

22,84

39,72
34,75

0

20

40

60

80

100

120

U1 U2 U3 U4 U5 U6 U7 U8 U9 U10 U11 U12 U13 U14 U15 U16 U17 U18 U19 U20

su
rf

ac
e

s 
e

xh
al

at
io

n
 r

at
e

 m
B

q
/m

2
.h

sample code

303



 

Fig 7. The choropleth maps of the values of U for different soil samples.       
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TABLE 4. Comparison of the present study with others studied of many different Countries. 

No. Country 222Rn (kBq/m3) 226Ra(Bq/kg) CUBq/kg Ref. 

1 Pakistan,(Bahimber) 48 - - [25]  

2 Pakistan 95.1 - - [26] 

3 Turkey 1.92 - - [27] 

4 Iraq (Karbala)  197.477 - 18.63 [28] 

5 Bulgaria 26 - - [29]  

6 India - - 37.05 [30] 

7 India 4.561 - - [31]  

8 Iraq(AlNajaf) 894.21 136.18 18.52 [9] 

9 Lebanon - 1.079 18.11 [32] 

10 Iraq Maysan, 776.98 37.79 - [33] 

11 Iraq 0.17 - - [34] 

12 Iraq - 58.927 6.17 [35] 

13 Iraq(Kerbala) - 0.317 4.26 [36] 

14 Saudi Arabia 6.71 - - [37] 

15 Sudan 8.20 - - [38] 

16 Egypt 4.35 - - [39] 

17 Slovenia 40.1 - - [40] 

18 France 2.71 - - [41] 

19 Foreland/ Modica 18 - - [42] 

20 
Karbalauniversity(Al-

Mothafeen site ) 

5.09  0.12 3.72 Present 

study 
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The present study showed that The average of all values of alpha radioactivity  in soil samples 

collected  from university Kerbala in  Al-Mothafeen, Iraq are lower than that found in 

Pakistan,(Bahimber  [25] Lebanon[32]Turkey [27] Pakistan[26], Bulgaria [29] , India[30] 

India [31]  Saudi Arabia[37], Egypt[39] Sudan [43]Iraq(Karbala) [28]Iraq(Al-Najaf)[9] and 

Iraq Maysan [33] Iraq [34], Iraq[35], Iraq(Kerbala) [36], Slovenia [40], France [41], Foreland/ 

Medical [42], as shown in (Table 4) Therefore, it can be concluded that there is no 

radiological hazard due to alpha particles concertation  in the soil University Kerbala in ( Al-

Mothafeen site). 

 

6. CONCLUSION  

The present study showed that the annual effective dose and the radium activity and the radon 

concentration levels and the uranium concentrations and the radon exhalation rates in this 

study were lower than the permissible limits as recommended by the ICRP32 and UNSCEAR 

(2000). This study showed the efficiency of nuclear impact detector CN-85 in the counting of 

alpha particles, the nuclear impact detector CN-85 of good techniques suitable for the study of 

radioactivity as they are easy to use and do not need a complex electronic system Therefore, it 

concluded that all the locations of soil samples of the university of Kerbala (Al-Mothafeen -

sites) are safe.  
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IMPACT OF HEAT TRANSFER ON PERISTALTIC MECHANISM OF A NON-

NEWTONIAN FLUID IN AN INCLINED ELASTIC TUBE WITH PERMEABLE 

WALLS 
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ABSTRACT 

This article analyses the effects of heat transfer and thermal conductivity on the peristaltic 

mechanism of Non-Newtonian fluid (Jeffery fluid) through an inclined elastic tube with 

permeable walls. The velocity slip and convective boundary conditions are taken into 

account. The modelled governing equations are solved analytically by considering the long 

wavelength and small Reynolds number approximations. The closed-form solutions are 

obtained for velocity, flow rate, and the theoretical determination of flow rate is calculated 

with the help of equilibrium condition given by Rubinow and Keller. A parametric analysis 

has been presented to study the effects of Jeffery parameter, thermal conductivity, Darcy 

number, the angle of inclination, velocity slip, Biot number, amplitude ratio, Prandtl number, 

and Eckert number on velocity, flow rate, and temperature are scrutinized. The streamlines 

show that the bolus moves with the same speed as that of the wave and further the study 

reveals that an increase in the Biot number reduces the magnitude of the temperature.  

Keywords: Angle of inclination; Convective conditions; Jeffery parameter; Variable thermal 

conductivity; Velocity slip 
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ABSTRACT 

Exploring new polymorphs of group III-V compounds for advanced technological applications 

has received substantial interest from researchers in recent years. In this work, we explore new 

polymorphs of gallium nitride (GaN) with improved physical properties to extend their 

applications in the next-generation optoelectronic and photovoltaic devices. Accordingly, new 

polymorphs of GaN in different structures namely: the Beryllium Oxide (β-BeO), Silicon 

Carbide (SiC), Nickle Arsenide (NiAs), and Titanium Arsenide (TiAs) have been predicted in 

this study. These new polymorphs of GaN have been realized by applying tensile and 

compressive stress on the ground state wurtzite structured GaN. We also investigate their 

thermodynamic stability by calculating their cohesive energies and phonon band structures. To 

explore the electronic properties of the newly developed polymorphs, their electronic band 

structures and the corresponding density of states are determined and explained. To realize the 

potential of the developed GaN polymorphs in optoelectronic devices, their optical properties 

are calculated and explained comprehensively. Investigations of the optical properties are 

focused on the complex dielectric functions, optical absorption, reflection, and refraction, etc. 

The calculations performed in this work are based on the Full-Potential Linearized-

Augmented-plus-Local-Orbital approach framed within Density Functional Theory. Our study 

is likely to provide good guidance in the development of novel polymorphs of group III-V and 

II-VI compounds for advanced technological applications. 

Keywords: Novel polymorphs; gallium nitride; structural stability; electronic properties, 

optical spectra; density functional theory based calculations  
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ONLINE SHOPPING BEHAVIOUR: CONCEPTUALISATIONS AND MODELS 

Tin Q. Pham1 
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Hai M. Nguyen3 

1Faculty of Statistics and Informatics, University of Economics – The University of Danang 

(Vietnam), Danang, Vietnam 
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ABSTRACT 

The ongoing technological advancement, commonly called as the fourth industrial revolution 

(IR 4.0) along with the outbreak of Coronavirus pandemic are changing many aspects of our 

socio-economic life all over the world, leading to the transition from direct to online shopping 

by consumers. E-commerce has been promoted for adapting to the prevailing circumstances in 

order to preserving business activities and people consumption. This paper is based on the 

theory of technology acceptance model (TAM), theory of reasoned action (TRA), combining 

with previous studies for proposing a theoretical framework including direct and indirect 

determinants of online purchasing behaviour. In addition, the research applies quantitative 

method using reliability testing, confirmatory factor analysis, exploratory factor analysis and 

structural equation modelling techniques for empirical measurement of all factors influencing 

consumers’ behaviours toward e-shopping. 

Keywords: Online shopping behaviours; Technology Acceptance Model (TAM); Theory of 

Reasoned Action (TRA); Literature Review. 
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BEHAVIOR OF COMPOSITE STRUCTURAL ELEMENTS 

UNDER CRUSHING LOADINGS 

Mahmoud Nadim Nahas 

Professor of Engineering 

King Abdulaziz University (KAU) 

Jeddah, Saudi Arabia 

ABSTRACT 

In previous work, the author presented a progressive failure mechanism for multiply fibre 

composites under combined loading. He also discussed the energy absorbing behavior of thin 

metallic structures. Combining the two aspects together to predict the energy absorbing behavior 

of composites represents some complexity. This paper addresses the numerical simulation of 

composites undergoing crushing to contribute to the crashworthiness work in this field. The 

results are compared with some available experimental data from the work of other scholars. 

This subject is of vital importance to different vehicle industries, such as cars, aircraft and trains, 

which employ composite structural elements  

The progressive composite failure model which was proposed previously was incorporated with 

the finite element method (FEM) using the available FEM software, ABAQUS. This FEM 

package is used by many universities and other establishment to simulate composite structural 

elements experiencing progressive damage under loadings.  

Reasonable correlations exist between the predicted results and the experimental data obtained 

from the literature. Possibly some parameters may require calibration to achieve better 

agreement between the simulated and the experimental data, and to consider the modeling 

approach to be truly predictive of the behavior of composite structural elements under crushing 

loadings. 
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ABSTRACT 

In Bangladesh, accidents are happening frequently at the railway crossing due to the use of 

typical manual railway crossing systems/ boom gates. The main reasons are likely having 

these accidents in the railway crossings due to not possible to stop the train engine mechanism 

system automatically or instantly such as cars and other vehicles as well as for fewer safety 

measures in the railway crossing. Currently, there are very few automatic railway crossing 

systems (without any obstacle detector, just runs with the schedule of the trains crossing) are 

available, however, all of them are dependent on the national power grid that has no backup 

plan for any emergency cases. As Bangladesh is running a bit behind in the power generation 

of its consumption, hence it is not possible to have a continuous power supply at all times. 

This paper aims to design and develop a railway crossing system with a smart obstacle 

detector to prevent very common types of accidents in the railway crossing points in 

Bangladesh. In the railway system, time consumption is the biggest issue that leads to having 

most of the accidents in the railway crossings. In this research, we design to use two infrared 

(IR) sensors for opening and closing the railway crossing systems/ gates and the whole system 

to be controlled by the Arduino. To run the process without having any interruption, we 

propose to use renewable energy i.e., mainly the solar photovoltaic (PV) power systems 

which are economic friendly and apply under the national green energy policy towards 

achieving the sustainable goal. 
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ÖZET  

Bu çalışma kapsamında Gümüşhane sınırları içinde bulunan Arzular ve Yitirmez 

alterasyon/maden sahalarında gelişmiş topraklarındaki doğal (226Ra, 232Th ve 40K) ve yapay 

(137Cs) radyoaktivite konsantrasyonlarının araştırılması amaçlanmıştır. Bu amaçla sahalardan 

22 adet, toprak numunesi alınmış ve Poptop Ortec gama dedektör ile analiz edilmiştir. Sahalara 

ait doğal 232Th, 226Ra ve 40K aktivite derişimlerinin ağırlıklı dünya ortalamasıyla 

kıyaslandığında 40K ve 226Ra aktivitelerinin örnek alım noktalarının birçoğunda Birleşmiş 

Milletler Atomik Radyasyon Etkileri Üzerine Bilimsel Komitesi (The United Nations Scientific 

Committee on the Effects of Atomic Radiation-UNSCEAR) raporuna göre dünya 

ortalamalarının üstünde olduğu, 232Th değerlerinin ise bazı örnek alım noktalarında dünya 

ortalamasına yaklaştığı tespit edilmiştir. Yüksek doğal radyasyon değerleri çoğunlukla 

hidrotermal alterasyon/cevherleşmenin yoğunlaştığı alanlarda tespit edilmiştir. İncelenen 

sahalarda yapay 137Cs değerlerinin de beklenenin üstünde olduğu tespit edilmiş olup, bu yüksek 

değerlerin özellikle Çernobil nükleer santrallindeki kaza gibi insan kaynaklı bir etki ile ilişkili 

olabileceği değerlendirilmiştir. Dolayısıyla, Gümüşhane gibi maden yatakları ve hidrotermal 

alterasyon gelişimi açısından geniş alanlara sahip bir bölgede doğal ve insan kaynaklı 

radyoaktivite değerleri açısından daha detaylı araştırmaların yapılmasının önemli olduğu 

sonucuna varılmıştır.  

Anahtar Kelimeler: 226Ra, 232Th, 40K, 137Cs, Doğal radyoaktivite, Yapay radyoaktivite, 

Gümüşhane 
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ABSTRACT 

The aim of this study was to investigate the natural (226Ra, 232Th and 40K) and artificial (137Cs) 

radioactivity concentrations in the soils of Arzular and Yitirmez hydrotermal 

alteration/mineralization sites in Gümüşhane. For this purpose, 22 soil samples were taken from 

the mentioned areas and analyzed with Poptop Ortec gamma detector. When the natural 232Th, 
226Ra and 40K activity concentrations of the sites are compared with the weighted world average, 

it has been determined that the 40K and 226Ra activities are above the world averages of The 

United Nations Scientific Committee on the Effects of Atomic Radiation (UNSCEAR) at most 

of the sampling points, while the 232Th values approach the world average at some sampling 

points. It was concluded that high natural radiation values are mostly observed in areas where 

hydrothermal alteration/mineralization is concentrated. It was determined that the artificial 

137Cs values in the investigated areas were also higher than expected, and it was evaluated that 

these high values may be associated with a human-induced effect, especially the accident at the 

Chernobyl nuclear power plant. Therefore, it is thought that it is important to carry out more 

detailed studies in terms of natural and human-induced radioactivity values in a region such as 

Gümüşhane, which has a wide area in terms of mineral deposits and hydrothermal alteration 

development. 

Keywords: 226Ra, 232Th, 40K, 137Cs, Natural radioactivity, Artificial radioactivity, Gümüşhane 

 

GİRİŞ 

Çevre sorunları insanlığı özellikle 20 yüzyılın başlarından beri çok yönlü kuşatmıştır. Bunların 

bir kısmı insanın kendi ürettiklerinin bir sonucu yani insan kaynaklı olmakla birlikte bir kısmı 

da içinde yaşadığı çevrenin doğal özelliklerinden kaynaklanmaktadır (Çiftçi vd., 2021; Sungur 

vd., 2020, 2018; Vural, 2018a, 2015a, 2014, 2013; Vural vd., 2017; Vural ve Çiftçi, 2021; Vural 

ve Şahin, 2012). Sanayileşme, yanında çevresel sorunları da birlikte taşımış ve özellikle 20. 

yüzyılın ikinci yarısından sonra, özellikle de 1980’lerden sonra büyük ivme kazanarak önemli 

bir günden olarak sosyal hayatta kendine yer bulmuştur. Özellikle 1980’li yıllar ve sonrası 

dönem tıbbi jeoloji bağlamında da gündem oluşturmaya başlamıştır (Vural 2015b, c, 2018b, c; 

Vural ve Çiçek 2019; Vural vd., 2020b). İnsanları yaşadığı jeolojik ortamın sağlığı üzerinde 

olumsuz etkilere neden olabileceğinin fark edilmesi maalesef çok erken olmamıştır. Jeolojik 

ortamdan kaynaklanan ve insanoğlunun varoluşuyla birlikte sürekli ve kaçınılmaz olarak maruz 

kaldığı doğal radyasyon bunların başında gelir (Vural 2019a; Kaya ve Vural 2020; Vural ve 

Kaya 2020; Kaya vd., 2021). İnsanoğlu ve doğal olarak besin zincirinin bir parçası olan diğer 

canlıların (bitki ve hayvanlar) maruz kaldığı radyasyon bulunduğu ortamın konumu, 

jeolojik/jeokimyasal özellikleri ile de ilişkili olarak değişen oranlarda olmaktadır. Yaşanan 

ortamın doğal radyasyonu dünyanın yapısında bulunan radyoaktif çekirdeklerden 

kaynaklanmaktadır. Günümüzde ayrıca yapay olarak insan kaynaklı faaliyetlerden de 

kaynaklanan radyasyon söz konusu olup, her geçen gün artan bir tehlike olarak gündemimizde 

kendine yer bulmaktadır (özellikle iletişim, elektronik cihazlar önemli yapay radyasyon 
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kaynağıdır). Doğal ve yapay radyasyon konusundaki farkındalığın artışı ile orantılı olarak son 

yıllarda yaşadığı çevredeki radyasyonun insanlara/canlılara etkisi konusunda artan miktarda 

çalışmalar gerçekleştirilmektedir (Higgy ve Pimpl 1998; Miah vd., 1998; Kaya vd., 2015a, b, 

2020; Vural 2018a, 2019a; Kaya ve Vural 2020; Vural ve Kaya 2020).  

Doğal ortamlardaki önemli doğal radyasyon kaynakları 40K ile 238U, 232Th ve bunların bozunum 

ürünleridir. Bahse konu bu radyoizotoplar iç ve dış radyasyon dozlarının ana kaynağıdır. İç 

radyasyonların önemli kaynağı, toprak ve kayalardan atmosfere geçen 222Rn (radon) ve 

bozunum ürünlerinin solunması ve ayrıca ekili alanlarda topraktan besinlere geçen 

radyoizotopların insanlar tarafından tüketilmesidir. Rn kayaçlardaki radyum (Ra)’un 

bozunması ile, özellikle de granitik kayaçlarda bol olarak bulunan uranyumun bozunum ürünü 

Ra’dan bozunma ürünü olarak yayılmaktadır. Dış radyasyon ise daha çok uranyum ve toryum 

serilerindeki gama bozunumu yapan radyoizotoplardan ve 40K radyoizotopundan 

kaynaklanmaktadır.  

İnsanoğlunun yeryüzünde varlığı ile, doğadan yararlanmaya başlaması eş zamanlı olmuş, 

çevresindeki materyalleri kullanma yaptığı ilk işler arasında yer almıştır. Zamanla çevresindeki 

bu materyalleri günlük ihtiyaçları gidermekte yardımcı unsur, dayanak olarak görmüştür. Bu 

şekilde de doğada ilk madencilik faaliyetlerine de başlamıştır (Vural vd., 2009). Madencilik 

faaliyetleri de başlı başına çevresel sorunların kaynağı olmuştur. Bu konu da birçok çalışma 

gerçekleştirilmiş olmasına rağmen maden sahalarının doğal radyasyonunun 

değerlendirilmesine yönelik çalışmalar ile son dönemlerde artmıştır.  

Gümüşhane ülkemizin önemli metalojenik kuşaklarından birisi olup, bölgede birçok maden 

yatağı ve zuhuru bulunmaktadır (Vural vd., 2011, 2018b; Vural ve Erdoğan 2013, 2014; Vural 

ve Erşen 2013; Vural ve Kaygusuz 2016; Vural ve Ersen 2019). Ayrıca bölgede halihazırda 

işletilmekte olan pek çok maden yatağı da mevcuttur. Bu çalışmada, gömülü madenlerin önemli 

bir göstergesi olan yoğun hidrotermal alterasyonun gözlendiği Arzular-Yitirmez sahanının 

(Arzular ve yakın çevresi aynı zamanda bilinen altın cevherleşme) doğal ve yapay radyasyon 

değerleri araştırılmıştır.  

 

MATERYAL-METOT 

Sahanın Jeolojisi  

Araştırma sahası Doğu Pontidler içinde yer almakta olup, saha ve yakın çevresindeki en yaşlı 

birim Orta-Geç Karbonifer yaşlı granitoyiddir (Gümüşhane Granitoyidi) (Vural, 2019a; Vural 

ve Erdoğan, 2014; Vural ve Kaygusuz, 2019 ve içindeki atıflar; Yılmaz, 1972). Granitoyid 

birimi, yer yer taban konglomerası ara seviyesi ile, uyumsuz olarak Erken-Orta Jura 

volkanotortul birim tarafından örtülür (Şenköy formasyonu (Yılmaz ve Kandemir, 2002) Bu 

formasyonu ise bazı kesimlerde uyumsuzluk yüzeyi ile olmakla birlikte bölge genelinde 

dereceli olarak Geç Jura-Erken Kretase platform kireçtaşlarına geçer. Bölgede bu istif Berdiga 

formasyonu olarak adlandırılmaktadır (Pelin, 1977). Kireçtaşı birimi ise Geç Kretase klastik, 
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bazı bölgelerde ise volkani-klastik birimler tarafından kesilmektedir (Kermutdre formasyonu) 

(Tokel 1972). Bu birimler üzerinde ise bölgenin değişik kesimlerinde uyumsuzlukla volkanik 

ve tortul kayalardan oluşan Eosen yaşlı Alibaba formasyonu gelir (Tokel, 1972; Vural ve Ersen, 

2019; Vural ve Erşen, 2013). Bu birimler değişik bölgelerde eş yaşlı kalk-alkalin granitik 

kayaçlarca kesilmektedir (Karsli vd., 2013; Vural 2014, 2017, 2018b, 2020; Kaygusuz vd., 

2020; Vural ve Kaygusuz 2021). Sahada en genç birimler Kuvaterner yaşlı alüvyon ve 

travertenlerdir (Şekil 1) (Vural 2019c; Vural vd., 2021).  

Çalışmaya konu olan Arzular-Yitirmez maden/alterasyon sahaları Gümüşhane şehir merkezinin 

yaklaşık 20-25 km doğu-kuzeydoğusunda yer almaktadır. Saha yaklaşık 45-50 km²’lik bir alanı 

kapsamaktadır (Şekil 1). Her iki saha da yoğun hidrotermal alterasyona maruz kalmış olup, 

Arzular sahasında Maden Tetkik ve Arama Genel Müdürlüğü tarafından altın cevherleşmesi de 

tespit edilmiştir. Bu saha halihazırda özel bir şirkete maden sahası olarak ruhsatlandırılmıştır.  

 

Şekil 1. Çalışma sahası jeoloji haritası (Güven 1993; Vural vd., 2018a, 2020a; Vural ve 

Gündoğdu 2020'den değiştirilmiştir). 
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Örneklerin toplanması, hazırlanması ve radyoaktif ölçümleri 

Çalışmaya konu sahalarındaki radyoaktivite değerlerine tespiti amacıyla 22 adet toprak örneği 

alınmıştır. Örneklerin alımı sırasında ilgili yönetmelikler göz önünde bulundurularak tarımsal 

faaliyetleri konu alanların dışındaki alanlar seçilmiş, örnek alım noktasının etrafı organik 

maddelerden ayıklandıktan sonra ve yüzeyden 0-15 cm derinliklerden, toprak kesitinin B 

seviyesinden alınmıştır. Örnek alımı sırasında dışsal kirlilik olmamasına azami özen 

gösterilmiştir. Toplanan örnekler, Gümüşhane Üniversitesi Jeoloji Mühendisliği Bölümü 

Jeokimya laboratuvarında yaklaşık 10 gün oda sıcaklığında bekletilerek doğal nemleri 

uzaklaştırılmıştır. Doğal nemleri uzaklaştırılan örnekler 2 mm teflon eleklerden geçirildikten 

sonra darası alınmış marinelli sayım kaplarına doldurulmuştur. Her bir örneğin kütlesi tartılarak 

kayıt altına alınmış ve her bir kap dışardan hava girmeyecek şekilde sıkıca kapatılmıştır. Toprak 

içinde bulunan bozunma ürünlerinin 238U ve 232Th ile radyoaktif dengeye gelmelerini sağlamak 

amacıyla örnekler 1 ay süreyle uygun ortamda bekletilmiş ve sonrasında analizleri gama 

spektrometre ile gerçekleştirilmiştir. 

Örneklerin gama spektrometresine uygun geometride yerleştirilmesi önemli olup, bu manada 

marinelli kapları en uygun geometriyi taşımaktadır. Yerleşim geometrisinde detektör marinelli 

kabının ortasındaki boşlukta yer aldığında örnek tarafından çevrelenmekte ve daha çok gama 

ışınının detektöre ulaşması sağlanarak verim yükseltilmektedir. Dolayısıyla örneklerin 

yerleştirilmesinde bu tür ön koşullara dikkat edilmiştir. Birbirine çok yakın pikleri kolaylıkla 

ayırt edilebilme yeteneğine sahip, düşük düzeyli radyoaktivite ölçümlerinde yaygın olarak 

kullanılan yarı iletken detektörler ve sintilasyon detektörleri çalışmada kullanılmıştır. Çünkü 

yarı iletken detektörlerin en büyük üstünlüğü enerji ayırma güçlerinin çok iyi olmasıdır. Katı 

hal detektörleri en çok germanyum ve silisyum elementleri kullanılarak üretilmektedir. Bu 

detektörlerde gelen radyasyon kristal ile etkileşerek enerjisini kaybetmekte ve bu etkileşmeler 

sonucunda kristal atomlarından kopartılan yüksek enerjili elektronlar diğer elektronlarla 

etkileşerek iyon çiftleri meydana getirmekte ve yaklaşık 10-12sn gibi çok kısa süre içinde kararlı 

hale gelmektedir. Biriken bu yük, dışarıdan uygulanan bir elektrik alanı ile kristal boyunca 

sürüklenmekte ve bir elektrik sinyali elde edilmektedir. Sistemi açıklayıcı bilgi Şekil 2’de 

verilmiştir. Kristal içinde meydana gelen ve temas yüzeylerinde toplanan yük miktarı 

radyasyon cinsinden bağımsız olarak yalnızca soğurulan enerjiyle orantılı ilişkiye sahiptir. 

Sistemde bir elektron çifti meydana gelmesi için gereken enerji yarı iletkenlerde 3eV, gaz 

iyonizasyon odalarında 30eV ve sintilasyon dedektörlerinde 300eV civarındadır. Si (Li) 

dedektörleri ile enerjisi 1keV-60keV arasında olan fotonlar, Ge (Li) veya saf Ge (HPGe-ultra 

saf Ge) dedektörleri ile enerjisi 5keV ile 10Mev arasında fotonlar ölçülebilmektedir. Si ve Ge 

kristalleri içine yerleştirilmiş lityum atomları yüksek sıcaklıklarda çok hareketli olduğu için her 

üç detektör de sıvı azot sıcaklığında (77º K) çalışır. Bu çalışmada Poptop Ortec dedektör 

kullanılmıştır. 
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Şekil 2. Yarı iletken dedektörlerin temel çalışma prensibi 

 

BULGULAR VE SONUÇ  

Çalışma kapsamında maden sahalarından toplanan örneklerin 232Th, 226Ra ve 40K elementlerinin 

doğal radyoaktivite değerleri ve 137Cs’ın yapay radyoaktivite değeri Tablo 1’de verilmiştir.  

Tablo 1. Arzular-Yitirmez Sahaları Th, Ra, K ve Cs elementleri için doğal ve yapay 

radyoaktivite seviyeleri 

Maden/Alterasyon 

Sahası 
232Th 226Ra 40K 137Cs 

Yitirmez  25±1,27 10,2±0,31 467±1,74 0 

Yitirmez  33±1,45 11,5±0,38 257±1,37 0 

Yitirmez  23±1,23 259±1,97 195,94±1,18 4,3±0,01 

Yitirmez  33±1,38 92±1,47 105,93±0,86 0 

Yitirmez  24±1,26 30±0,56 194,74±0,93 4,15±0,01 

Yitirmez  17±0,87 16,8±0,38 197±0,98 5,2±0,02 

Yitirmez  11±0,76 28,6±0,45 287±1,59 4,3±0,02 

Yitirmez  46±1,55 49,8±0,84 269,08±1,66 5,23±0,01 

Yitirmez 31±1,42 12±0,09 427,36±1,94 0 

Yitirmez 34±1,45 4±0,04 470,46±1,98 0 

Yitirmez 36±1,44 15,7±0,43 650±2,065 5,3±0,02 

Arzular 42±1,45 3±0,021 353,93±1,69 0 

Arzular 27±1,26 76±0,87 230,05±1,37 0 
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Arzular 15±0,69 26±0,37 316±1,73 2,6±0,01 

Arzular 11±0,75 37,9±0,46 226,3±1,48 4,21±0,01 

Arzular 14±0,82 45,8±0,86 372±1,83 4,3±0,02 

Arzular 16±0,87 44,5±0,73 257±1,08 1,3±0,01 

Arzular 18±0,96 36,7±0,38 465±1,84 3,5±0,01 

Arzular 22±1,25 11,2±0,24 197±1,28 2,3±0,01 

Arzular 13±0,76 9,5±0,07 359,3±1,83 1,72±0,01 

Arzular 14,6±0,81 10,5±0,084 257±1,28 1,3±0,01 

Arzular 46±1,55 16,5±0,24 618,2±1,92 1,82±0,01 

Çalışma sahasındaki toprakların doğal radyoaktivite 232Th değerlerinin 11±0,75 ile 46±1,55 

Bq/kg arasında değiştiği, en düşük değerin Arzular sahasında, en yüksek değerlerin ise her iki 

sahada da olduğu, 226Ra değerlerinin 3±0,021 ile 259±1,97 Bq/kg arasında değiştiği, en düşük 

değerin Arzular sahasında, en yüksek değerin ise Yitirmez sahasında olduğu, 40K değerlerinin 

105,93±0,86 ile 618,2±1,92 Bq/kg arasında değiştiği, en düşük değerin Yitirmez sahasında, en 

yüksek değerin ise Arzular sahasında olduğu, 137Cs değerlerinin ise 5,23±0,01 Bq/kg’e kadar 

ulaştığı, en yüksek değerin Yitirmez sahasında tespit edildiği, en düşük değerlerin ise Arzular 

sahasında olduğu tespit edilmiştir. (Tablo 1, Şekil 3). UNSCEAR (2000) raporunda yer 

kabuğundaki 232Th, 226Ra ve 40K aktivite derişimlerinin ağırlıklı dünya ortalaması sırasıyla, 45, 

32 ve 420 Bq/kg olarak verilmiştir. Dolayısıyla çalışma sahası için doğal radyasyon 

değerlerinin bazı örnek alım noktalarında bu eşik değerlerin üstüne çıktığı, yapay radyasyon 

değerlerinin ise bazı ölçüm noktaları için yüksek değerlerde olduğu tespit edilmiştir.  
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Şekil 3. Arzular-Yitirmez Sahaları Th, Ra, K ve Cs elementleri için doğal ve yapay 

radyoaktivite seviyelerine ait çubuk grafik 

Sahalara ait doğal ve yapay radyoaktivite değerleri birlikte değerlendirildiğinde yoğun 

hidrotermal alterasyon alanlarından ve ilişkili cevherleşme gelişen alanlarda K ve Ra 

elementleri için yer yer eşik değerlerin aşıldığı görülmektedir. Th doğal radyoaktivite 

değerlerinin ise eşik değerleri yakın ancak eşik değerlerin altında olduğu tespit edilmiştir. 

Sahalarda rastlanan yüksek Cs değerlerinin ise bölgenin 1986 yılındaki Çernobil faciasından 

etkilenmesinin işareti olabileceği değerlendirilmektedir.  
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ABSTRACT 

Defect free thin walled Investment casting process is a challenge even in modern days 

because it is a surface dominated system, i.e., surface-volume ratio is much more than regular 

cast products. Gating system is one of the important key to control the surface quality, 

uniformity of section of thin walled castings. Not only the position of gate, distance from 

gate, type of gate are control the casting quality and also the surface geometry of mold plays 

important role.  

Keywords: Investment casting, Gating system, Surface quality, Uniformity of section. 

1. INTRODUCTION

Thin-walled investment casting is a surface dominated system. Surface-Volume ratio of thin 

walled investment cast products is much more, than other cast products. Due to many factors 

in Hot Clay Mold [1], like Capillary action, surface tension [2], gas pressure [3], higher 

friction head loss [4], the pattern of liquid metal flow differs from the traditional fluid flow [5, 

6] inside mold.

Surface of a thin walled investment cast product controlled by not only the kinetics of liquid 

metal flow [7] but also the gating system [8], gating position [9], size and shape of the mold 

cavity [10]. To understand the effect of gating system [11], few castings were done in 

different types of gating for different circular section products. 

2. PROCEDURE OF THE EXPERIMENT

Thin-walled hollow cylindrical sample were produces for the experiment. Each sample was 

cast by different type of gating system with different mold position. Four gating system were 

selected for this experiment. The Gating Types are given below: 

I. Central Axial Top Gating System (TYPE-I) 

II. Peripheral Axial Top Gating System  (TYPE-II)
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III. Peripheral Radial Top Gating System  (TYPE-III) 

IV. Peripheral Radial Bottom Gating System  (TYPE-IV) 

To study the uniformity, thickness of the walls were measured point by point according to the 

planes and sections given in Fig. 1.a.   

At first clay cores (Indian clay+ Rice Husk+ Cow dung) were made using die (fig.1b). Then 

thin uniform wax sheet and thread were used on the dried clay core to make desired shape and 

design (fig. 1c). After that gating system was introduced. Then several  coatings of clay on 

wax pattern were done.  

The gates were attached at Plane-1, Section-1 point for all the peripheral gating system and 

were attached at central position of base for axial gating system. Samples with gating system 

(sprue and cup) are given in fig.-1d. 

 

 

 

              (a)           (b)                              (c) 

 

Figure 1: (a) Schematic Diagram of the sample with Planes and sections, (b) Clay Core of the 

sample 

(c) Wax Pattern of the sample (d) Pictorial View of All the Gating type of the sample 
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(a) Gating Type-I   (b) Gating Type-II 

 

(c) Gating Type-III   (d) Gating Type-IV 

Figure - 2: Chart of metal thickness of the sample at different Sections at different Plane 

 

Table 1: R.M.S value of Mean Variation (mm) 

Gating Type Type-I Type-II Type-III Type-IV 

 0.476 0.286 0.282 0.545 

 

Table 2: Surface Roughness at different position 

 Near to Gate Mid Position Distant from Gate 

 Ra Rq Ra Rq Ra Rq 

Type I 1.09 1.32 1.73 2.15 2.67 3.49 

Type II 1.48 1.7 1.63 2.12 3.41 3.87 

Type III 1.58 2.07 1.98 2.5 3.76 4.44 

Type IV 0.938 1.17 2.23 2.97 1.69 2.05 
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. 

Type-I        Type-II      Type-III    Type-IV 

Figure-3: Surface Quality Near to Gate 

 

 

Type-I        Type-II      Type-III    Type-IV 

Figure-4: Surface Quality Distant from Gate 

 

3. RESULT AND DISCUSSION 

Comparison of metal thickness and surface roughness was done for the thin walled investment 

cast products.  

 Comparison of Uniformity of Metal Thickness 

Mean variation of width tabulated by Root Mean Square Method in table-1. Data chart of 

average metal thickness in different plane and different section (according to Fig. 3a) are 

given in figure-2.  

 Comparison of Surface Quality 

To characterize the Surfaces, Visible inspection was done for all Samples and Surface 

roughness was measured for the sample.  

 Surface Roughness measurement 

Surface roughness were measured at different position by Taylor- Hobson (Model-Srtronic3+) 

and tabulated in Table-2. Arithmetic mean of departures (Ra) and its RMS parameters (Rq) 

were measured. 
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 Visible Inspection 

Visible inspection was done and the images of the surface by optical camera were shown 

according to different gating type. In, The surfaces near to gate and for the surfaces distant 

from the gate were shown in figure-3 and figure-4 respectively. 

 

4. CONCLUSION 

i. Metal sections near to the gate are thinnest for most of the cases.. It is due to supply of 

liquid metal for Liquid-Liquid and Liquid- Solid Shrinkage during solidification. 

ii. For Central Axial Top Gating System (Type-I), Wall thickness in different section is 

uniform and also the surface roughness is better.  

iii. Surface Roughness found better at closer part of the gating system, but poor at the distant 

part from the gate.  

iv. Unfilled section was found at opposite to the gate for bottom gating system. Also the 

dimension variation is large for bottom gating system. So, Bottom gating system is not 

economic for thin walled investment casting. 

v. Gating system should be chosen according to shape and size of the product. Gating type 

and position should be chosen such a way that the liquid metal flow will be smoother. 
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